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The problem of the continuum model of a polaron is considered in the strong-coupling limit. The 
polaron-phonon interaction Hamiltonian is derived from the electron-phonon interaction Hamiltonian. 
A formula is derived for the zero-order (with respect to the coupling constant) correction to the 
polaron ground-state energy. It is shown that the polaron mobility is determined by two-phonon 
processes, viz., the scattering of phonons by the polaron. An upper limit is obtained for the mobility. 

A polaron is customarily defined as an electron 
interacting with the non-dispersive lattice vibrations in 
an ionic crystal. The formulation of this problem is due 
to Pekar. [fJ The parameters of the problem are the 
electron mass m and charge e, the frequency Wo of the 
optical phonons, and the values of the crystal dielectric 
constant in the low- and high-frequency limits, Eo and 
Eoo' The dimensionless combination of these quantities 

e' (mOl')'J, (1 1) 
a= flOlo 2h -;: --;; 

determines the strength of the coupling between the 
electron and the lattice. 

We shall be solely interested in the case of strong 
coupling, Q! - co. In this limit Pekar[1J found that the 
polaron's ground state energy was given by Eo 

(1) 

= -O.1094Q!~w()o The polaron mass, M = O.023Q!4m, was 
calculated by Landau and Pekar.[2J The numerical 
coefficients in the formulas for Eo and M are determined 
from the solution of the dimensionless Schrodinger equa­
tion (see Eq. (4) below). It is necessary to assume that 
the lowering of the ground state energy and the increase 
of the mass at the expense of the interaction with phonons 
takes the major part of the electron-phonon interaction 
into account. The remaining part of the interaction must 
determine the corrections to Eo and M, and it must also 
cause the scattering of the polaron by real phonons. It 
is necessary, in particular, to take this scattering into 
account in order to calculate the polaron mobility. A 
systematic strong-coupling theory of the polaron should 
give a method for calculating physical quantities in the 
form of a power series in the reciprocal coupling con­
stant. Such an approach has been developed by Bogo­
lyubov[3J and Tyablikov.[4J They reproduced the results 
of Pekar and Landau for the polaron's energy and mass 
as the first-approximation in their approach. The major 
difficulty in this approach [3, 4J has turned out to be the 
introduction of polaron coordinates together with the 
electron coordinates. The condition that the total num­
ber of independent dynamical variables must be con­
served upon introducing the polaron coordinates required 
the determination of three subsidiary conditions on the 
phonon coordinates. This fact led to very cumbersome 
calculations, and the investigation of the polaron's 
kinetics has not been completed. The articles'by 
Pekar, [1J Feynman, Hellwarth, Iddings, and Platz man, [5J 
Kadanoff, [6J and Feynman and Thornber, [7J are devoted 
to the investigation of the polaron's kinetics. Without 
going into the details of these articles, we note the strik­
ing disagreement between the results obtained in these 
articles for the polaron mobility in the limit Q! - COo 

The indicated circumstances justify an attempt to con­
struct a theory of the polaron by means of a systematic 
expansion in powers of the inverse coupling constant. 
The ultimate goal is to investigate the kinetics of the 
polaron. 
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In the present work a polaron -phonon Hamiltonian 
will be derived which is suitable for the description of 
weakly excited states of the crystal near the energy Eo 
in the limit Q! - 00, and the corrections, some of which 
do not have the form of a Hamiltonian, are estimated. 
The calculation of the correction to the ground state en­
ergy Eo will be reduced to a variational principle. We 
shall show that the polaron mobility is determined by 
two-phonon processes, namely, the scattering of a phonon 
by the polaron. It will be shown that the momentum 
transfer associated with a collision is small, so that the 
polaron mobility is related to the amplitude for the scat­
tering of a phonon by a polaron by a simple relationship. 
Analysis of the equation for the scattering amplitude en­
ables us to obtain an upper bound for the polaron mobil­
ity. 

