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A model is proposed for describing scattering of conduction electrons of a nonmagnetic metal by
magnetic impurities at temperatures considerably below the Kondo temperature T . Since at T —0
the impurity spin vanishes as a result of screening by the conductivity electrons it is suggested that
at T < Tk the picture is equivalent to inelastic scattering of electrons by nonmagnetic impurities
with a localized level near the Fermi energy. The impurity part of the specific heat and magnetic
susceptibility, conductivity, thermal conductivity and differential thermo-emf are found for such a
model. Dependences of the superconducting transition temperature and energy gap at 7 = 0 on
impurity concentration are derived. Interference between inelastic and potential scattering is taken

into account in all cases.

1. THE MODEL

The effect of magnetic impurities on the properties of
metals has been the subject of many investigations in
recent years (see the review "), The unique character
of the scattering of conduction electrons by such impuri-
ties is attributed to the so-called Kondo effect,’*™*!
wherein the temperature dependence of the resistance of
a nontransition metal with a slight admixture of a transi-
tion metal exhibits a minimum. This resistance mini-
mum exists only in the case of antiferromagnetic inter-
action of the electron with the impurity (when the ex-
change integral I in the interaction energy ~(1/2)s -0
is negative; s is the impurity spin and o/ 2 is the
spin of the conduction electron). At this sign of the in-
teraction, however, the expression for the scattering
amplitude has a pole at the Kondo temperature TK
~ e exp(—2€r/31z)"'* (e is the Fermi energy and z
is the number of conduction electrons per atom of the
host metal). Strictly speaking, therefore, the expression
is valid only at temperatures above TK. There is no
rigorous theory for T <Tg.

In the cited papers, the impurity spin was assumed
given. This model is obviously reasonable so long as
the exchange interaction of the conduction electrons with
the impurity is weak. When the Kondo temperature is
approached, however, the scattering increases and this
means that the interaction of the electron with the im-
purity spin becomes strong. Since exchange does take
place in fact between the conduction electrons and the
electrons of the inner shells of the impurity atom, the
very concept of a fixed impurity spin at low temperatures
raises many doubts. The known experimental data (see,
e.g., "% and practically all the theories (even though
they cannot be regarded as rigorous) indicate that the
impurity spin vanishes at low temperatures (it is some-
times said to be ‘‘screened’’). It is therefore more
reasonable to use a model camable of describing the
very formation of the impurity spin in the metal. The
simplest model of this type was proposed by Ander-

"3 The corresponding Hamiltonian is

x — Nu ngnn + Z £d Ma —Z Raalla-a

*(ra) Goa + dua* B (1)),
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where p is the electron quasimomentum, o is the
spin, n n is the number of electrons with momentum o8

tp=p ?/2m— €F; m is the electron mass; flag =daq +daa,
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daq is the operator for electron annihilation at a lo-
calized level on the a-th impurity atom; zpa(r) is the
annihilation operator of the conduction electron at the
point r; ry is the coordinate of the a-th impurity
atom; N, is the density of the atoms of the host metal.
Each impurity atom corresponds to a localized level
with energy €4 <0 (reckoned from the Fermi level).
The term with U ensures satisfaction of Hund’s rule
(U+ ea >0). The last term describes the exchange in-
teraction that leads to a possible transition of a conduc-
tion electron to a localized level and back.

According to Anderson’s estimates U~ 10 eV and
V’~2 eV, so that the Hund term is not small and it is
difficult to solve the problem with the Hamiltonian (1).
To describe the system at very low temperatures,
however, we can propose another model based on the
fact that as T—0 the impurity spin vanishes completely
and can appear only in the form of a fluctuation. In this
model the magnetic impurity atoms are represented as
nonmagnetic impurities with localized levels near the
Fermi energy. The conduction electrons can be inelas-
tically scattered by these atoms. The Hamiltonian in
this model is

% — N = D Epa + 2\ aaa + V_ e D3 (1) daz + Baa (1)
pa aa

0 aa

) : 2
+ 2R —r) e ar. @

It differs outwardly from (1) only in the absence of the
Hund term (the last term accounts for the usual poten-
tial scattering). However, the quantities V and €4 in
(2) do not coincide with the analogous coefficients of
Anderson’s Hamiltonian. It is proposed that at low tem-
peratures the Anderson model is equivalent to the
Hamiltonian (2) and the new coefficients are expressed
in terms of the coefficients in (1).

