Spin diffusion in nuclear quadrupole resonance
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The nonequilibrium Zubarev density-matrix method is used in a derivation of the transport equations
describing spin diffusion processes in the case of quadrupole resonance of nuclei of spin 3/2.
Nonequilibrium states of the reservoir of dipole-dipole interactions and diffusion of energy in this
reservoir are allowed for. Expressions are obtained for the diffusion coefficients and relaxation times.
It is shown that electrical diffusion barriers play an important role in the diffusion of spin in nuclear
quadrupole resonance, the diffusion of the dipole-dipole interaction energy is not impeded by barriers,
and the spin-lattice relaxation time of the dipole-dipole reservoir energy is approximately 100-1000
times shorter than the relaxation time of the quadrupole energy.

1. Investigations of the nuclear magnetic resonance
and dynamic polarization of nuclei have demonstrated
that spin diffusion plays an important role in the relax-
ation of nuclei in the presence of paramagnetic impur-
ities.!™ This process transfers the Zeeman energy of
individual nuclei to paramagnetic impurities which under-
go fast spin-lattice relaxation. Relaxation equations
allowing for the diffusion of spin under magnetic reso-
nance conditions are derived in® by the nonequilibrium
Zubarev density matrix (statistical operator) method.

Spin diffusion processes should also occur under
nuclear quadrupole (NQR) conditions, except that, in this
case, the quadrupole energy of individual nuclei diffuses.
The present paper gives a theoretical analysis of this
situation in the case of quadrupole resonance of nuclei
of spin 3/2. Once again, the nonequilibrium density
matrix method is used for the derivation of the approp-
riate equations. The diffusion coefficient has been cal-
culated in® for NQR of I = 1 spins. The NQR spectra
of different spins differ very considerably and, conse-
quently, the effective parts of the operators describing
the dipole-dipole interaction and the interaction with the
alternating field are also different from one spin to
another. Consequently, the spin diffusion under NQR
conditions must be considered separately for each type
of spin.

However, the principal difference between our results
and those obtained by Buishvili and Volgina™ or the
investigations of spin diffusion under magnetic resonance
conditions is an allowance for the diffusion of the energy
in the reservoir of dipole-dipole interactions or, briefly,
in the dipole-dipole reservoir (DDR). It is well known
that the DDR plays an important role in the dynamics of
spin systems of solids. The nonequilibrium DDR energy
occurs in the transport equations alongside the non-
equilibrium energy which governs the spin spectrum.
Therefore, it is necessary to allow for the spin diffusion
of both energies, especially as the DDR diffusion coef-
ficient is considerably greater.

The spin diffusion processes are due to the magnetic
dipole-dipole interactions #4q of nuclei. In order to
develop the necessary theory, we must consider the re-
lationship between 5644 and the interaction of nuclei with
the lattice fy1,: If the interaction #44 is much greater
than &7y, it is necessary to consider separately an inde-

pendent system in the form of a dipole-dipole reservoir.™

The transport equations describing the NQR spin system
in a homogeneous sample de_gend strongly on whether

a DDR.is present“’"ﬂ or not*"”. These considerations also
apply to the derivation of the transport equations for in-
homogeneous systems.
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2. We shall consider a system of nuclei of spin 3/2
with a quadrupole moment Q immersed in an axially
symmetric field in a molecular crystal. The quadrupole
energy levels are then given by the operator

Hq = Yshwg 2 [Pss Pu Pfi]y (1)
where wqQ is the quadrupole resonance frequency pmn
are the projective operators defined in'”. The nuclei
interact with one another via magnetic dlpole-dipole
interactions Hyq of which the most important is the part
Hq which is adlabatlc relative to the operator Hq and is

described by (see'™)
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where Tij 01], and ¥jjare the spherical coordinates of
the radius vector ]ommg nuclei i and j, and y is the gyro-
magnetic ratio. The operator describing the interaction
between the nuclei and an alternating magnetic field
2H,coswt perpendicular to the crystal-field axis is

