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The spin-wave interaction amplitudes which describe processes involving three or four magnons are
calculated in the long-wave limit. Both exchange and relativistic interactions are taken into account.
It is shown that the interaction amplitudes tend to zero when the nonactivated particle wave vectors
vanish and the laws of conservation of energy and momentum are obeyed. The dependences of the
low- and high-frequency magnon damping coefficients on energy and temperature are calculated in a

broad range of energy and temperature.

1. INTRODUCTION

Relaxation processes in magnetically-ordered crys-
tals have been the subject of many experimental and
theoretical studies (see the monographs[l"’], where
references to the original papers are given), and the
main mechanisms of relaxation phenomena in the mag-
non system of dielectric ferromagnets are by now
clearly understood. When it comes to antiferromagnets
(AFM), the situation is much more complicated, although
many experiments have been devoted to the antiferro-
magnetic resonance line widths, and intensive studies
of nonlinear antiferromagnetic resonance are being
carried out!"® and yield the experimental dependence
of the spin-wave damping coefficient on the tempera-
ture and on the wave vector.

At present there are only about ten papers!!®?® de-
voted to the theory of relaxation processes in AFM,
i.e., to the calculation of the magnon damping coeffic-
ient on the basis of a microscopic or phenomenological
Hamiltonian of the AFM. The situation is made compli-
cated by the fact that the published results fail to
agree, but frequently contradict one another (a detailed
analysis of the published data is contained in the paper
by Harris et al.[m]). This circumstance is not acci-
dental, but is due to the fact that in the case of AFM
the determination of the Hamiltonian for the magnon-
magnon interaction in the existing spin-wave theory is
a rather complicated problem. (It is necessary to sum
about 100 separate terms to determine the amplitude
of magnon-magnon scattering.) Naturally the fact that
neither the formalism of either Holstein and Primakoff
nor that of Dyson and Maleev provides a general princi-
ple for the determination of the magnon-interaction
amplitudes makes it very difficult to verify the results.
Thus, Harris et al.l’® pelieve that the discrepancies in
the results on the magnon damping are due to the fact
that different authors have actually used different mag-
non-magnon interaction amplitudes.

This situation is typical of modern theory of a sys-
tem of magnons, but is entirely different, for example,
for a system of phonons. In the investigation of phonon-
phonon interactions one uses in explicit form the fact
that the lattice Hamiltonian is invariant to the shift of
the lattice as a unit, and must therefore be made up (in
the long-wave limit) of powers of the strain tensor.
This makes it possible to determine in general form
the dependence of the interaction amplitude on the pho-
non wave vectors, namely ¥(ky...,kp)
~ (kl, cen ,kn)l/z.
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It has become clear recently that the main proper-
ties of the spin-wave spectrum are governed by the
symmetry of the Hamiltonian of the spin-system—by
the invariance of the Hamiltonian to rotations!'®), This
has made it possible to develop a hydrodynamic theory
of spin waves in AFM!'®I It is shown in the theory of
the phenomenological Lagrangians of elementary parti-
cles (see, for example, Volkov’s review!?) that the
symmetry properties of the Hamiltonian not only make
it possible to assess the particle spectrum (the Gold-
stone theorem), but also to draw definite conclusions
with respect to the dependence of the scattering matrix
on the particle wave vectors (Adler’s principle). In the
present paper, when checking on the magnon-magnon
interaction amplitudes, we start from the fact that the
Adler principle should be satisfied for activationless
magnons (they are Goldstone particles for AFM), mean-
ing that the scattering amplitude should vanish, when
energy and momentum conservation is taken into ac-
count, if the wave vector of the activationless magnons
tends to zero. We note that the amplitudes used by
Harris et al.!’® also satisfy this requirement.

In this paper we investigate the damping of magnons
in an antiferromagnet with uniaxial magnetic anisotropy
of the easy plane type, and take the Dzyaloshinskii inter-
action and the inter-ion anisotropy into account. We use
the Holstein-Primakoff formalism, which is more con-
venient for this problem. We calculate the spin-wave
damping coefficients in a wide range of temperatures
and magnon wave vectors, and obtain the mean magnon
relaxation times.