DERIVATION OF THE POLARON-PHONON 
HAMILTONIAN 

The Lagrangian of an electron interacting with the 
phonons in an ionic crystal has the form [8J 

(2) 

Here rand r denote the position and velocity of the elec­
tron, qk and lik represent the coordinate and velocity of 
a phonon with quasi-momentum k, and Q! is the electron­
phonon constant. For simplicity we set n = m = Wo = 1. 
The factor y-1i2 in front of the last term in Eq. (2) has 
also been replaced by unity, so that 

.E ..,.' S (:) " 
k 

The quantum formalism in the Lagrangian formulation 
is described in[sJ and requires an averaging of 
{r(t), qk(t)} over the classical trajectories, where the 
relative weight of each trajectory is determined by the 
classical action, calculated for our problem with the aid 
of the Lagrangian (2). 

Now let us describe a method of overcoming the prin­
cipal difficulty in the polaron problem, which is the tran­
sition from electron coordinates to polaron coordinates. 
In addition to an integration over the trajectories of the 
electron and of the phonons, we introduce one more in­
tegration-over the trajectories R(t). Since R(t) is not 
contained in expression (2), the integration will give a 
numerical factor, which cancels out upon evaluating the 
thermodynamic averages. One further transformation, 
which does not change the value of the path-integrals, 
consists in replacing qk(t) by ~(t) + qk(t), where qft(t) 
= qkexp [-ik' R(t)] and qk does not depend on the t~e. 
Now the Lagrangian explicitly depends on R(t) and R(t), 
but this dependence is fictitious-it corresponds to the 
transformation to a moving reference frame and can be 
eliminated by the inverse shift of qk(t). Let us choose 
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qk in such a way that the individual terms in the 
Lagrangian (or in the corresponding Hamiltonian) can be 
classified according to the powers of the coupling con­
stant a to which they are proportional. Having separated 
out the major part of the Hamiltonian and the perturba­
tion' and having calculated the corrections to the ground 
level of the Hamiltonian according to perturbation theory, 
we arrive at an approximate description of the weakly 
excited states in the crystal; the electron coordinates 
vanish and the Hamiltonian of a particle with coordinate 
R, interacting with phonons, is obtained. 

In the intermediate calculations it is convenient to 
utilize the Routhian, written down in terms of quantum 
operators for certain coordinates and in terms of class­
ical variables for the other coordinates. The interpreta­
tion of the corresponding expressions is obvious: it is 
necessary to calculate the trace with regard to the quan­
tum variables for a fixed classical trajectory and then 
average over the trajectories. 

Let us make the replacement q - q + qO in Eq. (2) 
and go over to the operator expression for the electron. 
We obtain the following expression for the Routhian: 

If R(t) is assumed to be time independent, the sum of the 
first three terms determines the energy of the crystal 
when the electron interacts with the polarization well 
produced by the displacements qk' and the coordinate R 
determines the position of the well in space. The prob­
lem of determining the minimum value of this energy 
has been treated in detail by Pekar.[l] We shall assume 
that the wave functions if!n(r) and the energies En of the 
electron in the polarization well are known, these values 
corresponding to the ground state of the system and the 
well being located at the origin of coordinates The 
Schrodinger equation for these quantities is obtained by 
minimizing with respect to qk the sum of the first three 
terms in (3) under the condition that the electron exists 
in the state if!o(r): 

(-~-~S dr'¢o'{r') +~SJ dr'dr"¢"(r')¢"(r"») (r)=E (r) 
2 1'2 Ir-r'l 21'2 Ir' _r"l¢n n¢n (4) 

Only the nonlinear equation for if!o is self-consistent. 
The functions if!n with n > 0 are the solutions of Eq. (4) 
which minimize the electron energy for a fixed shape of 
the well. The function if!o(r) doesn't have any Singulari­
ties on the real axis-it can be expanded in a series in 
powers of r2. It is clear from Eq. (4) that the character­
istic values of r ~ a -1; therefore it is natural to assume 
that in the complex r plane the singularity of the function 
if!o(r) which is closest to the real axis is located at a 
distance ~ a -1 from the axis. 