Ay =

- V—f Fioy Zl(p’él + p5) e 4 (pls + Piy) !, 3)
k

where w, = yH,. The operator (3) consists only of the
terms which describe the resonance transitions between
the spin energy levels.™

The spin-lattice relaxation of nuclei in.a magnetic
crystal is governed by the interaction of these nuclei
with torsional vibrations (Bayer mechanism):["

H,B="/ 1o, Z Zz, Fr=eQ,®,

s )
Qo=3[,2_[([+1) N Fk0:_2§hz’ gk=ek7<en>l_,
Q' =LI+LI., =&, 82 =0"—(0s,
Q== (L+il,)*=(l.)" WEE=1180,
(A),=Tr(Ae-ts)/ Tr e~*ser,

where 6 is the angle made by the instantaneous direc-
tion of the axis of a molecule k and its equilibrium
orientation (6))1,, Hy, is the Hamiltonian of the lattice
which is regarded as a thermostat kept at a temperature
1/kgB.

In the case when a crystal contains magnetic im-
purities, the relaxation of nuclear spins may also give
rise to a magnetic dipole interaction with these im-

purities .
#i=n Y\ Y oSy 0=0m(), (5)
in ap ) .
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where S is the operator of the spin of a magnetic
impurity. Impurities unavoidably cause distortions of the
lattice and, consequently, they shift the NQR frequency.
In the first approximation, these shifts are given by the
operator

He = %’iz Q (r) [phs + Plg — ph — Pl (6)
where Q (@ n) is the shift of the NQR frequency of a
nucleus j because of the distortion of the crystal field
by an ion at a site n. The change in the rate of the Bayer
relaxation near a magnetic ion can be ignored compared
with the magnetic relaxation rate.

The total Hamiltonian of the system can be divided
into the main part #, and a small perturbation V; as
follows

Ho=FHo+ .+, V= +H,
Hq=Ho+HetHu, Hu=(H1*)1,
1= 1P 561,% — (1) .

The operators#g and s\ give rise to the shifts
Q= Y0, o= 0" @) S,

of the energy levels which depend on the distances from
the magnetic impurities. At moderate impurity con-
centraitions these shifts exceed the NQR line width only
for a small number of spins near an impurity. For this
reason we shall allow for the shifts Qj and w; only in
those expressions which do not contain the N fre-
quency wQ.

For this form of the operator 5, the parameters
which describe a nonequilibrium state of a homogeneous
system will be selected in the form of the operators
./t’Qt , #qd» anda@L ! The presence of magnetic impurities

he system gives rise to a spatial inhomogeneity and
a nonequilibrium state should be described by the den-
sities of the operators %Q and J(qy:

Foo) =1 Y (0c+Q) Q10 (—r) +4 Y w0,

Ha(r)=h Z 2 P 176(r—r;).

i%ja=-2
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In this case, the entropy operator is of the form

P, 0)=a>(:)+pa&+jd’r[pq(r £) 34 (r) +Ba(r, 1) 36a(r)],  (8)

where BQ(r, t) and B4(r, t) are the parameters conjugate
to JfQ(r) and%’d(r) in the nonequilibrium thermodynamic
sense,® and &(t) is the Massieu-Planck potential.

3. Applying the Zubarev method,[a] we obtain a non-
equilibrium statistical operator corresponding to the
entropy operator of Eq. (8) and then we apply the same
Zubarev operator in the derivation of the transport equa-
tions of the nonequilibrium averages {%#%g d(r))t of the
operators (7). Such calculations yield equatlons of the
type

— (S (r)

P 9 w0

2 Y= )
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W8, ()Y~ [ R+ T [, 06,01} (9)
where (A)° is the equilibrium average of the operator A,
Dg(i’ are the diffusion coefficients, and p, q =Q, d. The

system (9) represents diffusion-type equations which
describe local changes in the quadrupole energy and in
the energy of the dipole-dipole interactions due to the
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application of an alternating field, relaxation processes,
and transport phenomena.

