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The formation of boson and fermion pairs by a homogeneous periodic field during a finite time 7" is
considered. The Klein-Gordon equation and the squared Dirac equation in this field reduce to the
Hill equation; however, only in the boson case are all of the equation parameters real. This is one of
the factors that affects radically the solutions at physical values of the quantum numbers. In the
boson case unstable solutions exist which depend on time exponentially and correspond to
exponential growth of the mean number of pairs in a given quantum state. (The exponential
dependence of the amplitude on T  goes over into the usual linear dependence only for the quantum
numbers corresponding to the boundary of the instability region). There are no unstable solutions for
the physical values of the quantum numbers in the spinor case and correspondingly the probability
for pair production in a given state oscillates in time, remaining, as one would expect, less than

unity.

1. INTRODUCTION

The interest in studying the production of pairs in
external electromagnetic fields has increased in recent
years!' ], Such processes and processes of pair anni-
hilation with energy transfer to the external field are
the only processes of zeroth order in the radiation
field. If the pair-producing field vanishes as |[t|— «,
the probabilities for these processes are expressed in
terms of the coefficients ¢, and c (cf. Eq. (3)) of the
solution of the Klein-Gordon or Dirac equation[‘”. In the
sequel we shall call ¢, and c: the scattering ampli-
tudes.

A periodic field is specific in that the duration T
during which it is different from zero can be varied
experimentally within wide limits, and it makes sense
to study the dependence of the transition probability on
T. The most interesting case is the case of the field of
colliding electromagnetic waves. Unfortunately, the
corresponding solutions of the Klein-Gordon and Dirac
equations have not yet been studied (cf. however,!!%]),
In this situation the first natural step is to consider the
simplified case: pair production by a homogeneous
electric field which has a sinusoidal time-dependence.

For the first time this still rather complicated
problem has been analyzed by Brezin and Itzykson[”
by means of the Schwinger method!'”! and by Popov!®
(cf. also!® ™)) by means of the so-called imaginary time
method. Both papers claim only to determine the order
of magnitude of the effect, and in this respect they
agree with each other.

The time-dependence of the probability derived in
these papers has the usual form characteristic for
small probabilities. For larger probabilities it is
natural to expect a more complicated T dependence
since the sum of the probabilities of all the events must
add up to one. We shall see below that the dependence
of the scattering amplitudes ¢; and c; on T is indeed
peculiar and the simple approximations made int""*°]
are not sufficient for determining it.

2. THE SCALAR CASE

The Klein-Gordon equation in the presence of a vec-
tor potential A(t) reduces to the equation

[ diz + m*+pt — 2eAp + eZAZ] fo(8)=0, 1)
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if ¥(x) is assumed to be of the form (x)

= fp(t) exp (ip*x), where pi, ps ps are the quantum
numbers of the solution. We shall assume that A(t)

= (0, 0, As(t)) and that the field is different from zero
only in the time interval (7, T)

acosor, tlT
As(t) ={acosot, T<t<T. (2)
acosol, t>T

The pair production probabilities are deter-
mined!*%*) by the scattering amplitudes c1p, cap Of
the solution fp(t), which satisfy the conditions " :

fo(B) |iae = €7, fo(8) [inr = Cipe™ oM + e, (3)

According to Eq. (1) we have here for the vector poten-
tial (2)

Pt =pl+pt (4)
The switching on and off of the field E;(t) = E sin wt,
for 7 <t < T will be less abrupt if 7 and T are
selected to be multiples of 7/w. For values of t inside

the interval (7, T) we have two linearly independent
solutions of the equation (1): fi)”(t) and fg’(t).

Po(t) = [m* +p,® + (ps — ea cos wt)?]",

The considerable simplification of the problem re-
lated to the model potential chosen in the form (2) be-
comes obvious: since the quantum numbers of the solu-
tions are the same in the field region and outside it, the
conditions of continuity of the amplitudes cjp and cgp
are easily expressed in terms of the values of the solu-
tions f,"(t) and f3’(t) (and of their derivatives) at the
points 7 and T. Thus, the solution which has the form
exp{-ipo(7)t} for t < 7 goes over into the solution
Bifp’(t) + B2f’(t) when the field is switched on, with
the constants 8, and B, determined from the conditions
that the function fp(t) and its derivative be continuous
at the point 7. Thus, we obtain

Br=D"exp {—ips ()T} [fo" (1) + ipe (1) 12 (1) ],

B =—D~*exp {—ip. ()} [£,"" (x) + ipo (D) i (1)1, (5)

D=1 K™ O- 1 O =1 -S4 ).