We assume V, IEdI «< €F and cj =Ni/No «1(Nj is the
concentration of the impurity atoms) and that the tem-
perature is low enough (an exact criterion will be estab-
lished later). The potential scattering is assumed for
simplicity to be isotropic, i.e., U(r)=Uob(r). Under
these assumptions we calculate the main characteristics
of the metal in the normal state, namely the specific heat,
the magnetic susceptibility, the electric conductivity and
the thermal conductivity. The results agree well with the
experimental facts; this justifies the use of so simple a
model.

In the conclusion, we use the described model to
analyze the influence of a transition-metal impurity on
superconductivity at T «TK.
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2. THE GREEN FUNCTIONS

We use for the complete temperature Green functions
the notation '

~ r z
® (2,29 =—(TP@p (z) Y= ==

- ~ a,t b1’

Dy p (1,79 = Tdy () dy (1) >E::>:::

where x=(r, 7) and 7 is the imaginary time. The zeroth
Green functions

(

0P =—>_, 9"

==
are respectively equal in the Fourier representation
(wp, P), to
B (0 p)=(i0— &), DL (0,) = bulio.— )",
where wp=(2n+1)7T.
The matrix element of the potential interaction is

w,p wp'
>HD> = Uye
a

~itp-p'ry

and that of the exchange interaction is

v wp .
——— = V//Fﬂ e"ra
a
After averaging over the impurity positions, the mass
operator contains diagrams with several crosses and
(or) dashed lines due to one impurity atom. We shall
join such crosses and dashed lines by dash-dot lines,
e.g.,
—*/—.-.. lh ———
As usual (see Sec. 39 of '7), diagrams with intersecting
dash-dot lines can be neglected; then each diagram for
the mass operator of the conduction electron Z(w, p)
begins and ends with a cross or a dashed line pertaining
to one impurity atom. Consequently

— —_—

/ ., —
= -+ —-—:,__._+_x==[:}_+_.__/_-=D—

The solution of this equation is

g
N'E =

N 1 I'(1—ibsignw)?
(e, =_——{b—'b2 ign o+ ——— 2 S1800)
(@,p) v 1+b° wsigno iw —eqtil'sign o }

where
b= v, r=T/(1+#),
T =avV?/N,=3nzV?/ bher < V < €r,

po is the Fermi momentum.

v = pom/ 2n%, eq =& — bl,

The imaginary part of the denominator of the retarded
time-dependent Green function is

N, 1

=—Im 3, =
1+

(1 — %)+ 26T (o — &4)
— 2 +
21(w) {b M+ (o —e4)? } @)
Analogously, the Green function of the electron at the
impurity level is

——

7

a a ~ L ~.
T = > — L e +—4——¢=ﬁ3=-—-\.—-‘

===

i.e.,
Daa(©) = (i@ — g4+ il'sign ©) ~*.

3. SPECIFIC HEAT

To calculate the specific heat it is convenient to use
the fact that
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in addition,

40 S
S§=_2= =T o
a =T

where 2, S, and cy are the specific thermodynamic
potential, the specific entropy, and the specific heat.

Thus, according to (4),

as a &4 N; @ ®
LNy 2T [ dothe
Fea aT ; (io +i0) — &2 miord T
% €4 _ N9 pdoe ch-t 2 il'—est o

(0 +il)2—es 2mi T J 2T 2T " il+est o

In the case under consideration, when T « max{ed, 1"},
we can expand the logarithms in powers of w and ob-
tain in first order in T

98 _ 4n el
Ges 3 (e2+DT

The correction to the specific heat is therefore

2n NT r

Aco=AS="nNp__ T
=M= N o

(5)
It follows from the results given below for the con-
ductivity and the magnetic susceptibility that in the
considered model max{eq, T'} plays the role of the
Kondo temperature Tg. Therefore the specific heat
per impurity atom is of the order of T/TK, i.e., the
impurity atoms are much more ‘‘effective’’ for the
specific heat than the conduction electrons (the specific
heat per conduction electron is of the order of T/eF).