For the equilibrium values of the phonon coordinates 
we have qk = voo(k), where we have introduced the nota­
tion 

vnm(k) = (2l'2na) 'I. ! J dr¢n(r)eik'¢m(r). (5) 

The state if! 0 with energy Eo is the lowest; the following 
states are separated from it in energy by an amount 
~a2, and we construct a perturbation theory based on 
the functions 1/Jn in order to finally derive a new Hamil­
tonian which describes the crystal at energies close to 
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Eo, and the new Hamiltonian doesn't contain any terms 
which are large according to the coupling constant a. 

The immediate goal is to write down expression (3) 
in terms of the electron functions if!n for the case when 
qk is time-dependent, namely, the case when q,k(t) 

o 
= qkexp[-ik·R(t)]. The second term in (3) will then 
correspond to the polarization well being located at the 
point R(t), and we can rewrite (3) in terms of the func­
tions if!n(r - R(t)). The motion of the well causes the 
appearance of an additional term in the Hamiltonian; we 
can understand the form of this term in the following 
manner. Let the Hamiltonian de = ;Je(r - R(t)). After 
making the substitution if! = L) cn(t)if!n(r - R(t)) the 
Schrodinger equation, n 

i!! =de(r-R(t» ¢ 
iJt 

(6) 

takes the following form in the representation of eigen­
functions of the Hamiltonian: 

It is clear that the motion of the well is taken into con­
sideration by the term - R . P in the HamiltOnian, so that 
in the representation of the operators a~ and an which 
create and annihilate an electron i~ the state if!n and 
after ~hang~~ from the ~elocities qk to the momenta 
Pk = (<L...k + ~k) we obta.J.n 

9ll= .E Enan +an-R .EPnman +am- .E qkeikR[vnm (k) -voo(k) linmlan +am 

knm (8) ++ .E[ (Pk-q-k') (p-k-qk')+q.q-kl-~MR" 
k 

The quantity M, defined by the formula 

1 S dk k" , Sllzn' S~ 'r'd 0023' 
M=3 (2n)' Qk Q-k=-3- a, ¢' r"", a, 

is the effective mass of the polaron, calculated by 
Landau and Pekar,E2] 

(9) 

The Routhian (8) was obtained as the result of exact 
transformations. Now let us consider the case when the 
energy of the crystal differs very little from Eo. 
Namely, we shall assume that MR2 ::; 1, we shall con­
sider the electron to be in its ground state, and we shall 
calculate the corrections to its energy Eo according to 
perturbation theory. Considering that the motion of the 
phonons is a 2 times slower than the electron's motion, 
we shall neglect the time dependence of qk and R in cal­
culating the corrections to Eo. This corresponds to the 
adiabatic approximation and should lead to relative 
errors of the order of a -2. 

Now let us prove that the second term in (8) can be 
neglected for large values of a. In fact, in second-order 
perturbation theory the correction to the energy Eo due 
to this term is given by 

(10) 

so that PnO ~ a and En - Eo ~ a2• By comparing i.t2 with 
Mi.t2 ~ a 4 R2, we see that the relative correction to the 
mass turns out to be ~ a -4. Considering that the second 
term in (8) by itself doesn't cause any polaron scattering, 
it will give corrections to the scattering process of the 
same order of magnitude as the correction to the mass 
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which has just now been estimated. Being interested in 
the case a - 00, we neglect these corrections. 

Let us return the phonon operator in (8) to its stan­
dard form by a canonical transformation with the aid of 
the operator exp[i:6 q ci° (t)]. This transformation de-
pends on the time; 1fue~efo~e the following term is added 
to the Hamiltonian: 

1.: qkq~k (t) = 1.: qkq_.'e'kR [- (kR) '+ikR), (11) 
• 

First let us consider the term involving (k' R)2. It 
gives corrections of two types-it changes the kinetic 
energy of the polaron and leads to the scattering of the 
polaron by phonons. In second-order perturbation theory 
the correction to the kinetic energy of the polaron com­
ing from the term involving (k'R)2 in (11) is negative, 
and its order of magnitude is given by 

(12) 

The negativeness of this correction indicates a reduction 
in the effective mass of the polaron with increasing 
values of its velocity, which corresponds to a decrease 
in the number of virtual phonons forming the polaron. 
One can say that the coupling constant decreases with 
increasing velocity of the polaron. The correct.ion (~2) 
to the kinetic energy becomes important when R ~ a 1. 