2. AMPLITUDES OF SPIN-WAVE INTERACTION WITH
ONE ANOTHER

To describe the interaction processes in a system of
spin waves, we start from the following expression for
the Hamiltonian:

% =Z(](Rll)slsl + B(Ry) (Sgn) (Syn) + d(Ry)n[SS,]} —

—ZuH{ Yis+Y s,}, 1)

where J(Rgf) is the exchange integral between sublat-
tices, B(Rgf) is a quantity describing the magnetic-
anisotropy energy, Sy and S; are the sublattice spin
vectors, Rgf = - R¢, where Rg and Ry are the
radius vectors of the sublattice sites, n is a unit vector
along the z axis, d(Rgf) is a quantity describing the
Dzyaloshinskil interaction, and H = (H, 0, 0) is the
external magnetic field.
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It is convenient to represent the spin operators in the
form

Sy = Sitee + Silem+ Sieq, S;=Sfte; it Slemt Siten, 2)

where eq { = Sa/ Sa (a =g, f) are unit vectors glong the
quantization axes, and the operators Sa, =83

are connected with the Holstein- Pr1makoff operators
by the relations

S =8 —a."a,,
- g\ — +
=vzs(1_ﬁﬁ) aaz]’ZS(a“— %a a“a“),
— ata,\"  — a.ta.*a
- = + e ~ @ e e
S,-=7V2Sa, (1 = ) VZS(aa = )

Using (2) and (3) and changing over with the aid of a
canonical transformation® from the Holstein-Primakoff
operators to the spin-wave creation and annihilation
operators ck and diy with wave vector k:

ax = Uik vi"c—xt + uandi + Uzk'd—k+,

(4)
@2k = UtkCx +vn'c-xt — Ul — Un'dx,
We can represent the spin-system Hamiltonian (1) in the
form

K=& +36,+ 36, + H,, (4"

where . is given by

%, =§:‘J {encrtox + eanxditdy)

and the energies of the spin waves are determined by
the formulas
en’ = (An+Bk)z—Ctz, En’= (Ao"Bk)’-Ck'§ (5)
o =3S[2ph cos 6 + dsin 26 — J, cos 20],
By = S[Jxcos* 8+ !/, — 1/>d 8in 20], (5')
Cx=S[Jxsin® + /2p + !/>d sin 26].
In these formulas Ji is the Fourier component of the
exchange integral, 26 is the angle between the equili-
brium directions of the sublattice spins, the angle 6 is
chosen from the condition that the term linear in the
spin-wave creation and annihilation operators be miss-
ing from expression (4'), h = H/S, and 8 and d are the
Fourier components of the corresponding quantities in
the Hamiltonian (1) at k = 0.

In the region of small wave vectors, expfessions (5)
for the spin-wave energies take the form!??

en® = S*[2ph cos 6 — I (ak)* cos 201127, + B + d ctg 8 — I, (ak)?],
e’ = S?[Lo(ak)*— P+ dctg0][2],+2dctg 6 —
— 2puh cos 6 + cos 261, (ak)*], )

where a is the lattice constant and I, is a coefficient
in the expansion of the exchange integral Jix = Jo
- Io(ak)?

The Hamiltonians 3 and #,, which describe the
interaction of the spin waves with one another, are
given by

;= Z(‘I’“’,(i; 23)d,*c,cs + W (1,2,3)d,*etes + WO (4 23) ditestest

123

+ YW (1;23)d, dydy + ¥ (123)d*d,*dy* + h.c L),

Ho= 2 (WO (12; 34) et estese, + W (12; 34) dy*da*ddy

1234

FWO (4, 2; 3, 4) e, dyteodi kWO (12; 34) e, dyd W D (12; 34) ditdatescy).

We have written out in the Hamiltonian 56, only the
terms that contribute to the mass operator.
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The amplitudes that enter in these Hamiltonians are
given in Appendix I for arbitrary values of the wave
vectors. We confine ourselves here to the expressions
for the amplitudes in the case of small wave vectors
and in the absence of an external field:

oo )" o2 (2

Hy 2821812813

w2 3)

- (WS )'/’d (%’ )(ﬁ) (e —ens— ea) AU+ 2—3),
.W"’_(1;.23).

A5 A (i) e sanrasn,
W (4;23)

'=i(-1SV.) d(%)(ﬁ) " (on— e — ) A1 —2—3),

where

) II.A(E:A +entes)A(1—2-3),

2uH, = 8d, pHy = Sk,
In these formulas we use the following notation:

1=k1, 2=k:, 351‘3, 4Ekl7 91a=51(ku), BzaE‘Sz(kq), (l=1,2,3,4.