The relaxation times Ty, due to the Bayer mech-
anism and the probabilities of transitions Wy, under the
mfluence of an alternating magnetlc field are calculated

. The quantities Rpq = (r) are the relaxation
tlmes due to the mteraction with impurities:

S4h*0* (S HN Te
; 1+1l0" Zl O r=ra) I,

)
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where A; is the second moment of the NQR line, and 7¢
is the correlation time of the z component of the spin of
a magnetic impurity.

If p # q, the quantities R.. are proportional to the
first moment of the NQR line, as always found in prob-
lems of this type, and they can be ignored compared
with the diagonal terms. In considering spin diffusion,
it is usual to employ the reciprocal relaxation times
R} averaged over the angles:

PP
R,, = ZC,Ir—rnl -,

27 S(S+1) (YtYh) Te Az 10
T T ttegnt Ce= od Co (10)
=0 T1o/ Trib = (918/5) i Z .
4. The diffusion coefficients in Eq. (9) are
Di(r)=(Sp36,")~ [@*r’ j dtie <A (n) 1 (¢, 8), (11)
if
Jo(=——2 Y 2, 2108 18 (e,
ive] am-2
" \ (12)
12 — . —
Jd(?)=——4— Z‘ ZI P -7upfi:“fu’6(r—r,),
ivej, hosl @ pma2
where Jq ¢(r)are the fluxes of the operators *Qlr)
and %g(

The diffusion coefficients can be calculated if we
know the spin correlation functions of the type

S (), il falfma’ () fus (), (13)

where the time dependence is governed by ‘‘bordering’’
with the operator #4 +#E +#M. The functions (13)
are the Fourier transforms of the cross-relaxation
curves, which are usually approximated in the form

St (e) > =< fafagan(t),
et (8) e (8) Y2 CFefbfnf 03 @i (£)
where the time dependence is entirely due to the factor

g(t). In this approximation the only nonvanishing diffusion

coefficients are Df)“’ = Dli)“’ép @ which are diagonal with
respect to the indices p and q.

[]

(14)

In calculations of g(t) the bordering by the operators
%4,%E , and #) is performed independently because
they commute. Then,

exp (id6xth=*) I,* exp(—idEuth~') =exp (iawit) 1%,

exp (itdBch=") Pma* exp (—itdBch—") =exp{i sign(m — n) Qut} pmo",

and the result of bordering with the operator H#q is

usually interpolated by Gaussian curves of the type
exp{—wfitz/Z}.
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Substituting Eq. (14) into Eq. (11), we obtain
D (1) ="/s Y, (@=a}) (2"~2) [/l Pt I (0= 0+ Q,—Q)

+161 2.7 °F (0,0, +2:—Q)) ], (15)

where F is a function of the profile of the cross-re-
laxation curve:

F(z)=(2n04) " exp {—z"/20.}.

We shall assume that the concentration of magnetic
impurities is sufficiently low so that each nucleus
effectively interacts with just one impurity. We shall
consider one paramagnetic ion located at the origin of
the coordinates. Then, the vector r in Eq. (15) is meas-
ured from this ion. The presence of the functions F in

the diffusion coefficients gives rise to diffusion barriers.

At large distances from a defect the arguments of these
functions are small compared with w4 and D(r) is in-
dependent of r. Near defects the fr equency shifts are

large and D(r) decreases rapidly on approach to a defect.

A measure of the changes in D (r) near an impurity is
provided by the radius of a diffusion barrier and 6 is
that distance from an impurity at which the shift of the
NQR levels induced by the impurity is equal to the
nuclear dipole-dipole width of the NQR line. In solving
the diffusion equations the concept of a diffusion barrier
and its radius is used in the case of Gaussian approx-
imation of the function g(t) so that we can assume
approximately that

const=D,",
0 1

r>4,
r<é.

D) ={ (16)

In contrast to the diffusion of spin in the nuclear
resonance of the nuclei of spin I = 1/2, there may be
several diffusion barriers to the diffusion of spins of the
nuclei with I > 1/2. The additional barriers appear
because the I > 1/2 nuclei have electric quadrupole
moments, (so that, they interact with the crystal field of
the lattice) and because of special features of the NQR
spectrum.