In this connection MR2 ~ a 2, which proves the statement 
made in [2] that a parabolic dispersion law is valid for 
the polaron as long as the kinetic energy is smaller than 
the ground state energy. In what follows we shall con­
fine our attention to the case Mit2 $ 1, and therefore we 
neglect corrections of the type (12). The contribution of 
the interaction (11) to the scattering of the polaron will 
be estimated later, when the principal term in the 
polaron-phonon interaction will be written down. Having 
in mind the transition to the Hamiltonian form of nota­
tion with respect to the coordinate R, the difficulties of 
realizing this transition for expressions of the type (11), 
and also the fact that this expression will be discarded 
in the final analysis, we shall not write down the corre­
sponding term in the Hamiltonian. With what has been 
said taken into account, it is now necessary to neglect 
the second term in the Houthian (8), and the fourth term 
is replaced by the free-phonon Hamiltonian: 

.'Ji2=-~MR'+-~ 1.: (PkP-k+qkq-k) + 1.: Ena"+a n 
2 2. 

k n 

-1.: qkelkR[vnm(k)-v,,(k)6nm)an+am, 

k 

(13) 

The last term in Eq. (13) should be treated as a pertur­
bation. Evaluating the correction to the energy due to 
this term in second-order perturbation theory, and also 
changing from the velocity R to the momentum P of the 
polaron, we obtain the final expression for the polaron­
phonon Hamiltonian: 

P' 1 ~ ( )+~ V(k k') qk k')R d6=Eo+-M +-2 .l...l PkP-k+qkq-k .l...l qkq-k' , e - , 
2 k kk' 

(14) 

where the following notation has been introduced: 

V(k,k')= 1.: vom(k)vmo(-k') , (15) 
m>O Eo-Em 

We write down the following estimate for the correction 
to the Hamiltonian in third-order perturbation theory: 

_ ~ '''ei(k+k'+k'')R ~ VOl (k) v.m(k') vmo(k") (16) 
.l...l qkqk qk .l...l (Eo-E,) (Eo-Em) , 
kk'k" l,m>O 
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Later on the following property of the function 
V(k, k/) will be important for us: 

dk" J (21t),V(k,k")V(k",k')-V(k,k'), k,k'-a, (17) 

We shall talk about such functions since they are of the 
order of unity. 

Now let us sum up the situation. Having started from 
expression (2), describing an electron interacting with 
phonons, we changed over to the new coordinate R, de­
termining the position of the polaron, and we derived the 
Hamiltonian (14) for the polaron + phonons system. The 
electron coordinates were eliminated in connection with 
the transition from (12) to (14) at the expense of the fact 
that we can only apply the derived Hamiltonian for 
states of the crystal which are close in energy to Eo. 
One should consider expressions (11) and (16) as correc­
tions to this Hamiltonian. We note that the principal 
term of the polaron-phonon interaction is quadratic in 
the phonons, the correction (11) is linear, and the cor­
rection (16) is cubic. 

Tyablikov[4] obtained a term in the Hamiltonian 
which differs from the last term in (14) by the replace­
ment of exp[i(k-k/). R] by unity. This led to the 
erroneous conclusion that the phonons are not coupled to 
the polaron in the present approximation. The presence 
of the indicated factor is obvious from considerations of 
translational invariance. 