WM (12; 34) = { ]'6—*1;1:]/!3 _(Gn +ep—en—ew)?

(e1181281581) ‘I'

+ 707 (8148 12€15804) I”f(ﬂ,, 0,0, n) tA(1+2—-3-4),
A(1+2-3-4)

v (12, 34) = m(ezxezzazaﬂu)%
1 1 . 1
2 _- 24 2
X {16 (]o 3 ﬁ) (24 T €22+ €25+ £2)% + 2 7,A }v (8)
+92—-3—
WO (1,28, 4)— A(1+2-3—4)

e ¢
4N (e4,828158) "

1
X {—4—-’0 (et &22— €45 — Eu) 24278 (koks — knk:)} )

A(1+2-3-4)

YO (12;34) = ———
( ) 8N (1:€1282582) h

1 .
X {]Os’(klki “‘klk:)'——]o(eu +ep—e— Ezﬂ)z} )

Ar= Sz]olﬁl s=06 a, 8.2 = 2S2]olo,
Bﬂ—Sk &k = [Az+ (Sk) ]‘Ix

where N is the number of lattice sites and f(ni, n», ns,
and n4) is a function on the order of unity and depends
on the unit vectors

n, = ko / k.

We note that the amplitudes (7) of the interaction of
three spin waves contain the Dzyaloshinskii constant as
a coefficient; in other words, these processes do not
occur in a collinear antiferromagnet. Processes in
which four magnons participate occur both in the col-
linear and in the canted phases. We call attention to
the fact that the amplitudes of those processes of (8) in
which two types of magnons (activation and activation-
less) take part vanish when the wave vectors of the
corresponding activationless particles tend to zero and
the energy and momentum conservation laws are satis-
fied (¥'¥(1,2;3,4) — 0as k;, ks — 0; ¥*(12; 34)

— 0 as ky, kz — 0)?. In addition, the amplitude

¥'1(12; 34) vanishes, up to terms with k*, for a real
scattering process when the energy conservation law is
satisfied, i.e., the interaction of the activationless mag-
nons with one another is much weaker than the interac-
tion between the activation and activationless magnons.
This circumstance is connected with the definite choice
of the phase of the wave function of the ground state. In
our case, this choice of the phase of the wave function
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of the ground state was dictated by the fact that we have
considered a crystal with magnetic anisotropy of the
easy plane type. If we take only exchange interaction
into account then the phase of the ground state remains
arbitrary and, generally speakmg, all the amplitudes
are of the same order ¥ ~ k® This was the case,
neglecting the relativistic interactions, of the amph-
tudes 1n[‘8] where the authors started from a ground
state correspondmg to magnetic anisotropy of the easy
axis type.

3. SPIN-WAVE DAMPING DUE TO THREE-MAGNON
PROCESSES

Knowing the Hamiltonian #; that describes scatter-
ing processes in which three magnons take part, we
can determine the spin-wave dampln% coefficient as the
imaginary part of the mass operator!? . Proceeding in
standard fashion, we obtain the followmg expression for
the damping of the activationless branch of the spec-
trum:

1O =tn JUVO (2 10 (n(en) —n (e2)) 6 (e + 61— 2). (9)
In (9) we have recognized that the conservation laws
permit only the process of coalescence of two activa-
tionless magnons into one activation magnon and the
decay of an act1v7'1t1on magnon into two activationless
ones; n(€) = 1]

Analogously, for the activation branch of the spec-
trum we obtain

W (k)= an 1@ (k; 12).12 (4 -li-n(a“)+n(eu))6(zn —eu—eu). (10)

Performing the integration in (9) and (10), we can ob-
tain the dependence of the damping coefficients 7(3’ (k)
on the wave vector and on the temperature. W1thout
stopping to describe the straight-forward but cumber-
some manipulations, we present the final results:

0= (3) (52 (%)

o () [+ () T (1-em (7)) {257}

- A
X B;x(T—,. T<A,
1 . 4euT A?
»;1 YO 81K>T1 Ir'<A. (11)

These formulas determine the damping coefficient of
the activationless magnons at low temperatures
(T < a).