Since Eq. (1) does not contain the first derivative, the
Wronskian D does not depend on t.

Similarly, matching up the solution and its deriva-
tive at the instant T when the field is switched off, de-
termines c1p and c2p:

2D exp {—ipo(T) T + ips (t) T} cup/ipo(7)
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= 0% (r, )0 (T, =) — O (¢, 1) O} (T, ), (6)
20 exp {ips (T) T + ipo () Thezp/ipo (T)

=0, (1, 4) 0y (T, +)— 03" (1, +) O (T, +); )
Dpu,:) — 1 _d« (1,2)

Co () [“tipnm z|s . ®)

We note that on account of charge conservation, or
in view of the time-independence of the Wronskian

o4
fP (t)zfp(t)
it follows from (3) that
lew|® — lez]® = po() / po(T); )

the quantity | cgp|*po(T)/po(7) determines the average
number of pairs produced in a given state p (cf.[%*]).
We also note that the instantaneous switching-on at the
instant 7 is an idealization. In fact, the switching-on
must be characterized by some function with a width
AT in the neighborhood of 7. In the sequel however, we
shall be interested in the dependence of the average
number of particles on the length of the interval T - 7
during which the field is switched on, and this depend-
ence should not be very sensitive to the concrete form
of the switching on and off function as longas T - 7

» AT,

Thus, our problem has been reduced to considering
the solutions of the equation (1) with a periodic function

A(t), i.e., to the solution of a Mathieu-Hill equation(**"2],

Unfortunately the properties of these solutions are not
sufficiently well known at the present time, and this
circumstance prevents us from obtaining a complete
solution of the problem.

We write the solutions of (1) in the form

hO)=fu)=e Y d.(g) e,

N — 00

(10)

where qo is the quasi-energy. A substitution of (10)
into (1) yields the recursion relation

[-(-

: 2+ 1/e%a? ea
n) +P0_w21—] An(ql))_ 0)1:., [An—l (Qn)+ Ann ((Io) ]

(11)

e

+ Arma@)+ Auss(0) =0,
{0}

From it one can determine Ap(qo) and qo; it is often
more convenient to consider q, as given, and to deter-
mine the corresponding p, from (11).

In the stability region q, is by definition real and is
not a multiple of w/2. In the instability region Im q,
# 0, and at the boundary of the stability region 2q,
=8SoWw, 5o =0, 1, 2,... In the latter case one cannot ob-
tain a second solution from (10) by means of the substi-
tution t — —t; the second solution can be defined as the
limit

(2)

fan (t)=lim{ [fqa(t)*fqu(—t)]/sin%n}. 2¢ — 500. (12)

The upper (lower) sign corresponds to the even (odd)

limit function f§),/a(t).

Thus, in the instability region 2qo/w = s, +ip. The
coefficients of the equation (11) do not change under the
substitution q, — q} = Yow(s, — i), n — s, — n.

Therefore one should expect that
An(g0) = Aun(ge") OT An(go) = —Aun(go’)- (13)
Making use of these relations in (10) it is easy to check
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that fq(t) = fq.(t) or fq,(t) = —fg (t), i.e., in the insta-
bility region the solutions (10) are essentially real; one
of the two grows exponentially as t — «, and the other
decreases exponentially. In agreement with this, the
number of pairs in the state p grows, according to (7),
(8), exponentially with t: | c2p|%- exp (| u | wt).

