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The cross sections of multiquantum emission and absorption are calculated in the presence of a strong
electromagnetic field in scattering by a Coulomb potential. Estimates are obtained for the plasma absorption

coefficient in a strong field.

1. The problem of determining the cross sections for
bremsstrahlung or absorption in a monochromatic field
beyond the limits of applicability of perturbation theory
is of interest, for example, in connection with the study
of plasma heating by laser radiation. Numerous attempts
were made to calculate the cross sections by using non-
relativistic wave functions that are exact in terms of the
field and the first Born a proxlmatlon with respect to the
potential of the scatterer" *’. The purpose of the present
paper is to calculate by this method the cross sections
for a multiquantum stimulated bremsstrahlung effect in
th(e case c2>f zfcattering by a Coulomb potential
V(r) = B

Ze'r
We call the field p-strong if
p=eEv/ho*Z1,

where E and w are the intensity and frequency of the
electromagnetic field, and e and v are the charge and
velocity of the electron; p? is the parameter of the
perturbation-theory expansion. The character of the
cross sections in a p-strong field depends on the classi-
cal parameter of the field strength

g=2¢E/mveo=2v,/v.

Here m is the electron mass and v, is the amplitude of
the velocity oscillations of the free electron in the
classical case.

We introduce a radiation-intensity scale that is
independent of the electron velocity

Ii=mw*/ 1650,

where a is the fine-structure constant; I, = 1.4 x 10"
W/cm® for the emission of a neodymlum 1aser Then
1 1

2 E-t 2

F=T | A g,
where §=2fom~'v-* is the ratio of the quantum energy to
the initial electron energy. Inasmuch as £ = 107 for a
typical laser plasma, and I/f[0 can reach 10%, it is pos-
sible to have either q << 1 or q >> 1 in a p-strong field.
We confine ourselves to the case £ << 1, so that a
p-weak field is also q-weak.

The expression for the differential cross section of
multiquantum transitions of an electron when scattered
in the presence of a homogeneous field A(t) = ecw™E
X sinwt is given by (see™™)

do*" do,

—EE" —(n0~}‘,n)}J *[pe(n,—An) ] (1)

where A = V1 x n, n is the number of quanta (the upper
sign pertains throughout to absorption and the lower to
emission), n, and n are unit vectors in the directions of
the initial and final electron momenta, and Jp is a Bessel
function;

do, (ny—An) _ ( m

2 2
o 2nh’) IjZe‘lr"exp[iﬁ"po(nofl.n)r]dr| .

(2)
We put

n,=(0, 0, 1), e=(sin, 0, cos }),

n=(sin 0 cos ¢; sin 0 sin ¢; cos 0);
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and obtain
do*" _ iy J.2{plcos p(1—Acos 0) —A sin ysin 0 cos @]}
aQ (17" _2Ac0s 8)° (3)

Thus, the calculation of the total cross section reduces
to integration of expression (3) over the solid angle (see
the Appendix) at fixed . We confine ourselves henceforth
to the cases ¢ = 0 and § = 7/2; the factor s=Z%‘m v~
which is common to all the cross sections will be
omitted in Secs. 2 and 3.

2. In a p-weak field, only single-quantum cross
sections have significant values; we present the expres -
sions calculated for them by perturbation theory ¥ (the
cross sections in *’are given not relative to the electron
flux but to the radiation flux, so that all the formulas for
the cross sections contain an extra factor 4nfi0E-%c'.)
For the electrons whose initial momenta are parallel to
the polarization of the field we have

o*!'=np*[2FA4E In 4E~'+4E], (4)
and for the electrons whose momenta are perpendicular
to the polarization of the field

o*'=np*[In 4 ~'— 128 In 4&~']. (5)

We emphasme the following phenomenon, first noticed by
Marcuse'®’: at n, Il e the emission cross section exceeds
the absorption cross section.

In a p-strong field at q << 1 and n Il e, the cross
sections decrease in power-law fashion at

d<2gx¢’,

(6)

where 6 = n£ is the ratio of the electron energy increment
due to scattering to its initial energy. The cross sec-
tions of the processes at n > 1 are given by

8
n*"—-——— ! 2 +—1-ln 21
(1+V1+‘5)z 6(g+2) & 1+V1+6 )
. 8 q 1 1 2—q
0" =— — —1In -
8(2—q) (1+V1-6)* & 1+V1-6

Expanding in powers of q up to third order, we obtain
o*"=p(1Fq)/n*

(®)

The single quantum case is an exception: its cross
section is

(9

Thus, in a g-weak field the Marcuse effect is preserved
also at p >> 1 for all the multiquantum processes. The
absorption coefficient is given by

N

A= 2 n(c*t"—o").