At high temperatures (T > A) the damping coeffic-
ient of the activationless magnons is given by

W0 (52) (2)

1 A A A? At
—_f— )} — e — _— >
16m( &)(e..)exP{ /umT}’ B"‘<T' T>A4,
ny T T A?
x {—(—)(— >— >
6( en)(e.k)' >, T>4, (12)
T
LI e

It is seen from these formulas that the magnon damping
coefficient increases with increasing magnon energy.
We note that as €1k — 0, the damping due to the triple
processes is exponentially small both at low and at high
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temperatures. The reason is that the coalescence of
two activationless magnons into an activation magnon
is a threshold process. It follows from the conserva-
tion law that the process is possible only when the
energies of the activationless magnons satisfy the con-
dition 4€1x€11 = A% and therefore €17 = A%/4eqk, and
as €1k — 0 the number of such magnons is n(€;;)

~ exp (-A%/4€1KT), and this is why the factor
exp (-A%4€1kT) appears in the formulas for the damp-
ing coefficient. The damping coefficient of the activa-
tion branch of the spin waves is given by

0= (7) (50) (&) e

x\ln{sh [ et (e“ZT_ Af) * ] / sh[ €2k — (ezz’T—‘ AY)* ]} .

To illustrate the dependence of ¥$¥(k) on the wave
vector in more lucid fashion, we present the asymptotic
forms of these expressions for small and large wave
vectors.

In the case of low temperatures (T < A)

W= () (%62)°

()55 T 2ea(-49). weres,

()], resca<t an
() [ () (- 2mag):
T <A <-é;—<sk.
In the case of high temperatures (T >> A)
A =22 (22 (2g2)’

[N, e

( )[1 2(m)]ln?‘a"‘, A<sk<T, (14)

2k

( SN () (- mag):

AT <sk.’

The damping coefficient of magnons with activation re-
mains finite as k — 0, and is proportional to the larger
of the quantities T or A, depending on whether the
temperature is high or low.

As already noted, three-magnon processes are due
to relativistic interaction, so that it becomes necessary
to investigate the role of the processes due to exchange
interaction.

4. SPIN-WAVE DAMPING DUE TO FOUR-MAGNON
PROCESSES

We proceed now to consider the contribution made
to the spin-wave damping by processes in which four
magnons take part. The amplitudes of these processes,
as seen from formulas (A.1)—(A.4), are due to both
exchange and relativistic interaction. Bearing in mind
crystals in which the exchange interaction is much
larger than the relativistic interactions, we neglect the
latter and start out from the amplitudes determined by
formulas (8).

In the calculation of the mass operator it is neces-
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sary to take into account formally not only diagrams
containing two amplitudes of the Hamiltonian 364, but
also diagrams containing each four amplitudes of the
Hamiltonian 55. The reason is that both classes of
diagrams contain the small parameter 1/S of the
theory of spin waves in antiferromagnets, raised to
identical powers; since, however, the amplitudes of the
Hamiltonian 563 are connected with the relativistic in-
teraction and the amplitudes of #, are connected with
the exchange interaction, the principal contribution to
the damping is made by diagrams containing the ampli-
tudes 9, in second-order perturbation theory.

The spin-wave damping due to four-magnon proces-
ses is determined by the following expressions

1‘“) (k) =L2 (Bl‘y(‘).(kZ; 34) |2('1 + ﬂn)nnnus (Gn + €43 — 843 — Bu)
nlh 234 )
+8lyw (k2; 34) [2(15 + nn) Nyalud (en: + ey — e — En) +
+ WO (K, 2; 3,4) 1P (1 + nau)nnad(en+ e —en—ex));  (15)

'TZ“) (k) = _n‘ Z(Bl‘y(z) (kZ; 34) |2(1 + nn)nz:nuc (azk + 822 — €25 — Bu)
nu 234
+ 81 W (34; k2) [* (1 + nag) nysnib (Eax + €22 — 845 — ew)+
+ I‘I’"’_(Z, k; 4,3) P(i + nu) N3sn4i8 (€2x + 842 — €29 — Eu) ) (1 6)
We consider first the damping of activationless spin
waves. Since the amplitude ¥'"(12; 34) vanishes ac-
curate to terms k* when account is taken of the energy
conservation law, the principal processes that deter-
mine 7¢),(k) are the scattering of the activationless
magnons by activation magnons and the process of con-
version of two activationless magnons into two activa-
tion magnons. Accordingly, we represent r¢1 (k) in the
form

180 (K) = Ty (k) + T (k). 1)

The quantities I';;(k) and I';5(k) are damping coeffic-
ients and are due respectively to the processes of con-
version of two activationless magnons into two activa-
tion magnons and the scattering of activationless mag-
nons by activation magnons. The results of the calcula-
tion of I';,(k) and I';,(k) are gathered in Appendix II.