We now consider the stability region. In principle
one can look for the solution of Eq. (11) in the form of
an expansion in powers of the charge. The quantity qo
= qol(po) (or p, = P,(q,)) is uniquely determined if one
requires that An(qo) — 60n for e — 0, where §gpn de-
notes the Kronecker symbol. The series obtained this
way converge slower and slower (or start diverging) as
one approaches the boundary of instabilit[y (cf. Egs.
(4)—(6), Sec. 2.16, in MacLachlan’s book'?!). At the
same time it is already clear from the lowest approxi-
mation that it is the nearness of this boundary which is
responsible for the pair production. Near the boundary
there appears a delta-function term in the expression
for cgp, describing the conservation of energy sow
= 2qo; the integer s, labels the instability zone.

The appearance of the term with 6(sow — 2qo) in the
exact solution (7) for c2p can be understood in the fol-
lowing way. We take as f”(t) the function fg,(t) in
(10) and obtain fZ’(t) from (10) by the substitution qo
— —qo. Let 2qo = (s + €)w where € will tend to zero.
Since, according to (11), Ap(qo) = A-n(-q,), it follows
from (10) for finite € that

1 (O =F-a()=efu )+ Y [40(00) = Aumn(@) 1497, (14)
where the Ap(qo) are chosen in such a way that
An(qo) - Ago-nfgo) as € — 0 (cf. (13)).

Using (14) in <1>§;’(1, +) and d’g’(T, +)in (7) we ob-
tain

Cpp= —;—Po(r)D“ exp{ZLew(T- ) —ipo(T)T — ip.,('r)r}

. [’ “"(‘)'Jripo%’ “e(D) ] O (T, +) (oo T=072 _ giratr—oz)
+ remaining terms. (15)

In the limit € — 0 the remaining terms in (15) are

a periodic function, and the square bracket can be re-

placed by ®‘V(7, +). Since D is proportional to €, the

explicitly written terms in (15) contain indeed (for suf-

ficiently large (T - 7)) the term 6&(€) = 6(2qo/w - so),

or, for € =0, the quantity T - 7.

It should be remarked, however, that all the time we
have implicity assumed that the sign of € is fixed. In
fact, for fixed ea/w and ps/w there are two different
values of p, corresponding to the value 2qo = sow in
(11). If one starts out from the stability region, as po
increases the quantity 2q, approaches sow from below
(€ < 0). At the lower limit of the instability region
€ =0. As p, increases further we are in the instability
region: € =iy is purely imaginary. Finally, for still
larger p, we pass through the upper limit of the insta-
bility region, after which € becomes positive. (For the
case ps =0, cf. the stability chart in!®1.) In the lowest
order of perturbation theory the instability region can
be neglected. Then for € — 0 we have po(so/2 + €)
~ po(So/2 - €) and the factor in front of 5(€) becomes
continuous at the point € =0,

We shall consider further that € =0, i.e., that
2qo = So and we rewrite (15) in a slightly different form.
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The solution fj”(t) = £ 1’(t) in (10) will then be periodic.
A second solutlon correspondmg to the given quantum
numbers, has the form!1% 2]

12 (0 =ta ()=

where g(t)is also a g)erlodlc function (but has parity
opposite to that of f‘1 (t)). Making use of (16) in (7) we
obtain

)

93D exp {ipo (T) T + ipo (1) 7} = — ipo (1) (T — 1) CO,Y (1, +) ®;" (T, +)

+ remaining terms. an)
With a suitable normalization of f‘(i:)(t) and fﬁf(:(t) the
determinant D can be made equal to one.

ctf @)+ g(t), (16)

The periodic function ‘‘remaining terms’’ in (17),
as a function of 7, T, oscillates with frequencies which
are multiples of w. its existence is completely deter-
mined by the switching on (and off) of the field, and it
depends, naturally, on the concrete form of the switch-
ing function. For this reason we shall not consider it
further.

Thus, we see that boson pairs are effectively pro-
duced with quantum numbers p corresponding to the
unstable region, including its boundaries. This circum-
stance manifests itself clearly in the dependence of the
solutions (and the probability) on time. In addition, in
the stable region the solutions (10) are normalizable
(jo*= 0), and upon entering the unstable region they be-
come real (up to a constant phase) and the charge
density of such states equals zero. The production of
pairs with the quantum numbers of the stable region is
also possible, but it is described by a probability oscil-
lating with T — 7. In the next section we shall see that
only the latter possibility is realized for spinor parti-
cles.