The derivations which we have carried out make 
sense only in that case when the resulting polaron­
phonon interaction which we have obtained is weak in 
comparison with the original electron-phonon interac­
tion. Namely, the relative corrections to the energy and 
mass of the polaron due to the polaron-phonon interac­
tion must be small, and the polaron damping due to the 
interaction with phonons-emission, absorption, and 
scattering of phonons-must be small in comparison 
with the polaron's energy. In the meanwhile we have 
proved that the correction from expression (11) changes 
the kinetic energy of the polaron for MR2 ~ 1 by an 
amount ~ a -2 <t: 1. Now let us consider the corrections 
to the energy coming from the third term in expression 
(14). Having averaged it over the ground state, we ob­
tain a quantity of the order of 

J dk ~ 1 J dk , 
V(k, k) (21t)' = .l...l Eo-Em (21t) , IVom(k) I -1, 

m>O 

(18) 

because vnm(k) ~ a -112, and momenta'k ~ a give the 
essential contribution to the integral. This estimate 
shows that the interaction of the polaron with the phon­
ons is of the order of unity as a - 00. We recall that the 
correction to the energy, evaluated for the electron­
phonon Hamiltonian, was of order a, so that we have 
obtained an effective weakening of the interaction. All of 
the terms of the perturbation theory series with regard 
to the last term in expression (14) are of the order of 
unity. 

Now let us go on to a more convenient notation, in 
order to distinguish the small parameter existing in the 
Hamiltonian (14). This parameter corresponds to the 
smallness of the recoil energy of the polaron associated 
with the emission of a phonon. In fact, in view of the fact 
that M ~ a4 and k ~ a, the recoil energy k2/2M ~ a-2 • 

Let us change in expression (14) to second-quantized 
operators for the phonons and let us carry out the trans­
formation of Lee, Low, and Pines, [9J thus eliminating 
the polaron coordinate from the Hamiltonian: 
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++ L, V(k,k')(b.++b_.)(b'::.,+b.,). 

(19) 

.. ' 
The Hamiltonian now depends parametrically on the total 
momentum P of the system, which is just a number. As 
long as the energy of the crystal differs from the ground 
state energy by an amount which is smaller than the en­
ergy of a phonon, the momentum of the crystal coincides 
with the polaron momentum. In the transformed Hamil­
tonian the last two terms represent a quadratic form 
which cannot be diagonalized in general. At the same 
time, calculation of the coefficients V(k, k') requires 
knowledge of the wave functions of the excited states of 
the electron in the polarization well. The problem of the 
diagonalization of literally this same quadratic form was 
treated in a different notation in work by the author and 
Rashba. [ 10J It was shown that an infinite number of local 
phonon levels exists near the polaron, and a variational 
principle was formulated to calculate the wave functions 
and frequencies of these levels. In this connection it was 
possible to transform the variational functional in such a 
way that it was expressed only in terms of the polaron's 
ground state wave function l/Jo(r): 

\~:' =m~x {S dr1jJ,'(Vj)' / S dr[V(M+2VjV In",,)]'}' (20) 

Here f is the variational function, and w is the frequency 
of the local vibration. The variational functional does 
not contain any parameters; therefore w differs from 
unity numerically. The ground state energy of the 
polaron now takes the form 

. 1 ~ E=E.+ Z ,-" (Cll.-1). (21) 

Formulas (20) and (21) enable us to calculate the cor­
rection to Eo, which is of the order of unity, and more­
over the problem of calculating the frequencies w re-
duces to a convenient form. a 

Now let us prove that the corrections to Eq. (21) are 
smap.. The corrections arising from the term containing 
(k'R)2 in Eq. (11) is of the order of 

~ k' • '-" q"q-.'(;w) -cc', (22) 
k 

if it is assumed that the mean square fluctuation of the 
~ velocity R ~ (k/M)2, where k is the characteristic 

phonon momentum k ~ a. Taking into consideration that 
the characteristic frequencies are equal to unity we 
h "2 / 2 6 ' ave R ~ (k M) - a- for the mean square accelera-
tion, so that.!he correction to the energy coming from 
the term k . R is of the order of a -2. The term 
(L; kbibk)2/2M in Eq. (19) serves (at P = 0) as one more 

k 
source of a correction to the energy; it is necessary to 
combine this term with the last term •. The first non­
vanishing correction is of order a-4• Finally, the cubic 
correction (in the phonon variables) to the Hamiltonian 
(16) gives a contribution - a-2 in second-order perturba­
tion theory. 