In the case of low temperatures (T < A) we see that
as k — 0 the principal role is assumed by the scatter-
ing of activationless magnons by activation magnons.
The damping coefficient ¥{*(k) depends on the spin-
wave energy in power-law fashion, and on the tempera-
ture in exponential fashion (see Appendix II). Since
I';i(k) and T';x(k) are exponentially small at low ener-
gies, it is necessary to estimate the role of the
processes of scattering of activationless spin waves by
one another. Using expression (8) for ¥V (12; 34), we
find that the contribution I';5(k) of this process to the
damping coefficient of the activationless spin waves is
determined by the formulas

,.,(g)’(%f)"(%)’, T,
L) () (). em<e.

Comparing I';3(k) with the quantities I';;(k) and
I'1o(k) we see that if

ew R T(T7 8.)%e¥™,

I‘u (k) ~

then the process of scattering of activationless magnons
by one another plays the decisive role, ¥{¥(k)~ I';3(k).
When the magnon energy €1k increases, both I'j (k)
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and I')x(k) increase. At larger values of the energy,
€1k’ A Z/T, the principal role is played by the process
of conversion of two activationless magnons into two
magnons with activation, so that the summary damping
coefficient is ¥{¥(k)~ I',;(k) and increases linearly
with energy.

We proceed now to the case of high temperatures
(T » A). At sufficiently low values of the energy, €1k
<« (T/®¢)?a%T, the principal role is played by the
process of scattering of activationless magnons by one
another, ¥{¥(k)~ I',4(k); in the energy interval

2 2 2
O
the principal role is played by the process of scattering
of activationless magnons by activation magnons
vY{¥(k)~ I2(k). At energies A% T < €1k, on the other
hand, the contributions I';;(k) and I';2(k) become com-
parable and play the decisive role with respect to
T 3(k). Thus, 7(14)(1{) ~ (k) + T'ia(k).

Let us analyze the results of the calculation of the
damping coefficient of magnons with activation, given
in Appendix II. The damping of these magnons is due,
to three processes: the scattering of activation mag-
nons by each other, the conversion of activation mag-
nons into activationless magnons, and the scattering of
activation magnons by activationless magnons. It is
therefore convenient to express the damping coefficient
in the form

15 (k) = Ty (k) + Tsa (k) + Ty (),

where I';(k), I'»(k), and I'z;(k) correspond to the
three terms of formula (16).

(18)

We note first that as k — 0 the quantity ¥%"(k)
remains finite at both low and high temperatures. At
low temperatures (T << A) the prinéipal contribution
is made by the scattering of activation magnons by
activationless magnons, Y5’ (k)= I'23(k), and at high
temperatures (T > A) it is made by both processes
with participation of activationless magnons: ¥%" (k)
~ I';o(k) + I'23(k). As seen from Appendix II, when the
wave vector of the magnon increases the damping
coefficient I'z (k) decreases, because the scattering
amplitude of this process decreases with increasing
k, see formulas (8). As to I';x(k) and I'z(k), they in-

crease with increasing wave vector.

It is interesting to note that in the wave-vector
regions A < sk « T and A « T <« sk the values of
7{¥(k) coincide with the values of ¥4 (k). This is not
surprising, since the principal role is played by the
same processes, and the activation of the spin wave
can be allowed formally to approach zero.

Appendix II gives expressions for the summary
values of the damping coefficients r{*(k) and 75" (k).

We present expressions for the mean values of the
damping coefficients, defined by the formula

7G=Z’ 'Ya(k)nn/znn, a=1,2,

If T <A, then

=0 (5)(5) ()
3

=) (B () ()25,

() () (- () ()
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If T>A, then

CONCLUSION

A comparison of the damping coefficients of activa-
tionless magnons in three-magnon and four-magnon
processes (under the condition pHp ~ SB) shows that
the principal role is played by four-magnon processes,
7$¥(k) > ¥{¥(k) at both low temperatures (T << A) and
high temperatures (T > A). A similar situation ob-
tains when the damping coefficient of the activation
magnons are compared, ¥:V(k) > v$¥ (k).

Thus, four-magnon processes make the main contri-
bution to the damping coefficients due to the interaction
of spin waves.