We now consider in more detail the case when ea/w
is so small that one can neglect all but the lowest order
of perturbation theory. Consider first that A-p = 0. We
determine c2p in the linear regime (cf. Eq. (17), where
we omit the remaining terms). The substitution wt
=x + 1/2 reduces Eq. (1) to a Mathieu equation

(d - +m—2nc0521) f(z)=0;

o*e = po* + '.e%a?, M= (ea/20)% (18)
We take as its solutions(?!
£ (@) =cea(z,n),  cea(z,0)=cosnz;
(19)

A2 (@)= Coz cen(z,m) + ga(z,m), gn(z,0)=sinnz.
To lowest order in  we obtain for Cj in fi)z’(x)z’:

7"

Cn=n[2"“’(n—1)!]3 . (20)
The final result is
. 1 n’ Y
lewl = e P (21)

In the zeroth approximation - p, in (4) does not depend
on t so that (21) yields the average number of pairs in
the state p.

Setting n > 1 and po® m ® nw, we find

2m

e ea N~
[0]

|2 = — T— - !
lew (o( 1)? ( — ) s 21)

Let now po be such that the solutions of Eq. (18) are
unstable, According to the Whittaker method!® 41w
obtain to lowest order
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'
f(, ) (z) = e"*sin (nz—o0),

f,m ()= e**sin(nz+0), po=—

{/,C, sin 20. (22)

Here Cp is the same as in (20) and the parameter ¢
determines the value of p, for which the solution (22)
was obtained. From here we obtain according to (7), (8)
sh? pne (T — 1)

|Czp|2= T, ’
sin® 20 (23)
lenlim sh[pa0 (T — 1)+ 2ic]sh[pno (T — 1) — 2i0]
Col’= " sin?20 ’

and in the approximation considered the relation (9) is
valid.

The limit ¢ — 0 or ¢ — /2 corresponds to passing
to the boundary of the region of instability. In this case
(21) follows again from the first equation (23). We note
that although the width of the instability region is ex-
tremely small for ea/w < 1, it widens as ea/w in-
creases, due to the exponential dependence of the aver-
age number of pairs in it on T, its existence seems to
be of interest.

Until now it has been assumed that ps = 0. Then the
production of boson pairs is realized by an even num-
ber of photons absorbed from the field: c2p = c2p(n),
7 = (ea/2w)% We now take into account ps, considering
it however to be so small that one may retain only its
first nonvanishing power. For p;= 0 a contribution to
C2p is possible also from an odd number of photons.
The corresponding part of the wave function of the
bosons can be expanded in momentum space in terms
of Pyy.1(cos ¥ (pa)). As pra — 0 the Legendre poly-
nomial Py .1 (cos ¥ (pa)) becomes proportional to ps,
which determines the threshold behavior of cgp for an
odd number of photons.

For ps*= 0, Eq. (1) goes over into the Hill equation

dz
[+ 0+ 20008 20 +Lﬁzcos4z] 1(2)=0,
dz 2
(24)

e'at 4eap; _ 2ea ot

e

In the instability region its solutions in lowest order
have the form (22), where now

2n4d
Pongs = (— 1)"“[2 %] sin20[2£+...],

= (- 2[ £ 2]
nl4 no

As before, |cgpl® has the form (23), but (T—7) should
be taken to mean (T—7)/2.

stG[i—n P —+. ], n»1. (25)

The dependence of (25) and (23) on ps does not agree
with the spectrum obtained by Popovm, This seems to
be related to the fact that within the framework of the
imaginary time method the momentum distribution is
pre-exponential, which in this method is not calculated,
or is considered to be equal to one. The reason why
there is no exponential dependence of c2p on T in the
imaginary time method is that in this method one takes
into account only one pair of singularities in the com-
plex time plane, i.e., pair production by a single period
of the potential. A possible coherent action of many
periods is not taken into account. As regards the paper
by Brezin and Itzyksonm, one can show that the use of
one iteration of the equations (32) of that paper does
not suffice to obtain a quantitative result.

