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The conductivity of type-II superconductors is investigated in the vicinity of the critical temperature.
A broad region of magnetic field strengths near the critical field exists in which corrections in the
following order in the conductivity should be taken into account, owing to the numerically small

coefficient in the leading term.

1. INTRODUCTION

As has been shown in“], there is a broad range of
magnetic fields near the critical temperature, in the
vicinity of the critical field Hc9, in which the order
parameter A and all thermodynamical quantities can be
found by simple expansion in the parameter (1 - H/H.2)
that measures the closeness of the field to critical,
however, the conductivity turns out to be essentially a
nonlinear functional of A. The numerical coefficient in
the expression for the conductivity in a magnetic field
near Hc¢2 (in the region where there is no simple ex-

pansion in the order parameter A) turns out to be small.

As a result, a numerically large region arises in which
the corrections of next higher order in the conductivity
turn out to be of the order of the contribution of the
fundamental term, which increases rapidly with de-
crease in the field. We shall investigate below the be-
havior of all corrections to the conductivity.

2. BASIC EQUATIONS

We limit ourselves to the consideration of the most
interesting case of superconductors‘with short free
path length / <«< £ (& is the coherence length of the
superconductor). For this case, general equations were
obtained in!*) for finding the conductivity. In the
vicinity of the critical temperature, the effective con-
ductivity can be represented in the form!*
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where 8+ = 8/dr + 2ieA, A, is the amplitude of the

alternating field. In zeroth approximation in frequency

of the alternating field, the amplitude A, is expressed

in terms of the local value of the magnetic field, accord-

ing to the formulal!

A,=[H(r)xb], b— const. 2)

The functions

a=alo—§),

a.=a(@+8), p=p(0—0), B.=B(w+8) (3)

can be found at the Matsubara frequencies from the set
of equations!!!
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where D = vity/3 is the diffusion coefficient, Tg the
time of flight of the electron with spin flip, j the cur-
rent density. The functions f, 2 and g, in Eq. (1)
satisfy the set of equat1ons[ 7
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We use a gauge in which div A = 0.

In the derivation of Eq. (1), it was assumed that the
quantity 7g satisfies the condition 7T.7g > 1. How-
ever, this condition is not essential and if it is not
satisfied, then the change reduces to the following sub-
stitution for the coefficient of the first term in Eq. (1):

n 1 1 1
sonr ™ Tment ¥ (2 57
and the substitution dw — dw/cos?(w/2T), where ¢’ is
the derivative of the function .

For the first term in Eq. (1), the important frequen-
cies in the integration are w ~ T, and therefore, it
depends weakly on the concentration of paramagnetic
impurities; near H¢9 it decomposes into a series in
the parameter 1 — H/Hcg. Near the crltlcal field Heo,
this term gives the Maki correction!? to the conduc-
tivity. The second and third terms in Eq. (1) are ano-
malous. They depend essentially on the concentration
of paramagnetic impurities. Near the critical field He2,
there is a broad region in which there is no simple
expansion of these quantities in the parameter
1- H/Hc9. The second term in Eq. (1) is the Thompson
correction to the conductivity. ts]

We now consider the behavior of the effective con-
ductivity in the two regions with respect Tg' <« 7gA™*
and 7g — « to the concentration of paramagnetic im-
purities.
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3. SUPERCONDUCTORS WITHOUT
PARAMAGNETIC IMPURITIES (75— «)

The study of superconductors without paramagnetic
impurities turns out to be very complicated, and simple
answers have proved to be possible only in limiting
cases. We shall consider below each term in Eq. (1)
for the conductivity for various limiting cases.

In the neighborhood of the critical field Hcg — H
< Hc¢g, we obtain

—% “+=(‘°—§a-’)_'{A[1‘

+ D a*lAl*
4(@+2)* or ]}

from the set of Egs. (4), with accuracy to within terms
of second order of smallness; here

olAl?

2@+ (6)

ay =

A=eHD=4n"*(T.—T).

Substituting these values for the functions a and B
in Eq. (1), we obtain the following expression for ¢;:
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here
z=1—H/H.)/ (1—1/2x?%, (8)

k is the parameter of the Ginzburg-Landau theory;

It is easy to obtain an expression for ¢, in the other
limiting case

(T.—T)/T.<z<1. 9)

In the region of fields defined by the condition (9), we
can neglect in the principal approximation the gradient
terms in Eq. (4) for the functions a and B and get as a
result

® _ A

@ = (10)
Substituting these values for the functions a and g in
Eq. (1), we find, with logarithmic accuracy,

1 <A™ A" <A™
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T.—T\" 5zT . (T.—7T)
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The Thompson correction to the conductivity was

studied in'*). The numerical value of the coefficient in
Eq. (11) differs from the corresponding limiting value
of 4 by about 25%. This difference is connected with the
fact that the interpolation formula of!*! {8 = A/[(w +X)?
+]Aa]?] 2} gives a poor description of the Green’s
function in the threshold region. To find the Green’s
functions a and B in the region near the threshold
lw| =]Aa],itis necessary to solve the set of equations
(4). As was noted in‘*! , the Thompson correction to the
conductivity is 1mportant only in the region 1 — H/H.3
S (Te - T)Tc and in the region 1 — H/H¢g
> (T¢ -— T)/Te it becomes less than the Maki correc-
tion (the first term in Eq. (11)).