Processes in which three magnons take part, with
allowance for activation in both branches of the spec-
trum, were considered by Ozhogin[m. It is easily seen
that Ozhogin’s formulas give an exponential decrease
of the damping coefficient of magnons of type I with
wave vector k = 0 (these magnons are analogous to our
activationless magnons), if their activation, i.e., the
external magnetic field, tends to zero. In this sense we
can state that our results agree with Ozhogin’s. A more
detailed comparlson however, is impossible, since the
formulas of''®! are correct only as to order of magni-
tude.

We note, finally, that although the magnon scattering
amplitudes given int**) do not satisfy Adler’s principle,
and therefore cannot give the correct dependence of the
damping coefficients on the wave vectors of the spin
waves, nonetheless, correct results were obtained
inl11 for the temperature dependence of the mean
values of the damping coefficients, since the amplitudes
are quadratic forms in the wave vectors. As seen from
the formulas of Appendix II, at energies A < sk «< T
and A «< T <« sk our results coincide fully with the re-
sults of A, B. Harris, D. Kumar, B. I. Halperin, and
P. C. Hohenberg (if we put in our results J, = 2zJ, @,
= JSz, and I, = zJ/4). The reason is that the activation
dose not play an important role at these energies and
can be set formally equal to zero.

In conclusion, the authors thank A. S. Borovik-
Romanov, I. A, Akhiezer, and L. A. Prozorova for use-
ful discussions.

APPENDIX |

Amplitudes of spin-wave interaction Hamiltonians at
arbitrary values of the wave vectors

We present first the expressions for the amplitudes
of the canonical transformation (4):

Ugx = g (k) = [,A' = 1) ;:il + 8ax ] '

Ao+ (~ 1)"-‘8.—%;]/

2eax

Var = va (k) = (— 1) [~

where @ =1 or 2 and A, and Bk are determined by
formulas (5'). The amplitudes of the Hamiltonian #;
are given by
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i S\ ,
o (1; 23) = —2 (W) A(i— 2— 3) (Pi (u.zvu + lh»ﬂ/'u) (l{zl - Flu?
+ Py (uauys + Vzavu)' (Vu - llaz) + P, (unu‘u + vayv42) ('v,, — u.,) ),
S\ :
w®(1,2,3)=i (-—N-) A(1+2=3){P, (uysttys + Us30,s) (Vag — Usy)

- P:(‘"vu"rn + Unvu),(vﬂ - ,uu)"‘ p, (uuvn + uﬂ”u) (Un - uu) ),
. i 7S\ _ o »
13(3) (1; 23),= '—;‘ (‘—ﬁ) A1 + 2 + 3)'(P, (Bava t+ ullvll) (uiq bl Vn)
+ P, (unvu + un”n) (uu —v2)— P, (ulelu + u;avlz) (uu - "zi) )v (A 1 )
h .
WO (1;23)= —;— ('%f,‘) A(d1-2-3) (Pa (22482 '}';Uzavzz) (@25 — vay)
+ P, (taglas + v3002s) (un — V33) = Py (32033 T UasVsa) (s — Vn) },
WO 120) =t () AU +2+8) Py aint ) (= )
+ Py (s5v2 + U24V2s) (Un — Bas) + Py (sV2s + WisUss) (Vay — uu) ).

In these formulas, Pk =Jksin26 +d cos 26, The am-
plitudes of the Hamiltonian s, are (a =1, 2)

W (12;34) =N-A(1+2=3—4)
X {\Pa(iz; 34) (umuazuu;uac + vauzvasbva‘)

+ $.(1 ';'3; —24) (Pimvuzvasum + Vayla2lasVai)
+ ‘j’u(i —-4,3— 2) (%gva;uu;va‘ +.vui.uulvu!uai)
+ (_'1)"[(P('1, —234) (RaiVarllaslas T VisllazVasVas)
+ @(2, —134) (”mu‘ézuasudt + ualljazpqsvai)

+ @(3, —421) (ugtuazua,va‘ + VaiVazVasllas)

+ CP(4, —=321) (Ba1Ba2Vasllas + VaiVasllasVas) ]},

wer(q,2;3,4) =N"'A(1+2-3-4)
XA{—4C (1 — 3; —24) (wyV22Vssthaq + VysllasltysUal)
+ D(1,2;-3, 4) (Wyslaaltyslias + Dy UaoVys0s:)
+ D(i, —4; 3, —2) (VBaVislae T Uy P2alli5V2)
+ 2M (1, 234) (u!lvzzuﬂuzk + V11 8aaVssVac)
+ 2M (3, 412) (@i 2olsVz + Vi1V2204sU2s)
- ZM(Z 143) (VyyBaalia + unvzzvnvz()
— 2M(4 321) (u,,u"vnuu + ')ileZullvzl’)}