4. MAGNETIC SUSCEPTIBILITY

To find the static impurity susceptibility xj we can
calculate the magnetic moment Mgy of one impurity
atom in a weak homogeneous magnetic field H directed
along the z axis. In such a field, the Green function
of the d-electron is

D, = (io — ea+ oguH +il'sign w) !,

where o=zx1 is the sign of the spin projection on tLe z
axis, g~1 is the d-electron g factor, and p is the
Bohr magneton

M, = gulo,
Mg, =gp(d.d, — d_d_y = guT D [D, (o) — D_ (o) e =

= — 2g°%2HT ) (io — &g + il'sign o) 3,

Accurate to second order in T we have:

.t I —-3ed ]

, o
w=NeW e [1—? (M +ed)? (©)

for €g «T" we have

2 o I
== 2 2__ — ——
wu=Ngw' r [1 3 1“]’

and for €4 >»>T",

2r T
=Ng z—[1,+ : ]
w=Ngw — | t+a'—

Thus, as T—0 the quantity yj tends to a constant
equal to Nijg’u?/@, where ©~max{I', €§/T}, and the
low-temperature criterion is

T < max {|es|, T}.
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At high temperatures, as is well known, the impuri-
ties produce the usual paramagnetic susceptibility
xi=Nig’u?/3T. The existing experimental data corre-
spond to a monotonic approach of yi to a constant
limit with decreasing temperature. It follows from (6)
that another case is also possible, namely ¥ i(T) should
have a maximum at T <3¢j.

5. THE KINETIC COEFFICIENTS

An expression for the thermal conductivity « in
terms of the complete Green functions of the conduction
electrons was derived by Zittartz."! For our case, it
takes the form

=%lim o' ImP(w +id),

w0
Y

2 13,
P(iv)= — —lim 2 [ 9P
v =2nnT,

f— I PO — lv(m—v)’
6 o 07 4 (20)° B, 0ip0 Ve

where II(p:, p:) are the Fourier components (p; and p:
are 4-momenta) of

U—yy o)==V, = V)-8 )8 2)

TZ
=G 2 JE R explip (2 = 1) + ipa(y — 2) ML (p, p2)

(the bar denotes averaging over the impurity positions).

Since the scattering is isotropic, the mean value of
the product of two Green functions can be replaced in
I(p, w; p, w—v) by the product of the mean values. In-
deed, taking as an example the correction corresponding
to the diagram

a’p’ ,
=l G e,

we see that the integral with respect to the momenta
causes this correction to vanish. Consequently

P(iv)= ——M > iy i oy —TZ B(p,0)B(p, 0 — )€
(the averaging bar will henceforth be omitted).

To calculate this expression, analogous expressions
must be added to and subtracted from the Green func-
tions @, of the pure metal, which can be summed directly.
Its imaginary part is equal to zero. The integral con-
taining the difference & — 8,8, (we designate it P’(iv))
converges quite rapidly and the order of summation and
integration can be reversed in it by replacing p?/m?®
under the integral sign by p3/m®. As a result we get

" ImP(v+is) = Im P’ (v + i5),

where

—v)2v+ ' (l0)+ T (i0 — iv) ],

P/ (iv) =
v>0 Icw<y
N=2zN, is the concentration of the conduction electrons.
By changing in standard fashion from summation to in-
tegration along a contour in the complex w plane we
obtain
2NT T 0*do  t(0)

== ey ™

Expression (7) coincides with the one obtained from
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the kinetic equation. The same can be stated also con-
cerning the formula for the determination of the static
conductivity o (see, e.g., *)):

(8)

" 2m 2T (w2l
On the same basis we can use the relation obtained from
the kinetic equation for the differential thermoelectric
power «:
Ne% odo ()
oo =—

mJ (2n)? ch*(w/2T) ° 9

After substituting the values of 7 from (3) in (7)-(9) we
obtain

. 2m 1 (I'—bes)? nt (T \?
p_a'ﬂcinvzez 1+b* I+egd [1_—3—(—TT)] ! (10)
where
. (T—be)*(I" +e)
Te= T[T (1+3b%)+ 2be,]’ (11)
g 3 2m 1 (P—be)'r _E(l)’ :
TS T 1+ Ptrer L 20 \T, ]
_ T o TleatdD)
=3 U A e 12
o T Ta
e L o (1+5%).
3 e (IF—be) [(F—be)2+22]

The Lorentz number L= K/ oT depends on the temper-

ature:
n? nt yT\?
=it (7))
Formulas (10)-(13) are accurate to the first terms of

the expansion with respect to T, which is assumed to
be small in the sense of

T < T, max {|ed, T}.

