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A two-dimensional “mixed” state is observed at the inner surface of a hollow cylindrical
superconductor with a current. The response of the system to a weak longitudinal magnetic field is
investigated. Calculation reveals the presence of a paramagnetic effect under these conditions.

1. A surface ‘‘mixed’’ state can arise upon destruc-
tion of type-I superconductivity by an electric current
in a multiply connected sample. This surface ‘‘mixed’’
state, which was predicted by L. D, Landau in 1938!!]
for a hollow cylinderical superconductor, was subse-
quently discovered and investigated by I. L. Landau and
Sharvin, 23 and studied theoretically by Andreev and
Tekel’!*] and by Andreev and the author.!5] The surface
“‘mixed’’ state arises on the inner surface of a hollow
cylinder in those cases in which the applied current is
so strong that the radius of the region of the intermedi-
ate statel®® becomes smaller than the radius of the
inner surface of the cylinder. Here the purely normal
state must be unstable, because of the fact that the
magnetic field of the current is equal to zero inside the
cylinder and is less than the critical magnetic field He
near the inner surface of the cylinder. A purely super-
conducting layer is also impossible, since, as a conse-
quence of the limited conductivity of the sample and the
condition of continuity of the electric field at the phase
boundary, an electric field should exist in the entire
region, right up to the inner surface of the cylinder. In
the theoretical work of Andreev and the author,!®] the
surface ‘“‘mixed’’ state is described in terms of super-
conducting fluctuations,!®*°) which arise close to the
inner surface and are amplified or destroyed by the
electric current. The authors calculated the value of
the fluctuation current under the assumption that it is
much smaller than the normal current in the ‘‘mixed”’
state of the surface layer. This theory is applicable to
pure metals near J¢2 and to alloys even in the case of
currents that are small in comparison with J¢2, where
Jcg is the second critical current, the concept of which
was introduced by Andreev,[!]

The aim of the present work is to study the response
of the system to a magnetic field applied in the direc-
tion of the cylindrical axis for the case of alloys, where
the applied current J is smaller than the second critical
current. The calculations that are set down made clear
the presence of a paramagnetic effect. A similar effect
was discovered by I. L. Landaul'*] in his studies with
pure metals.

2. In our calculations, we followed the method of
calculation developed by Andreev and the author,[®! but
in the present case we took into account the presence
of a longitudinal magnetic field Hj.

We consider a hollow cylindrical type-I superconduc-
tor with an inner radius r, and outer radius r,, along
the axis of which an electric current J and a magnetic
field Hy are applied. As a consequence of our assump-
tion that the fluctuation current is small, the magnetic
field perpendicular to the axis of the cylinder is deter-
mined principally by the field of the normal current
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The mixed state arises only near the inner surface
(r = r,), where the magnetic field can be expressed in
the form
x
H, (I)='_'
(4

—
ri—r

X =r - r; is the distance from the inner surface. The
total vector potential of the magnetic field and the elec-
tric field is equal to

—27 z*

c -1

A.=0, A,=H.z, A=

——cEt. 1)

A convenient method for estimation of the fluctuation
current is the introduction of an external force in the
time equation for the superconducting order parame-
ter,[ 23] which then takes the form

P v 2ie 2 _ 2

T fy-g (V-—=2A) 0 =10, @)
where m is the mass of the electron, ¢ = £(T) is the
coherence length, v = 8(Te — T)/m, and f(r, t) is the
external force, which satisfies the condition

G ) (), t)>=4mTvE*S (r—1') 8(t—1'). 3)
We transform to the dimensionless quantities

=L, f=w, f=—1—(i—)‘/’j,

£ 2v \ mT
o 1 E\* 2¢E%
1P=—2(—'ﬁ) ¥, e=— )
A E L,
C " —ry c
Then Eq. (2) takes the form
B 21 D), (5)

where
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In the discussion that follows, we shall use only dimen-

sionless quantities and can therefore omit the tilde over
the corresponding letters.

(6)

3. We seek a solution of Eq. (5) in the form

v= ) avm Opun (1,1), (7
Ryken
where )
P (1) =™ n (2)
(k=k,+et)
is the eigenfunction of the operator £:
Lrpune (£) =Aais b (). @)

The function ¢ ‘1’ satisfies the normalization condition
ok @ o’ (@)dz=8um;

L is the normalization length.
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Equation (5) is equivalent to the following condition

for the function ¢‘®:
doup (2)
— Phh P 9
! ©
In Sec. 4, we shall give the solution of this equation for
the condition )

i p— (ky—y2) *— (k+Ba?) ')q,::,’. (z)=0.