3. THE SPINOR CASE
We look for a solution of the squared Dirac equation

@ +m)Z=(n*+g+m?)Z=0,
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n, = —id [ 0z, — eA,, = Yultyy & ='/iieFuYuYv (26)
F, = 0A, | 8z, — 04,/ 0z,
in the form
Z=¢"f,(t)T,,
0 1 —1 0
1 0 0 1
F1= ol I‘z= 1 ) F,= 1 ’ I‘.= 0 (27)
—1 0 0 1
Since for the field under consideration®
gl .= ieE(t)Tys glse =—ieE(t)Ts,, E(t)= -——:TA.(t), (28)
we obtain for fp(t)
d?
{W-i-m‘+(p—eA)’:!:ieE(t)}f,(t, £)=0. (29)

The plus sign is selected when fp(t) occurs with T,
and I'; and the minus sign, when it occurs with I,
and rq.

A solution of the Dirac equation is obtained from that
of the squared equation in the usual manner:

$i(z) = (m — in) e f,(£) I (30)

The spin states i = 3, 4 are expanded in terms of the
spin states i =1, 2. Let f”o’(t, +), f:lzo’(t, +) be two
independent solutions of (29). Then the condition of
continuity for the function ¥:(x) at the point where the
field is switched on

PL—ips P1—ip,
m + P_ (T) E—z’p.(t)x — m— 1'(3(1.') + id/dt
P1—ipy P1—ip,
—m+ p_(7) —m — n3(7) + id/dv
x Bufa (,4)+pufa’ (1,+)} (31)
implies
Bi =D~ expl—ipo (1) D [Fe, (1, H)—far (1, 4)],
B = D" expl—ipo (V) D far (v, +)—Fa (v, +)],
(1,2) t _ 1 — i (1,2)
O R ] R U L CRo N
_ i o d @
D _p_(_[) fqo (tv +) Wfqa (t, +)y

7s(8) =ps — eds(t), pa(t) = po(t) = 7s(2).

Here D does not depend on t (cf. Eq. (5)).

Similarly, from the continuity of ¥,(x) at the switch-
ing-off point we obtain

2po(T)

p-(T)

p+(T) W
P @+ @ ]

p+(T) [ @
+fsz[p_(T) @R |,

20oT) o ipe(T) Them — B (T, +)— B (T, 4)]
p-(T)

exp{— ipo(T) T}ein = By

(33)

+Balfa’ (T, +)=Fa (T, +)].
Here po(T) is the same as in (4), c1p, c2n play the
same roles as cyp, cgp in Eq. (3).

From the charge conservation condition we obtain:

s 2D p-(T)

|2 po(T) p+(T) _
po(T) p-(7)

+ lezn
le po(T) p-(7)

|cin

The equations (32)—(34) do not in fact depend on the
spin index. They can be made more transparent if one
takes into account the relation between the functions
fqo(t, +) and fqo(t, -). Since
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1. (34)

. d .dy_a .
( :’(;:!:17) (:r,=Fz—E)—th—+n, *ieE(t),
it is easy to verify that (73 — id/dt)f (t, +) is the solu-
tion £(t, -). Therefore one can define f'»?(t, -) as
follows:

d\
(m —i —) FER (8 4) = 21 oviaf &P (2, ). (35)

dt
Here v, and v depend on the quantum numbers and the
field amplitudes.

Below we will deal with the solutions of (29) having
the form (10), so that in addition to (35) one may set

D () =fa (8, —). (36)

It follows from (35), (36), (29) that
ViV, = Viv," = —4(p, 2+ m?) [ 0%

The relations (35) and (36) are useful for the considera-
tion of the normalization and orthogonality of the solu-
tions of the Dirac equation.