L= (13)

A curious case is €3=0, in which the ‘“localized
leveln in the Hamiltonian (2) lies exactly on the Fermi

surface. Then
nvze® [ ——( )]

B2 (1) o]

2x

Acy=—N,—.

3

a=0, p=c

In this case there exists for all the phenomena a single
temperature scale 1" which plays the role of the
‘‘Kondo temperature. » But then @ =0, which does not
agree with experiment. In the general case when

Ed #0 it is impossible to introduce a single scale.
Formulas (12), (5), and (6) are quite similar to the re-

sults of Nagaoka'®!
I

(14)

=Ci——
e nvze?

54 Nerp, (T

v [1-24(7) ]
Nagaoka derived (14) by using the Zubarev method in
superconductivity to describe the binding of free elec-
trons with magnetic impurities. Klein used the model
of Takano and Ogawa, which is analogous to Gor’kov’s

method in superconductivity. The method by which
Nagaoka obtained his results is not quite correct, but

and Klein!!
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his formulas agree well with experiment. Star!?]

modified Nagaoka’s formulas (and obtained better
agreement with experiment) by introducing the empiri-
cal reciprocal lifetime of the conduction electrons

®—iA

o+iA )] ’
where § is the phase shift of the potential scattering
and A is an energy parameter of the order of the

Kondo temperature. In (5) there are three fitting
parameters (A, 5, and A). Star obtained from (15)

2N;

T_'—W[A Re (m (15)

_2n’L_T_ sin 28

T3 e A A+tcos2s '
e 2m )[1_:1’(_1)’ 2cos 28
P=ond 3\A/ A+cos28)

which is quite similar to formulas (12) and (10), in
which there are likewise three free parameters (T, €4,
and b). In Star’s formula o vanishes if there is no po-
Eential scattering, and expression (12) vanishes only if
€4=0.

The fundamental difference from our formulas is that
ours are derived rigorously from the model (2), whereas
the assumption concerning the scattering amplitude, on

which the formulas of Nagaoka, Klein, and Star are based,

does not follow from any macroscopic model.

We see thus that the model proposed for thedescription
of the magnetic impurities at low temperatures,in spite
of its simplicity, gives good agreement with experiment.

6. SUPERCONDUCTING STATE

As is well known,m the superconducting transition
temperature T, is determined from the singularities
of a vertex part of the type

A

with zero entering 4-momentum. Accurate to first-
order in wD/GF, this temperature is

A(1+AF)!

where <0 is the electron coupling constant, wp is
the Debye frequency,

F= TE j(2 )3@(1:)@( k),

lwl<wp

(16)

and ‘@ is the Green’s function of the electrons of the
normal metal.

In the presence of impurities it is necessary to
average (16) over their positions, and we obtain for the
quantity

— K K
v 2 Ok kIO-kK) == YA
P

-k -k’

(VK is the volume of the metal) the equation
k k k Y4 P
N7 ERGENaNe -
+ ’
s
-k k& -k -p -p’
where

—)’— ————re— e

-x—\n—- —l—cN-———--.—

D_

In analo%y with the procedure used by Abrikosov and
Gor’kov,'** we can neglect here diagrams with intersec-
tions, and then the equation for II(k) takes the form

154
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2 — r
=—— {ln—hf ¥I*+esl+ciGer — ——————arctg
Tl

- —_ d’
D® =808k [1+N12) | [ 5500 |, =m0

Solving th1s equation by integrating with respect to
a’k/(2m)?, we obtain

w citesl -t
Tor[4* (1)

F=7 Y A0), Al0)=7 e+ (Tl

lwgl<wp

where ¢~'=3mz/4. It is seen from (17) that the influ-
ence of the potential scattering reduces only to a re-
normalization of €j and .

From the equation
1+AF=0
it follows under the assumptions
T. < max {[, e}, o5 > max {I? es, cte I}
that

) T.
n—
T

ctesl

’

Vea' + C(Cﬁpr}
r2+es? Yed + citesl
where Tco=(7/1r)2wDe1/”7‘ is the superconducting
transition temperature of the pure metal, y=e¢=~1.78,
and c is Euler’s constant.