The correction to the polaron mass is obtained, for 
example, if the term -P . (~kbitbk)/M in Eq. (19) is 

taken into account in perturbation theory. It has a rela­
tive order a-2. 

The estimates presented here prove that one can re-
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gard the polaron-phonon interaction as weak in the sense 
that the correction to the ground state energy, having the 
order of unity, can be isolated and a method for its cal­
culation is indicated, the remaining corrections are at 
least as small as a-2, and the corrections to the mass 
are also of relative order a -2. 

POLARON MOBILITY 

The kinetics of the polaron is determined by its inter­
action with real phonons. According to the Hamiltonian 
(14), processes are possible involving the simultaneous 
emission or absorption of a pair of phonons and the 
scattering of a phonon by the polaron with a change of 
the momentum. The correction (11) leads to the absorp­
tion or emission of a single phonon, and the correction 
(16) to the Hamiltonian gives rise to three-phonon proc­
esses. The intensities of the enumerated types of scat­
tering are quite diverse. In connection with the emission 
or absorption of a single phonon, a polaron with energy 
of the order of unity must give up or gain an amount of 
momentum P ~ (i. According to Eq. (11), the matrix 
element for the absorption or emission contains the 
quantity qk which for k ~ P - a 2 must be at least ex­
ponentially small in the coupling constant: 

(23) 

where c is the number determining the distance from the 
real axis to the nearest Singularity of the function I/! o(r) 
in units of a-1• C#e indicated earlier that l/Jo(r) does not 
have any singularities on the real axis, and it was as­
sumed that it has singularities in the complex r plane. 
If all of the singularities of l/Jo(r) are located at infinity, 
then qk - exp(-c1k2/ a2) which makes qk even smaller for 
k - a2.) In similar faShion, all real processes involving 
a change in the number of phonons will be suppressed by 
a factor that is exponential in the coupling constant. In 
contrast to emission and absorption, the scattering of 
phonons does not involve any large momentum transfers, 
and its amplitude decreases only in power-law fashion. 
To estimate the mobility it is therefore necessary to 
take only the processes of phonon scattering by the 
polaron into account. 

Let us consider the polaron mobility in the tempera­
ture interval 1 > T > a-2 • The condition T < 1 guaran­
tees that the number of real phonons will be small, so 
that their collisions with the polaron can be regarded as 
independent. Under the conditions T > a-2 the polaron 
momentum P - -IMT - a 2T112 exceeds the momentum 
transfer during the collision IP - p'l ~ a. One can 
therefore assume that the polaron's velocity V = P/M 
does not change during the phonon scattering process, 
and determine the amplitude F(V, k, k') for the scatter­
ing of the phonon from the state k into the state k' by a 
polaron moving with constant velocity v. The mobility of 
the polaron is expressed in terms of F(V, k, k') by the 
formulas 

1 dkdk' (k k')' 
--=2ne-1IT S--IF{v k k')I'6[v(k-k')]---­
't.,(v) (2n)" , 2M'v' . 

The transition to a polaron moving with constant 

(25) 

velocity is accomplished by neglecting the terms in the 
Hamiltonian (19) which are quadratic in the phonon mo­
menta. The resulting Hamiltonian 

P' 1 
H=E.+ 2M + L, (1-kv) (b.+b·+ T ) 

• 

V. I. Mel'nikoy and G. E. Voloyik 822 



(26) 

describes the scattering of phonons with the spectrum 
1 - k • v by a fixed center, where the Born scattering 
amplitude is given by the quantity V(k, k'). The energy 
denominators in the perturbation theory expressions for 
F(V, k, k') are small, since vlk - k'i ~ va ~ T 1 /2a-1 