1<B. (10)
In this case, the terms which are proportional to ¥ and
72 make up only a weak perturbation relative to the
system without the longitudinal magnetic field, and we
can replace the terms Zkax and 7?x? by the expres-
sions 2 7kyx(k) and 7?%%(K), where X(k)is the

abscissa of the minimum of the potential U(x) = (k

+ sz)z

We introduce the quantity

A=’ — (ky—1Z (k) ) (11)
then Eq. (9) is written down in the form
2, (n)
d;’“;* AL — (k+Ba?) Yghn =0. (12)
. (n) m)
It is then seen that the functions gakyk(x) Akyk do not

depend on ky at all. As a consequence, we can repre-

sent them as
o (@) =@ " (2),  Aa=A™(K).

We further assume that the electric energy eEt; is
small in comparison with the relaxation frequency, i.e.,
that

(13)

Substituting the expansion (7) in Eq. (5), we get, after
simple transformations,

ek,

6a.,,u

at

+ (N —1) an =fim (2), (14)

where
fom ()= % 'f d’re~*v-mep ™ (2) f(r, 1).

The new components of the external force satisfy the
condition

vt () Fiare (£) > =ngry Onens B8 (1—t') . (15)

In Egs. (14), we have neglected the term with the time

derivative of y™: a {(mkz i{r;r)kz/ at. It is small, inas-

much as the time dependence of the eigenfunction '™
is given by the time dependence k(t) for a given k.
This dependence is very weak in the case € <« 1 and it
can be neglected in comparison with the strong time
dependence of the coefficients a‘™(t).

The solution of Eq. (14) has the form

anpe (t) =exp{—piia: (2)} jexp(p::,'il (") Ym (¢ dt’, (16)

where

P (£)=— j[1—x,‘,"."]dt', K =k, +st’.

The dependence of the fluctuation current is deter-
mined by the well-known Ginzburg-Landau formula,
which, in the usual units, has the form

)]

We then express the components of the current density
in our dimensionless units:

'=—fn—elm[\p'(V— 17)
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S ().
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Substituting the expansmn (7) and the solution (13) into
the above, we find

. 8T dk, dk,
fi= = Zj (2n)?

Xlgs™ (z) I* expl—2puih, (1)) j expl2pam ())dt',

——y (k1)

(18)
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. 8T dk, dk,
Jo= Zj (270)*

Xl pi™ (z) | expl—2pin. (1)} J' exp{2pin (¢')}dt".

Using (11), we can express the difference 2p‘™(t’)
— 2p'™(t) in the following fashion:

t k
" 2 - ’ ’
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Carrying out the substitution 7 = ¢(t — t’) and per-
forming integration over ky, we obtain

2eTZjko-dr( I(k)dlr'

ne mE*
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=
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soioy e X =y ans )
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4, For calculation of the expressions (19) and (20),
we must solve Eq. (12). The dimensionless parameter
B ~ J/Jcz. In what follows, we shall assume the currents
are small in comparison with the second critical current
Jdeg:

p<t. (21)

In this case, Eq. (12) can be solved and the function
AM(Kk) can be determined for all the essential values
of k. For k » gY® Eq. (12) is the Schrodinger equation
for an oscillator with mass %, energy A‘™(k) - k%
eigenfrequency (8k 8)”? and small anharmonicities of
third and fourth order. Using the well-known formula
for the energy levels of an anharmonic oscillator, we
get

(22)

It must be taken into account that the function ¢ should
satisfy the boundary condition of Ginzburg-Landau:
d¢/dx = 0 at x = 0, Therefore, only the even solutions
have meaning. In accord with this, we get formula (22)
from the ordinary formula for the linear oscillator by
the substitution n — 2n.

At k <0, | k| » 75, the potential energy (k +3x?%)?
has a sharp minimum for x = (k) = (| k|/8)"2 Intro-
ducing the new variable x’ = x — X(k) we can rewrite
Eq. (12) in the form of a Schrodinger equation for an

A (k) =kt+ (32KB) " (n+1/.) +3pk~" (n*+/an+111)..