We shall consider separately the magnetic and elec-
tric shifts of the NQR frequency. In the magnetic case
(ﬂj = 0) Eq. (15) includes F(w, +w;) and F(wy — ;). :
When the neighboring nuclei distributed radially around
a magnetic ion at distances equal to the lattice constant
a from one another, we have

Y<S:

©F @y =3RS [%xﬁ]zM[ﬁ (1—%)] .
Since the ratio a/r; is small, the frequency difference
corresponds to a diffusion barrier radius 6p; which is
smaller than the radius corresponding to the frequency
sum. This means that the terms proportional to
F(wp +wj) correspond to a diffusion flux of energy ex-
citations closer to a paramagnetic ion, i.e., they cor-
respond to a faster relaxation. In view of this, we can
drop the term F(wp + wj). The radius of a diffusion
barrier for the frequency difference and sum is found
by equating wj ¥ wj,, to wg ~ 6y°ha™*:

_ 'Ye A - ’Y‘ s

bu-~a [T<S,> ] ., utma [T<S,>] . a7
This expression includes the effective average value S.
If Tewq >> 1, which means that during the time needed
for the reorientation of a nuclear spin because of the
dipole-dipole interaction with the neighboring nuclei
an electron spin does not change its orientation, we find
that (Sz> ~ 1. In the opposite case, we find that
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(Sz) ~ hyHo/kpT << 1, where Ho is the terrestrial field.

The radius of an electric diffusion barrier can be
estimated if we know the distortion of the crystal field
resulting from the introduction of a paramagnetic im-
purity into the lattice. We shall assume that this dis-
tortion of the field is equivalent to the presence of a
charge Ze; then
3Ze*Qqa

rj

Q—Qy=

be~a| sl ] " (18)

,{Zﬁl
where yqQ is the antiscreening parameter.!'”
In solving the diffusion equations it is convenient to

assume that the diffusion coefficient D‘;V = Dpﬁuv is

isotropic, which is strictly true only if the distribution
of the quadrupole nuclei has the cubic symmetry. If,
moreover, the expression for Dg" is simplified by re-

taining only those terms which correspond to the min-
imum diffusion barrier, it is found that, in the case of a
magnetic diffusion barrier,

Do=*/F(0) yznzz i
i
where the summation is carried out over the nearest-
neighbor nuclei j.

(19)

In the case of an electric diffusion barrier, we have

DQ~‘5/3F(0)7%22 . 20)
E]

Equation (20) is also valid in the case of a magnetic

barrier if the relaxation radius b (this point is discussed

later) is greater than & and the role of a barrier in the

diffusion process is unimportant. In this case, we may

assume that DQ(r) is constant for all values of r.

The diffusion coefficient Dy is given by expressions
more cumbersome than Eq. (15). It follows from the
special features of the quadrupole spectrum of nuclei
and from the properties of the functions fg in Eq. (2
that the general expression for the coefficient Dy in-
cludes terms proportional to F(0). They correspond to
nonbarrier diffusion and the fastest relaxation processes.
Retaining only these terms and assuming that the dif-
fusion coefficient is isotropic, we obtain

D (r) =*/sF (0) ®4 " By rit Wi,

Win=5]| (ik) |*+5] (ikj) |*+5] (kif) |*

+ (ki) (kji)+ (jki) (ikf) + (jKi) (kif),
(ki) =Pu' Py — P! P~

(21)

Hence, it follows that Dg” is independent of r.

Assuming that the diffusion coefficient is isotropic
and using Eq. (2) as well as the transition probability
qu,ts] we find that the transport equations (9) can be
represented in the form

2 -
SO (1) =De (B (1) =W [ o)+ ©2(0=09) g (s) "]
(OF]

1 ¢
- [T+ r‘;] [<Ho(r) > —<Hho(x)>°], (22)
(1) Y =DM (1) Y WO
at ®q
x[<;gq(r)>=+“"’(‘;’)—j“’")<m(r)>']

1, C ) ,
_ [T_M+ B ] [<3(x) >'—(Ha(r)>°], (23)

where W = 1wiG(w — wQ) and G is a function of the NQR
line profile.

