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It is shown that directivity of the coherent light emission in a system of atoms excited by fast
particles results from the electromagnetic wave field. The direction of the coherent waves is rigidly
related to the frequency of the radiation, velocity of the particle, and characteristics of the
electromagnetic wave. Resonance between the wave frequency and frequency of transition between
two atomic excited states is investigated. The possibility of employing coherent emission for

measuring the energy of fast particles is discussed.

1. INTRODUCTION

It is known that from the microscopic point of view
the source of the Cerenkov radiation is not the fast
particle itself, but the atoms it excites in the medium.
If the particle velocity exceeds that of light in matter,
then the space-time distribution of the excited atoms is
such that there exists a direction of coherent emission
of the excited atoms. For this direction it is the ampli-
tudes that are summed, and not the probabilities of emis-
sion of individual atoms. If the particle velocity is
lower than that of light in the medium, then there are
simply no directions of coherent emission, and the
emission process proceeds incoherently and independ-
ently for each atom.

If the matter excited by the pé.rticle is acted upon by
an electromagnetic field, then the field changes the
space-time distribution of the atom excitations. De-
pending on the property of the external field, the exist-
ing coherent-emission directions can change, and new
such directions can arise.

We note that the presence of an external field can
lead also to an appreciable increase of the coherent-
emission intensity in comparison with the Cerenkov
radiation. This is possible because only a small frac-
tion of the excitation energy goes to Cerenkov radiation.

The action of an electromagnetic wave on an excited
atom can be reduced to the absorption of quanta of the
wave. This enables us to consider the kinematics of
coherent emission in the field of the wave. Assume that
the particle excites an atom and that the particle mo-
mentum is changed thereby from p to p - q, after
which quanta with momenta k; and kz are absorbed
from the field and a quantum with momentum k is co-
herently emitted. Coherent participation of the atoms
of the medium in such a process is ensured by the fact
that the entire process leaves the atom in the same
state as prior to interaction with the particle. In this
case the energy and momentum transferred to the atom
should be equal to zero:

q+k +k =k,
. . (1.1)
P+ m)" — ((p—q)2+m)"+ o+ o =0
Eliminating q from (1.1) we obtain a condition relating
the emission direction of the quantum Kk with its fre-
quency and with the field characteristics:

k(p+k +k)
o(E+ o+ o) 1.2)
2F (0, + 02) — 2p (k; + ko) + (0, + 0,)* — (ki + k) * + 0 — k*

20 (E + 0, + 02)
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In the optical frequency range we can neglect w/E,
w,/E, and w»/E, and obtain for the quantum emission
angle ¢ the condition

cos & =— (1.3)
vre ®

When the frequencies of the absorbed quanta vanish,

Eq. (1.3) goes over into the known formula for the

Cerenkov-radiation emission anglem. Relations (1.2)

and (1.3) can be used to measure the energy of the fast

particles(?,

1 (1_m,+mz—k,v—k3V)

2. MACROSCOPIC ANALYSIS OF COHERENT
EMISSION IN THE FIELD OF A WAVE

In the case of coherent emission in the field of a
wave, the medium is acted upon by two fields, the field
Eq(r, t) of the exciting wave and the particle field. The
effect considered is therefore the result of a nonlinear
interaction of the fields in the medium.

Effects of this kind are treated in nonlinear op-
tics(®™®! by methods of nonlinear macroscopic electro-
dynamics. The nonlinear properties of the medium are
described in this case phenomenologically, by introduc-
ing nonlinear susceptibilities of various orders. For
fields that are not too strong, the dependence of the
nonlinear polarization of the medium on the total field
Et(r, t) in a homogeneous, isotropic, and stationary
medium is given by

NL —_ ’ ’r v 1 t N
PN (r, o) J'dm jdm (o, 00" )E!(Fo—a) @.1)
XE{(r, 0 —o)E{(r,0"),
where x(w, w’, w") is the nonlinear susceptibility of
third order (the values of x for a number of substances
were measured inl®"!). We choose now the exciting
field Eo(r, t) in the form
Eo(r, t) = e{Eu cos (kg — @i + @) + Ezcos (kv — 0st + @2)},

S (2.2)
where e is a unit vector in the field direction, and (

represent the total field as a sum of Ey(r, t) and the
remainder E(r,t) -

E(r, t) = Eq(r, 1) +E(r, 1)

E(r, t) includes the particle field as well as the coher-
ent-emission field resulting from the interaction. If

we consider a frequency range that does not coincide
with the frequencies of the exciting field (2.2), then the
linear part of the polarization of matter in this region
is determined only by the field E(r, t), and is accounted
for by introducing the usual linear dielectric constant
€o(w) of the medium. The field Eq(r, t) produces in
this frequency region the additional polarization (2.1).
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Let E, > E, so that we can confine ourselves in (2.1)
to the terms linear in E. The induction then remains
linear in E regardless of the presence of the field E,,
We can therefore assume that in the considered approx-
imation the action of the wave field Eo(r, t) reduces to
a certain change in the dielectric properties of the
medium. It is easy to obtain from (2.1) and (2.2) an
expression for the electric induction