« 1; therefore, the order of magnitude of F can be es­
timated from the equation 

cancel each other in the integrand. The reason for this 
lies in the fact that the series in a3/k~ adds up to form 
the purely imaginary phase of the function F(v, k, k'), 
which drops out from the absolute value. Thus, the in­
tegrand in Eq. (25) must be expanded at least in powers 
of the parameter Q14/k5v, which permits us to use ex­
pression (31) for F in the region k5 ~ a 41v. Integration 
over this region leads to the estimate 

(32) 

1 V(k, k")F(v, k", k') dk" 
F(v, k, k')=V(k, k')--; S n(k"-k')-ill (2n)' ' 

where we have returned to dimensional units (also 
(27) see[ll]). 

where n = viv. 

Let us begin the investigation of this equation with an 
estimate of V(k, k'). As was indicated earlier, for k, k' 
~ a, V is of the order of unity in the sense of Eq. (17), 
which gives the following estimate for its absolute mag­
nitude: 

V(k, k')-a-'" k, k'-a. (28) 

For k, k' »a and Ik - k' I ~ 0', one can approximately 
calculate the vertex V(k, k'). In order to do this, in ex­
pression (15) for V it is sufficient to use plane waves 
with momenta ~k, k' as the intermediate states of the 
continuum. As a result we obtain 

( k ') 41'2na '[k k'j V k, ""--k-,-I/l, - , k,k'>a, Ik-k'l-a, (29) 

where 

I/l,'[kj"" S I/lo'(r) e'b dr. (30) 

From Eq. (29) it is clear that V(k, k') decreases with 
increasing values of k and k'; therefore, at large mo­
menta the integral term in Eq. (27) becomes inessential 
and F approximately coincides with V. Equation (27) 
can be solved by iterations in this momentum range. An 
estimate based on the first iteration, with Eq. (29) and 
the fact that the momentum transfer Iklf - k' I ~ 0' taken 
into consideration, leads to our conclusion about the 
validity of the iterative solution in the region k4 > Q13V -1, 

where 
41'2na '[k k'] k'>a'v-'. F(v,k,k') ""--k-,-I/l, - , (31) 

The integrand in (25) is positive; therefore, one can 
obtain an upper bound on the mobility from Eqs. (24) and 
(25). It is convenient to change to the variables q = k - k' 
and k in the integral (25). We shall assume that the in­
tegral over q converges for q ~ 0'; this assumption can 
only lead to an underestimate of the value of the integ­
ral. Let us carry out the integration with respect to k 
over the region k4 > a 3v-1, where formula (31) is appli­
cable. Finally we obtain the estimate Jl ;; el/TT7/sQI-7/4, 
which can be improved immediately. The point is that 
when the asymptotic expression (29) for V is substituted 
in (27), the latter turns out to be an equation of the con­
volution type and can be solved without any difficulty, 
so that the series in powers of the parameter 0'3 /k~ is 
completely gathered together. Substitution of the solu­
tion into formula (25) shows, however, that all of the 
terms of the series in powers of the parameter a3 /k~ 
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The upper bound on the temperature is due to the re­
quirement that the number of real phonons should be 
small. The lower bound on T is written down in order to 
guarantee a small momentum transfer in the collision in 
comparison with the total momentum of the polaron; 
this enables us, in particular, to write down the simple 
expression (24) for the mobility. In fact the criterion 
T > a -2 also has a deeper meaning-it is only under this 
condition that a kinetic equation exists for the polaron. 
In fact, it was indicated earlier that the uncertainty in 
the polaron's momentum due to the interaction with the 
zero-point vibrations of the phonons is of the order of 0'. 

The concept of the polaron as a particle having a definite 
momentum, which changes only as a result of collisions 
with real phonons, and which is distributed on the aver­
age according to Maxwell's formula, is valid as long as 
the thermal momentum P ~ a2Tl12 is larger than the 
momentum fluctuations a. Thus, we have shown that the 
extension of this theory to temperatures on either side 
of the region 1 > T > a -2 is not a trivial problem. 

The authors thank A. I. Larkin and E. L Rashba for 
numerous fruitful discussions. 
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