We further define the periodic functions y(z):

0@ e =2 p O ()il (),

- 2 2 2
Xa(D) e == p-Ofa (&, )+ vl 0, ),
in'’ 2 (1) (1) (37)
Xl'(z)e_"l i =FP+ (t)fan (tv +)—Vifca (t, _)v
- 2 2
1 (D) = —p Ofa (t, +) = e (t,-);
z = wt/2. The expression for cop in (33) now takes the
form .
explipo(T) T +ip, ()t} "=._m*l)-1
o ipo(t) thes 8po (1) p—(%) (38)
X [%1(20) %2 (2) exp (i (Z — 20) } — 2 (20) %1 (Z) exp{— in" (Z — 2,) } .
The coefficients c1, are obtained from (38) by means
of the substitution

czn = exp{—2ipo(T) T} c1n,
X(2) > x::(2),  %2(Z) =~ % (2).

Considering that Z — zo = 7,w(T - 7) = 27!, where
I is an integer, we see that ca, < sin 27lp”, i.e., the
probability for the production of a spinor pair with the
quantum numbers n = (p, i) oscillates as a function of
T - 7. This situation is analogous to the periodic
transitions of a two-level system (cf. the problem in
Sec. 40 in Landau- Lifshitz®!). Equation (29) for the
potential under consideration is a Hill equation and
differs from (24) by the presence of the spin term
+i2 ¢ sin 2z in the square bracket:

2
[% + 0, +20 cos 2z + —;— 92 cos 4z = 2i® sin 2z] fo (2, £) =0, (39)
2

The solution fq (z, +) for sufficiently small ea/wis
conveniently deterfnined by means of the Whittaker
method! 2], Then

fulz, ¥) =0 (z,0), 0o=si+0f" (c)+i0f " (0)+...;

(40)

(8) (0)

®(z, 6) =sin(sz — 0)+ 0k, = (z,0)+i0h, (z,0)+...

We consider the lowest-order approximation in ea/w.
Taking into account the higher approximations does not
modify the qualitative picture.

A. Pair production by a single photon (s, = 1)

In this case
0, =1+ 0 cos 20 + i® sin 20 + 0*[—!/i + !/s cos 4a]
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+0*[!/. + /s cos 4o] + /.06 sin 4o + O (9°),
p = /28 sin 20 — /5i0 cos 20 + O (9°).

(41)

Since 6, is real (cf. (24)) the parameter o= o +io”
must be such that sin2¢’ = 0. Then uo=-ip” is purely
imaginary. The absolute value | "] takes a ‘minimal
value at ¢o when considered as a function of o”.

In the lowest approximation under consideration we
have

p = —1/si p cos 20’ ch 2(0” — 6,”) = —ip”,
to =1 —p cos 20" sh 2(0” — 6”) + 'sp*+ '/sp* ch 4(¢” — &"), (42)
4
2e '_eap: =0=psh2qg".

2 —8=pch 20,
(l)

Selecting ¢’ = 0, we find the solution f:l‘o’(z, +):

19 (2, +) = e=¥"*{sin(z — ic”) — !/sip cos (3z — i0” — 2i0,”)+...},
M”=’/29Ch 2(6”—00”). (43)
The second solution, f‘z’(z +), may be obtained from
(43) by means of the subst1tut10n
io” - —n [ 2+i(20" — ).
Here p” changes its sign and 6, remains unchanged.
Simpie calculations give the probability of pair pro-
duction in the state n:

= () TG 1=

Z=oT]/2,

|02n
(44)

In the lowest approximation p+(t) in (33) does not de-
pend on t. It is convenient to compare this expression
with the absolute value of the matrix element of the
usual perturbation theory:

Zo=017/2.

9, = ot (22557 @A) Soargr [1-(5) 1
Xexp{i(—z—mp—o.—~1)(z+zo)}sin[ (———1)(Z—zo) ]/( 2p. 1)

We see that in the usual perturbation theory nothmg
prevents one from selecting po = w/2 and then | m,|