W. Bestgen 1049



oscillator of mass 7. energy A‘M(k), eigenfrequency
4(| k| B)Y? and small anharmonicities of third and
fourth order. Again using the formula for the energy
levels of an anharmonic oscillator, we obtain

. : 1 B oa _
A (k) =4(1kIp)™ (n+?) 5T Gty

The argument of the exponential in the integrals (19)
and (20) contains the large factor 2/¢. Therefore, the
immediate neighborhood of the point of the maximum of
the function

(23)

Folk, 1) =1— fA"(k’)dk’—y’{ fi‘(k’)dk’——i-( j’ z(k’)dk')!}

LI R—

makes the principal contribution to the integrals over k
and 7. With account of the fact that X(k) = (| k|/g)Y?
for k < 0,x(k) =0 for k> 0 and | 70|~ | ko = To|, the
position of the maximum (ko, 7o) is determined by the
condition

1y 4y
1=A (ko—10) + — ko Tol =A™ (ky) + — I ky—ol.
q B q B

Using Egs. (22) and (23), we find
ko=1—(88)" (n+'/4),

ot . r
4p(2n+1)*  72B*(2nt+1)¢

The maximum value of Fj is then determined as

(24)

ko—To=

4 1 3

Fo(ko, o) = —————— + — — —(8p) " ( n+ — ) -- (n2+ —-

ko %) =yt T3 3 P ("+ 4 ) ("+ 2" (25)
5 ,Yz ,YZ
+—)plnf— —— -
12 )ﬁ np 28853(2n+1)‘+0(ﬁ)+0(32 )

We now expand the function Fp near the maximum
in powers of k - ko and 7 — 70 up to second order and
integrate expressions (19) and (20) over k and 7. With
account of the fact that the principal contribution to the
integral is made by only the first term n = 0, we find
the following expressions for the density of the fluctua-
tion current

. zervT y © 1 1 4

= (L= nd —_+ =

=% 2::(35 1I)I("“‘ (I)ie"p{eea 3e
8

_ 8 (BN 5B . Y
3e( 2) 6e P Taape } (26)
. 2Tq/e © 1 4
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The spatial dependence of the fluctuation current density
is determined by the function | ¢{™(x)|? with ko~ 1

and n = 0; ¢'”(x) is the wave funétion of the oscillator,
normalized in the interval (0, «):

¥ (2) 1*=2(2p/n") * exp (= V2 2°).

The quantity d = (28)"Y* plays the role of the thickness
of the intermediate-state layer. The second term in the
parentheses of Egs. (26) and (27) is small in comparison
with the first, and therefore it can be neglected. It is
significant that the second term in the parentheses of
Eq. (26) corresponds to a diamagnetic current.

By integration of Eqs. (26) and (27) over dx, we ob-
tain the total surface-current density:"
2T e y

I,=="

T

- %(%l/ - %%1" P= 142;33 }

where Igy is connected with Igz by the simple relation

1 4
{mﬁz (28)
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1
1y,=—I,,.
v 38

The additional magnetic field Hg produced at the mouth

of the cylinder by the fluctuation current is determined
to be

(29)

4n — el Ve 1 4
H=""1,= Lk {—+—
c " 4¥2my ct B exp 6ef e

_%(%")Ih _%h‘ B 142;39 }

5. We now attempt to determine the order of magni-
tude of the paramagnetic effect. Our analysis was based
on the assumption that the fluctuation current Igg is
small in comparison with the normal current I, which
flows through a layer of thickness d:

(30)

1,<I, (31)
where
I,.=J.—d~ﬂ~xﬁ"‘cfl (32)
rzz_r 2 eE:

k is the parameter of the Ginzburg-Landau theory. In
the work of Andreev and the author,!®] it was shown
that (31) is roughly equivalent to the condition

(@o/Ao) * exp (I/B*%7E0) <1,

where | is the mean free path length of the electron,
Ao is the London penetration depth at T =0, and a, is
the interatomic distance.

This condition is satisfied in the case of type-I super-
conducting alloys (k ~ 1,1 ~ £o). Introducing the
parameter

1=2e§zHa/c=H,/HcV§x
and (32) in Eq. (31), we obtain

H 1 L. [a\* !

H P I (TO) exP(p’;&go)'
In the limits of applicability of our theory, this corre-
sponds to the experimental results of I. L. Landau

(private communication), who found that Hg = Hy for
pure samples (k<< 1).
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DWe note that the factor 1/2/™ B is omitted in Eq. (22) of [51.
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