If citepl » €, we have

T, ~ C.‘CE,I‘ Z'YYI‘z + Eaz r €4
To  Tes [ o _e_.,amgT]‘ (18)
and if ciceFI‘ > eé+1"2 then
-x/2
[ T c«te,l‘] = (const z) ~*2, (19)

where x=cif eFI‘/ (e§+T2).

Abrikosov and Gor’kov,'** who did not take the
Kondo effect into account, found that there exists a cer-
tain magnetic-impurity concentration at which T, van-
ishes. From (19) it follows that, owing to the screening
of the impurity spin, T¢—0 only asymptotically as
X,

All the derived formulas are value only at T «<TK.
Consequently, both (18) and (19) are meaningful at
Te0 < TK; on the other hand if T¢0< Tk, then only (19)
can be used, and furthermore only at concentrations
such that T, « TK.

To find the energy gap it is necessary to write down
the system of fundamental equations of the supercon-
ductor.

Using the notation
€, ,(2.57=-C Tﬁa(c)y';(zbz:):) ) Jf,; (£z) =¢ 43"'(;);’,,'))5‘:
P >>,5"=3¢ etc..
these equations take the form
3= = >+ >NT =+ >N T + >z =
== > + P>+ {uFa+ =+ <k

— i
=1 7/
I 1/ SRy, SO, , S ., SO,

Similarly,™®
01
Tart = 2as®*,  Tas = —LutT, Gop =008, goz= (_1 O) afr
(Z20) ap = —8apZ2oy (Zo2)ap = 8apZoz, (Z11) ap = OapZin.
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In addition, if there is no external field we have in a
homogeneous superconductor, after averaging over the
impurity positions

E(P) =§+(P), z:o(P) ""‘Eu(P)g

Taking all the foregoing into account and using the
explicit expressions for the Green functions of the pure
superconductor,m we obtain from the first two equations

i, + ¢t A,

SRy STwreEs

mnz + glt + A,.’ ! (20)

where

By =10, —2u’(0.), A=A+ Zu(0,.),
3’ (@) + 3y () = 2y (o),

F=t-2.,
2y’ (—0) = —=24'(0), 24 (—0) =3u(e),

A is the electron-pair density parameter
(A=1XF(x, x)| x'—x).

After substituting (2) in the last two equations, we
obtain the following system for the determination of
wn and An:

C«car = Bn
Ba= o+ {m,.l‘+ [ (T — bes)* + b }
1+0 Vomrmr et

X{ed! + T+ 0,* + 2T w,8,/V &, + 4,2},

cter A. (T — bey)? + bo.?
1+ VA + @, el +I+ 0.2+ lo.8./V5 2 F A2

(21)

A=A+

Just as in "%, the gap in the energy spectrum is de-
termined by the positive frequency w at which an
imaginary component appears for the first time in the
Fourier components of the retarded time-dependent
Green functions GR(p, w) and iFR(p, w) (at T=0) which
are obtained from @ and ¥ by making the transitions
iwH*w+i6 and T—0. From (21) we can obtain (on go-
ing to the time representation by making the substitu-
tions iwp—w, iwn—w, and A,—3) the relation

o _® ~ (A—A)V1—&%/A* 1
A, A [14‘-1" (T — bey)® — b*e? ] (22)

(Ao is the value of A at T=0). The start of the spec-
trum is given by the maximum real value of w at real

_ @ and X, It is seen from (22) that this maximum is
equal to 4. Thus, the energy gap in the spectrum coin-
cides with Ao, which characterizes the density of the
‘‘condensate,’’ in contrast to the case of unscreened
magnetic impurities (see %),

We can determine Ao, just as in [131, from the relation
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where

u=2z[1+ cte (e + I + Alz? + 2TAzu/ V1 + u¥) -]

Ay is the value of A, in the pure metal.

Assuming Ag <« max{T, €4}, we can calculate the in-
tegral in the limiting cases:

ctesl € T2 gg

ln—éo— ~_ citerl [ 2VT% + 2 _ —r‘—-arctgﬂ
Aoo 84‘ + I ero 173 r ’
cterL > T2+ et
In i ~_ 1 cge,l 4ee,l )
Aoo 2 el+1I? Ao

We see that the limiting functions Ay(cj) are similar
to the functions Tc¢(ci) (see (18) and (19)).

The author thanks A. A. Abrikosov for suggesting the
problem and for all-out help with the work.

DThe spin indices can be omitted, since all the interactions are spin-con-
serving.
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