5. In analyzing the physical consequences of the
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transport equations (9), we shall follow the work of
Khutsishvili.™) We shall assume that each nucleus inter-
acts only with one magnetic ion and that a sample can

be represented in the form of Ny, spheres of radius R,
each of which surrounds one magnetic ion. The radius

R is given by the condition 41r/3)R’N° =1, where Nm

is the number of impurities per unit volume

It is convenient to begin with the case when there is
no alternating field (W = 0) and relaxation occurs only
in magnetic impurities (T_:, = 0). The solution of Eq.
(23) can be used to find the quadrupole energy flux UQ(R)
across a sphere of radius R:!
9Uq(R)
at

=__T_QD[UQ(R)_UQD(R)]1

0.7b,, be>5 (24)

!/5(ba/8)%bq, be<b

L 4N DeE,, F,,={
Tan

where bQ = (CQ/DQ)” * is the relaxation radius defined
so that if r < bQ the rate of direct magnetic relaxation
exceeds the rate of diffusion of the spin energy and

(R) is the average value of the quadrupole energy of
al? the nuclei in a sphere whose radius is R under
equilibrium conditions.! Mu1t1p1y1ng Eq. (24) by Ny,
we can find the change in the quadrupole energy of the
whole sample as a result of relaxation at impurities.

We shall integrate Eq. (22) over the volume of a
sphere of radius R. The integral of the terms

DoA<S6q (r)>'— _CrT‘?[wQ (1) Y —(Ho (r)>°]

is equal to the right-hand side of Eq. (24). The subse-
quent summation over all the spheres yields the follow-
ing transport equation for the quadrupole energy of the
whole system:

P
(=W [<%Q>*+ —“’i(“’—“’“)w >*] e,
at w4’ TQ
(25)
Te'=Toq " +Ten™".
A similar procedure reduces Eq. (23) to
__<9gd>f__w O~ % [(9@’ >+M<m>']
[OF)
—-——[<%¢>‘—<9&’¢>“],
Ta (26)
To'=Tw'+Tsp™", Tip~'=4nN,D.F,,
F,=0.76,=0,7(C4/D,)".

It should be noted that, in contrast to the quadrupole
energy relaxation, the dipole-dipole reservoir (DDR)
relaxation always includes the case corresponding to a
small-radius diffusion barrier. This is due to the
presence in Dy of the principal terms corresponding to
nonbarrier diffusion. The terms omitted from the coef-
ficient Dy in the bg > 6 case contribute to the relaxation
time to the same extent as the nonbarrier terms. Other-
wise (bg < 0) their contribution is (bq/6)’ times smaller"
than the contribution of the nonbarrier terms.

6. We shall now estimate the nuclear spin-lattice
relaxation times associated with the impurity mech-
anism. We shall consider low temperatures (liquid nitro-
gen or lower) at which the Bayer relaxation times (ris-
ing exponentially with decreasing temperature) cease to
contribute significantly to the nuclear relaxation rate.

In these estimates we shall retain only the nearest
neighbors in all the lattice sums and assume that the
number of these neighbors is six. Then,
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md~33~{“ﬁ/a“ .=576F (0) a* (y*h/a”)?,
17 5u>6n bO
D—— 0)a? , ={
=07 Qe ( ) & B=125, 6:>6u or be> bz,

We shall use the following typical values of the para-
meters which occur in the expressions for the relax-
ation times:

1/2n=10* Hz/G, Q=10""cm? y=10,
Z=1, 8=, v.=2B, N.=10",

©0o/2n=3x10" Hz,
a=4 x10-* cm,

where B is the Bohr magneton. For these values of the
parameters we obtain

Dy~-10-** cm?[sec, D,~7-10-** cm?/sec,

©i~5-10* rad/sec, 6z~7a=2,_8-10"7 cm.