A.2)

(A.3)

W®(12;34) =N'A(1+2—-3—4)
X{—C(iz; 34) (unuizuzs’uu + U Via023020)
+ 1/4D(1, —3; =2, 4) (4401202505 + Vsl alasVai)
+ ‘/&D.(L —4; —2, 3) (11012855050 + Uy ily3V5l5,)
+ l/zlw(i, 324) (llrnvuuzauzi + Uuulz')zsvzu)
+ 1/2M(2, 314) (vyuy2u55u0 + uuquvzsvz'.)
- 1/251(3, 142) (uuuizuzsvzt + U4 V2V2sl0)
— 12 (4, 132) (41812025l + ViiVsallaslz) }. (A .4)

In these formulas

$a(12; 38) =/l (Jios + Jos + Jis + 91-3) c03 20
—4d sin 20 + (=) [+ T+ T+ ) cos* 0 + 2p —2d sin 20]},

@(1,234) ="/{(Jo + I, + 1) sin*

+ %, + %/,dsin 20}, a=1,2;
0(12§ 34) = l/u{(lp-s FJos + T + Jz—‘) cos 20
—4d sin 20 + (J, + 1, —Js—J.) cos® 6},
D(14,2;3,4) =/w6{(Ji-s + Jooi — J =i — J5—3) cos 20
- (J{ - ]z + Ja —J‘) cos® 9},

M(1.234) =/ {(Js—Js+ 1) sin® 8 + Yop + !/sd sin 26}.

APPENDIX 1l

Magnon damping coefficients

We present the calculated damping coefficients
T,(k) and T')x(k) of activationless magnons. At low
temperatures (T < A) we have

Pu(k)= Jo (‘2—:)
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The quantity I';»(k) is given by
J
=1 (5)
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and the damping coefficient I';>(k) is given by

Ta(k)=7, (ﬁ

5)

¢

(4t

(5) (E)(F) w7
Ve, \e/\2) T
‘2 3 2
L(f;“) (1) m, A<,
N AW ACN Ry T
1 jex\?yT\* T
— ) (=) In—, A<en kT,
72:;(95)(9) o o
4
__z_n_(ﬁ"_)(_T_), T<ex <8,
2160 \ 6, 8.

We proceed now to consider the damping coefficients
I',(k), I'2x(k), and T',3(k) of magnons with activation.
At low temperatures (T <« A) these quantities are
given by the formulas

(&) (Y e e
A AT .
() (&)
AN/ T\ VAT
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Taa () = J.,(——)
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64n° V2n

1
64n° V271
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()
wle) (5
5
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2n ( sk )(a)"

2160 \®.
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2
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) () a<ke
2
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If A «< T « @¢, then

(%)

1 T T.
(L. In'—. sk<A,
64:;’( )(Oc)nA sk<d
1 ST\ T
1 In— <sk<T
X 64::’( )(ec) ny A<sk<T,
1 ST\ A
| —_— T« k< DA
~384n( )(e)( k) sk < V1A,
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Ta®=J (5 )
2 3
L(A) (1) ml, sk<a,
65t \ 6. 8./ - A
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72n \ B, e, sk
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2160 e.

Finally, we present the results for the summary
damping coefficients ¥{* and r$" (k) due to processes
with participation of four magnons.

In the case of low temperatures (T < A) we have
Y (k)=17, ( ';c)
(8 ( )( ) e T, en<T, TXep<A,
963’72;; (%)z( ) ( = ) (—%) ‘he—A/ry
720 ( e“) (‘g) -<s..<ec,
(&) (k)_ Jo( ) )
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At high temperatures A « T <« @, the dependence

of the damping coefficients on the wave vector is deter-
mined by the formulas
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DExpressions for the amplitudes of the canonical transformation of ugk
and Ve (B=1,2) are given in Appendix I.

2By starting from the exact formulas (A.1), (A.3) and (A.4) for the ampli-

tudes of the Hamiltonian JC,, one can show that these amplitudes vanish
if the momenta of the activationless particles tend to zero and when
relativistic interactions (the magnetic anisotropy energy and the Dzyalo-
shinskii interaction) are taken into account.
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