(1)

=0.27(x

In fields that are close to critical, the expansion of
the function ¢ begins with a cubic term and its calcu-
lation turns out to be rather involved. We only give the
result here:

T.—T
T. ’

cpz—OQS(TT_T)zxa, < (12)

where x is determined by Eq. (8).
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The expression for ¢, in the region 1 »> 1 - H/ch
» (Te - T)/Tc in the principal approximation was ob-
tained in"!

¢ =0482"(T./ (T.—T))", (I.—T)/T.<z<1. (13)

However, because of the numerically small coefficient
in Eq. (13), the next higher corrections to the function
@2 are important. The region of frec}uencies |w|>]a]
was important in obtaining Eq. (13 Account of the
region |w| < | A | leads to the appearance of two more
terms, one of which leads to cancellation of the logarith-
mic divergence which arises in the Maki correction in
weak fields. The second of these divergences in square-
root fashion near the ‘‘threshold”’ |w| =| A |. We find
it with accuracy to within a number of the order of unity.
There also exists a contribution of a narrow region

near the threshold, of width we ~ | A|(D/£?| a|)¥2.
Unfortunately, we can make only a rough estimate of the
contribution from this region. As a result, we obtain the
following expression for the conductivity near the criti-
cal field:
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In Eq. (15), the coefficients @, and a . are of the order
of unity.

In weak fields H << H¢2, we find for the conductivity:
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The coefficients a3 and a4 in Eq. (16) are of the order
of unity. The numerical value of the coefficient for the
first term in Eq. (16) was taken by us from the work
of®,

(16)

4. THE REGION T;:‘ <7g < At

"1« Tg <<

In the region T,
(5) reduces to the rather simple form
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where I = T;. In the principal approximation, we have
for the functions a and

ar=—a=1, B,=A/(0+T), p=—A/(e—T). (18)
Substituting the expressions (17) and (18) in Eq. (1), we
easily obtain
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We now find the expression for the conductivity near
the critical field in the region 1 — H/H¢g << 1. In this
region,

(20)
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We represent the operator which enters into the expres-
sion for ¢, in the form of a series
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The series on the right side of Eq. (21) converges
rapidly in the region

(21)

Toa.(1—H/H,) <1. (22)

In the region defined by the condition (22), we keep only
two terms in the expansion (21). After simple calcula-
tions, we get the following expression for the conduc-
tivity :

SOeff _ 4 — 0.32T.v.2* + 2.52 + 348(T. — T) 1.z

—0.731[(1— _t )+0.08 _Z_ (—2—_—— ! )] (23)
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A=<|A|D /A = 1.16.

The first term in Eq. (23) arises from the first com-
ponent in p2t* (Eq. (19)), the second is the Maki cor-
rection, the third the Thompson correction. The
Thompson correction is always small. The relative
contribution of the last component in (23) increases with
decrease in the field.

In the region of fields
Tr,(1—H/H,) >1

we find for the conductivity (using Egs. (1) and (19)),

Oeff (H®
CRRS (24)
_nn(AD =AYy w1 ARy
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The last term in Eq. (24) is the sum of the Maki correc-
tion and the last component in Eq. (19) for ¢,. From
Eq. (24), we easily obtain

Oetf /0 —1=032(Tt)a* +1.252, (T.1,)~'<z<1.  (25)

The first term in Eq. (25) was obtained in!!!), However,
the condition of smallness of the second term in com-
parison with the first, because of the numerical small-
ness of the coefficient of the first term, imposes a very
rigid condition on the closeness of the temperature to
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critical. Replacing Tg by its limiting value A™*, we
transform the condition of smallness of the second term
in Eq. (25) in comparison with the first to the form

Tx/(T.—T) > 150.

In weak fields H < Hcg we get from (24)

H., i
Oeff _ 0,85 431 ) + 0.95] .
o aTl.t,

CH>
The results of'® were used in finding the numerical
coefficients in Eq. (26). The first term in Eq. (24) in
the region H <« Hcp is identical with the result of ",
We note that the logarithmically diverging contribution
at large distances in the Maki correction (the first term
in Eq. (11) is cancelled in weak fields by the second
component in the expression (19) for @..

(26)

J'[T't,(1+

5. CONCLUSION

The conductivity .of type-II superconductors in a
magnetic field can be represented in the form of the
sum of three terms. One of them—the Maki correction—
leads to a rather simple form and can be studied easily
for any field. The numerical coefficient in the Maki cor-
rection is anomalously large and turns out to be import-
ant over a wide range in the magnetic field. The second
term—the Thompson correction—depends strongly on
the concentration of paramagnetic impurities as well as
on the value of the magnetic field. It is not small only in
superconductors without paramagnetic impurities in a
narrow region close to the critical point. The third, a
significantly anomalous term, increases rapidly with
decrease in the field. Unfortunately, it is impossible to
limit its calculation to the principal approximation, for
numerical reasons, and the corrections of the next
higher order turn out to be significant for practically all
regions of the magnetic field.

In conclusion, the author expresses his thanks to
A.I. Larkin for valued comments and discussion of the
work.
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