The correlation times of the components of electron
spin vary strongly from ion to ion and they also depend
on the temperature and concentration. Gl At liquid nitro-
gen temperatures and for concentrations Ny, = 10" em™
the impurity spin correlation time is governed by the
spin-lattice relaxation processes; in estimates we may
assume that T¢ ~ 5 X 107" sec. In this case, we have
wqTe << 1 and a magnetic barrier is unimportant. The
rela.xatlon radu are found to be smaller than 6g:

~ 1.7 X107 cm, bq ¥ 7 X 10 cm. The relaxation
t1mes are: TQD ~ 30 sec, T4qp ~ 0.25 sec.

At helium temperatures we find that 7¢ ~ 107 sec
or longer. In this case, the radius of a magnetic dif-
fusion barrier is &)y ~ 2 X107 cm < &g and the relax-
ation radii are b ~ 4.5 X 10 cm, bg ~ 1.8 X10™° cm.
The relaxation times are TQp ~ 6 X 10° sec and
T4p ~ 1 sec.

At higher impurity concentrations the correlation
time 7¢ is governed by the spin-spin interactions of im-
purities: Tg = 1/VMz, where M: is the second moment
associated with these interactions. If N2, = 10° cm ™,
we find that, for example, Te ~ 3 X 1077 sec. In this case,
we find that TQp ~ 0.2 sec and T4p ~ 1.5 X 10 sec.

We find that, in all cases, TQD > Tgp. This is due
to the fact that, under the conditions considered here,
the diffusion of the quadrupole energy is hindered by a
barrier ( ), whereas the dipole-dipole energy
d1ffuses un mdered by any barriers. If we vary the type
of ma gnetic impurities and their concentration, we can
alter the relaxation time within a range wider than that
given by the above estimates.

In NQR processes a typical relaxation time repre-
senting the interaction between the electron quadrupole
moment and thermal vibrations of the lattice amounts to
several tenths of a second at liquid nitrogen temper-
atures and several tens of seconds at helium temper-
atures. Our estimates show that at high impurity con-
centrations (N9, ~ 10'® cm™) the relaxation via para-
magnetic impurities begins to compete with the
relaxation via the lattice vibrations even at liquid nitro-
gen temperature, at lower impurity concentrations this
begins at helium temperatures. The range in which the
spin diffusion in NQR is important is shifted toward
low temperatures compared with the magnetic resonance
of spins 1/2. This is due to the unavoidable competition
of stronger relaxation mechanisms in NQR.

The occurrence, under these conditions, of shorter
dipole-dipole reservoir (DDR) relaxation times should
influence the saturation effects In the case of saturation
slightly away from resonance (w # wg) the transport
equations (25) and (26) for (%Q)t and? ot are combined
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into a single system so that the line profile under sat-
uration depends not only on TQ but also on Tq (K TQ).["]

7. Equations (25) and (26) are formally identical with
a system of the transport equations for homogeneous
media.(® However, in the present case, the relaxation
time includes a contribution of the diffusion of spins
toward magnetic impurities. An analysis of the solutions
of equations such as (25) or (26) is given inl®,

If the nuclear dipole-dipole interactions are not
stronger than the spin-lattice interactions, we cannot
introduce the DDR concept. In this case, we can use the
Zubarev method to derive a system of transport equa-
tions for the operators pyp(r) = E}p}‘nnd(r - ri) which

is of the following form for the assumptions made above:

] . o _w 0
——<Pma = =D nri =P (1)
ot (Pmn(r)? Zl dz* dx¥ Pr(r)
s W
$pra(r) Y —<p, (r)>°

1 yg IZRY]
= [Pn (), Hat 56, Z Trn, vs

re

Apart from the relaxation mechanism involving mag-
netic impurities, which we have considered above, an
inhomogeneous relaxation may take place in the pres-
ence of electric charges and other lattice defects. If the
direct spin-lattice relaxation time of the nuclei located
near defects is considerably shorter than those of the
nuclei far from defects, we may find that such ‘‘electric’’
defects govern the relaxation of the sample as a whole
because of the spin diffusion processes.
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