n= |

11
ot =ap[ 1+ F = §n2g-+n ]
2p 2

(10)
At n, [l e we have

A=~p2§[n (1n—j—-+ln§“)+21n 2p]<0‘ 11)

If n, L e, then the cross sections decrease in power-
law fashion at
8<!/q (Va+g*=xq), (12)
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i.e., the effective quantum multiplicity has in this case
half the value as at n, || e. The cross sections of the
processes atn > 1 are
(qk— 1+A° )
Vitag: ! (13)

16
p8*
Expanding in powers of q up to third order, we obtain
2p* ¢, nk
- (1=5)- (19)

The single-quantum cross sections are exceptions also
in this case:

o*'=np* (1i§)[1n%—1+%(1—%)%—archp]. (15)

The integral difference between the cross sections, which
determines the absorption coefficient, is

oth =

ot =

A=pE [n (ln%— 1 +17 (1 —%)‘h —archp) +2 lnp] >0. (16)

We note that the main contribution to the integral dif-
ference of the cross sections at q << 1 is made by
single-quantum processes. Thus, in a q-weak field the
cross section increases with increasing p also atp >> 1.
The single-quantum cross sections are then overwhelm-
ingly large in comparison with the multiquantum proces -
ses: this ‘‘single-photon anomaly’’ is typical of
scattering by a Coulomb potential and is connected with
the predominant role played by small-angle scattering.

We have confined ourselves above to cross sections
that make noticeable contributions to the change in the
electron energy, and decrease in power-law fashion with
n.Atn, |l e and 5 > 2q + ¢°, the cross sections are
given by

g = %{cxp [——Zn arch —6-:]
pn(1-V1-6)* q(1-¥1-8)
—exp [¥2n arch — ]},
1+¥1-86
e ) 1
2
ot = .T_{exp [~2n arch —_—-]
pn(V1+8-1)* q(V1+6—1)
+exp [—Zn arch ————
q(1+V179)
These expressions are suitable at »—(2p=pg)>»n™ .In

accordance with the hypothesis advanced in m, the
cross sections decrease exponentially. In the case of
the emission cross section, an additional cutoff, of the
root type, of the order of £, appears as 6 — 1.

3.In a q-strong field at n, || e, the emission cross
section decrease in power-law fashion at 5 < 1:
=8_[4V1—<‘5 +i 1—71—6]
8 8 1+71-6

(18)
P

We represent the emission cross section in the form of
the sum o*D = p, + vy, where p, is used when 6 < q*—2q
and vy at §<¢*+2¢:

- [ __ 1 L] i]
p 6(V1 To-1): & (g—2) & Vito—1i- 19)
[ 1 q 1 1 q+2 ]
v,.=— - — — .
p Lo(io+1): 62 (g+2) &  VI+d+1
At small § we have
o842t 1t 6
ple 8 28 & 4 ]
814 2 1 ¢ 1.6 1
Sy F_F_?ﬁ+—ln(q Z)A_HT'K] (20)

Vn=i[*LL+Llnﬂ],
' 8 gt+2 & 2

The cross section difference is
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—0™" z.36_1n Gq

ps 2v2’ (21)
Thus, in a q-strong field the Marcuse effect is retained
only at 6 < 2v2q™

0+n

For processes with a large number of quanta, the
absorption begins to prevail over emission, and to deter -
mine whether the electron energy increases or decreases
(in the mean) in such a field it is necessary to consider

the integral emission coefficient
S}

E=ch—"~g J'u (8)6d6 (22)
and the absorption coefficient
q*~2q +2q .
—2[ [ u@oas+ | v(s)ada]. 23)
T 3

The general (exceedingly cumbersome) formula shows
that the integral cross-section difference (together with
the absorption coefficient) is positive when q exceeds
the root q, of the equation

q 3

n 2 5
q—2

q{q—2) +lo ?=0 (24)
(at z<1 (g—2)<1). Atq >> 1, the integral emission and
absorption coefficients, accurate to terms that are
quadratic in the large logarithms, are given by

8 (4 1
E=— (" . > 1
(o)
8 4 1 (25)
A_Q(?+2—ln E+21In q—21n§lnq).
The integral cross section difference is therefore
16 /., L.
A_Et}(lnq lnglnq'f'?lﬂ §) (26)

If n, 1 e, then we have for the cross sections of the
2+8 qh 1

processes atq >> 1
8
762[( 5 )(arch o Vm)+1].