« (T - 7). In fact the smallest value of 1" is p/2 and
the quantity (44) oscillates with (T — 7).
B. Pair production by two photons (s, = 2)
Here 60 "
i i .
u—-—g—{cosZo-F—ZFsta}, )
:_ oz 45
go—s+ =% 21“_ .
6
Setting
0=1i0", th2¢” =0/20= —ps/ p,,
we obtain 06
v " " — —
u=mch2(a a”) in”,
(46)

sin p” (Z — z0)
o)

lCz"I . [chZ(o”
Here new compared to the case so =1 is the vanishing
of " and cgy for 6 =0, 1i.e., for ps =0, This circum-
stance is a reflection of the following fact. The state of
a pair produced by the absorption of an even number of
photons must be even under charge conjugation. On the
other hand, for p; = 0 only even spherical harmonics
are possible in the final state for ps; = 0. Further, from
the independence of the pair production amplitude on the
spin state it can be seen that the pair is produced in a
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state with total spin equal to unity, i.e., the final state
is odd under charge conjugation. Thus the contributions
from an even number of photons must vanish for ps=0.

C. Pair production by many photons

If the pair is produced by s, photons, then in the
lowest order of a concrete calculation one needs only
the quantities p " and 6,. Considering them known, we
will have, according to (35), (33), (38)

fa (2, +) = e=*"*sin (s0z — i0”),

@ - )
fo (2,+)= "% cos(soz — 2ia,” +ic"),

-%Ji: —visin2ig,”,  —iso=wv,cos 2i0,”, th20,” = — ﬂ,
Do (a7)
o = cos[n’(Z — z,) — 2i(6” — 6,”) ] oo 2% 2
" ch 2(0” — 0, e
lewlt Pr [ sin (2 —2) 1*
ch2(6” —0,”)

The relation (34) is valid to the given accuracy. We
consider further the simple special case p3 =0. For
an even s, we expect that p” = 0, i.e., the solution
fél‘o’(z, +) is periodic. Indeed, the method of Sec. 2.13

inl?! shows easily that to any order in ¢ one can con-

struct a periodic solution which expands in a sine
series. The second solution can be found using the rela-
tions (35), (36), and it is also periodic.

For odd s, the Whittaker method yields

cos 20
—_ [} 1A P b O — +
A AL )
2 2k+1 48
us.,zi—(—i)““[i—ei cos 20, k>1.
ern 4

For | 1"(Z - z)| <« the result agrees apart from a
pre-exponential factor with the result of Popov["J

Until now we have considered the average number of
pairs in a given state. If this quantity would turn out to
be proportional to 6% €) (cf. Eq. (15)) and the coeffic-
ient of proportionality would not depend on 7 and T,
then, multiplying it with the density of final states and
integrating with respect to d’p, we reduce one &§(€) by
integration, and replace the second one by (T—7)/27.
The result would seem quite normal if the probability
is small.

We have seen above that for small probabilities
(] | << 1) one gets approximately cg, < 6(¢€). However,
only in lowest order of perturbation theory with respect
to ea/w the proportionality coefficient does not depend
on 7, T. Thus, in (15), (17) for the lowest order of
perturbation theory one has to take the function
| <I>;)”(t, +)| in zeroth approximation, and then it does
not depend on t. (In the transition from the formula (15)
to (17) D' separates a factor C, which determines the
dependence of cgp on the field in the lowest approxima-
tion.) For ea/w ~ 1 the function | 'V (t, +)| already de-
pends essentially on t. The dependence of the propor-
tionality factor on 7 and T is a dependence on the
phase of the switching-on of the field. One gets the im-
pression that the process under consideration exhibits,
as a rule, a high sensitivity to the method of switching
the field on and off.

In conclusion we express our gratitude to V. I. Ritus
for constant interest in this work and useful advice and
to V. S. Popov for detailed discussions and useful
remarks.
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DAfter multiplication by the factor [po(T)/po(7)] % the amplitudes
Cyps» C2p in (3) coincide with the ¢,p, ¢,p defined by one of the au-
thors [*], where f,,(t) was normalized to unity.

In the book [?!] the first terms of the expansion Cpforn=1,2,3are
given, with a reference to Ince. Our result is based on the method of
Sec. 7.301in [2!].

IWe use the same representation of the y matrices as in the book of
Akhiezer and Berestetskil [22].

9Since ¥i(x) was normalized to unity, we had there in place of (34)
[cinl? + lcan |2 = 1. The second term yields the pair production proba-
bility in the state n.
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