The cross sections decrease in power-law fashion for an
emission at 5 < 1 - ¢* and for absorption at 5 < 7, i.e

in a q-strong field the quantum multiplicity is the same
as at n, || e. The single -photon anomaly vanishes on
going to the q-strong field, We note that at any value of
q the cross sections of the processes withn, 1 e are
larger than the corresponding cross sections atn |l e,

gEn =

27

The integral emission and absorption coefficients are
given in this case by

_16 Mﬂnqmg],
134 3
PR [2(lnq—1) e tnel ] (28)
= — | ——— —_ n .
13 13 s
The integral difference of the cross sections is
A =%[lnz g—2Ilnging] (29)

and differs from (26) only in the form of the logarithmic
factor. This result can be easily understood: in a q-
strong field the predominant role is played by absorp-
tion processes with 6 >> 1, and the direction of the
initial momentum for such processes is immaterial. An
analysis of the integrand shows that at any direction of
the initial momentum the most probable directions of
the final momentum lie in the vicinity of the field-
polarization vector.

4. The expressions given for the cross sections yield
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semiquantitative estimates for -the absorption coefficient
of the electron magnetic radiation of a fully ionized
plasma with an isotropic velocity distribution function
normalized by the condition

4n j’ vf(v)dv=N.,.

In a q-weak field, according to Sec. 2, the main contri-
bution to the absorption coefficient is produced by the
single -quantum processes:

x=Nhol-<v(a*'—6"")). (30)
At £ << 1 this expression reduces to
- p N\ N
x=Nitol= frse[f (o +22) ") | v (31)
o

where s™ is the single-quantum absorption cross sec-
tion averaged over the angle i. From a comparison of (9)
and (15), we see that the largest contribution in the
integration with respect to i is given by the region

n,® << 1, due to the large logarithm 1n4t™. Thus we
represent S' in the form mp°snln (4/£), where 7 is a
numerical factor on the order of unity.

Returning to the initial variables, we obtain
N16x’e® 4 af
%= -

a
—dv.
w’em® g dv v

f4nnin (32)
This expression coincides with the result of the classical
calculation m’ the only difference being that in place of
nln*t™ as in the classical case we have under the inte-
gral sign L(v)/3, where the Coulomb logarithm L(v),
like 1n4£™, is a monotonically increasing function of v.
The difference between the logarithmic factors is due to
the fact that in the quantum calculation there is no
divergence at small scattering angles. The approximate
character of the calculations does not permit a deter -
mination of the corrections to the plasma absorption
coefficient in a p-strong field; with increasing p, how-
ever, the ratio of the cross sections o' to the field
intensity increases more rapidly than the increase of
the contribution from the multiquantum processes, both
when n Il @ and when n,l e, so that the absorption
coefficient decreases with increasing p.

The rate of increase of the electron energy in a
q-strong field

a(, v, p)=NAovA (33)

depends only logarithmically on the magnitude and
direction of the initial momentum. For the absorption
coefficient of a plasma with average velocity w, such
that q(w) >> 1, we can therefore write

(34)

where ¢ is a numerical factor on the order of unity. This
formula differs from the classical expression for the
absorption coefficient of an isotropic Maxwellian plasma
in a q-strong field tel only by the logarithmic term in

%#=N.Nhol-* %6—(111 q+tngY)ing,
q
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the parentheses; in the classical case this term is
replaced by the Coulomb logarithm L(v).

Thus, at p s 1 the behavior of the coefficient of ab-
sorption of electromagnetic radiation by a plasma is
determined not by the quantum parameter p of the field
strength, but by the classical parameter q. Expressions
for the absorption coefficient in both a q-weak and
q-strong field differ from the corresponding classical
formulas at most in the forms of the logarithmic
factors. The approximate character of the calculations
does not permit a definite conclusion to be drawn
concerning the existence and magnitude of the quantum
corrections to the classical expressions.

The author thanks L. V. Keldysh for useful dis-
cussions.

APPENDIX

The asymptotic form of the Bessel functions Jj(z)
depends on the relation between n and z'"). The well
known formula

T.(2) = (-ﬂ%—)%cos (z—%n-——z—) (A1)

is valid only at z > n (z - n >>n*’®). In the calculations
for z = n, we use the asymptotic form averaged over the
oscillations

7.2 (z) = n_iz (A.2)

In the region :z<n (n—z»n*)
Meissel formula

1.2(z) ~exp [——Zn (arch% - (1 - ;—Z) I)] / 2n(n*—2*)"  (A.3)

Comparison of (A.2) and (A.3) shows that the contribu-
tion from the region z < n at n >> 1 is negligibly small
in comparison with the contribution from the region

z > n. It is natural to define the effective quantum multi-
plicity N as the integer part of the maximum value of
the argument of the Bessel function at a given p. Then at
n > N the cross sections decrease in power-law fashion,
and at n > N they decrease exponentially. The power -law
expansions of the Bessel functions were used at small n
to calculate the integrals in the region z < n.

at large n, we can use the
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