Di(r, 0) = euk;{r, @) (2.3)
+ 2 ZQ«;(m, a, B, & n) exp {ifkar — inkyr} Es(r, 0 — Ewa + n0p) 5

a,p=1,2 §n=2x1

we have used here the notation

x=2n Z Z‘ Eow’x (0, 0 — E0q, 0),

a=12 §=x1 (2 .4)
e;; =08, T xeie; = (8o + ax) 8i; + neie;,
Qu(o, @, B, & n) =n(1 — 8asbin) (85 + 2eie5)
X EwEopy (0, © — E®ay © — E@a + Np) exp {iE@a — ings}.
It follows from (2.3) that the wave field Eo(r, t) makes
the medium anisotropic, inhomogeneous, and nonsta-
tionary.

For the Fourier component of the field

E(k, 0)=(2n) ’“I d’re=™*"E(r, 0)

Maxwell’s equations lead to
(k85— kike; — 0%e:5) E;(k, 0) = 4niewvd (0 — kv) (2n)—° @.5)
+ o’ Qi(w, @, 8, & 1) E;(k — Eka + nky, © — Eoa + n0p).
ap=12 En==x1
It is convenient to introduce an auxiliary quantity
EX(k, w), which is the solution of (2.5)as Q — 0, i.e.,
the self-field of a charge moving with velocity v in a
medium with dielectric constant (2.4): »
4nied (o0 —kv)
EQ(k, 0) = ES (k)8 (0 — kv) = e n® — TV 97y -3
(k, @) (k)8 (0 —kv) " —oe)e (2) @.6)
: — 2 2 —
>({mv‘__lle(k'(ke) ew’e) ((ke) —(ve) we)
e k*+(ek)n/e —0*(e +x)
Using (2.6), we can rewrite (2.5) in the form

Ei(k,0)=E?’k, 0)
(2.7)
X 2 2 0., (k, ©, &, By & ) E. (k — Eks + ks, 0 — Eoa + M0p).

«,p=12 § ne=cxti
Equation (2.7) can be solved by successive approxi-

mations, using the smallness of the ratio of the external
exciting field to the internal one, i.e., the smallness of
the quantity

0u e, @, B, & 1) = Q0,4 B, 8, ) (8 — o) = { 8,

_ kik;(k* — 0*(e + %)) — o*xeee; + @*x (ek) (ek; + ejk;) }

e[k*+ (ek)*n/e — 0*(e + %) ]

In the zeroth order we can neglect ®jg in the right-hand
side of (2.7), and then the solution (2.7) coincides with

(2.6). In first order, we replace Eg by Eg in the right-
hand side of (2.7):

E® (k, 0)=E (k o)

+ Z. Y 0utk 0,0 8,8 n)ES (k — Eka + mks, © — §oa + nay).

@p=1,2F n=zxtl

The first-approximation solution (2.8) is a sum of
terms, each of which can be conveniently investigated
independently. By way of example we give the most in-
teresting terms with £ =-n =1, a=1, §=2,and a
=2, B =1, corresponding to absorption of two different
quanta of the exciting field. We confine ourselves to
media in which no Cerenkov radiation occurs, i.e., the
zeroth-approximation solution (2.6) does not contain an
emission field, and consequently E{(k, w) has no poles
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on the real axis. The first-order emission field is then
determined by the poles of the quantity

ik, 0) = 0y(k, 0, 1, 2, 1,— 1) + 0ii(k, 0, 2, 1, 1, —1). '

Taking into account the presence of infinitesimally
small absorption in the medium, we can determine the
field at large distances from the known asymptotic
formula

JEOS () o)

P—k—10 R R
which is valid when kR > 1.

The anisotropy of the properties of the medium, in an
external field leads to the existance of ordinary and
extraordinary waves, as in uniaxial crystals. The field
of the coherent emission of the ordinary waves can be
obtained in the form

EOYR, 0) = 2nt0? explinVe R} (6

ij

nin;+ e;e;— (en) (em; +.em:) )
1 —(ne)?
X Qis(0)E,* (k—k; — k;) 6 (0 — @y — @, — vk + vk, + vk.) ;
Qi(0) =Qu(0, 1, 2,1, —1) + Qu(w, 2, 1, 1, —1), k= noVe,
(2.10)
n = R/R is a unit vector of direction to the observation
point. The field of the coherent-emission of frequency
w is given by the expression

(2.11)

cosﬁ=——_(1— m,+mz—vk,—vkz)

@ 1
which coincides with formula (1.2), which was obtained
from kinematic considerations.
The field of coherent emission of extraordinary
waves can be obtained in the form
expliRw[e + x — % (ne)?]"} 1 —(ne)*(x/e + %)
RYe[e + % — x(ne)?]" 1 —(ne)?
x{g:9;(eq)* (e + %) *+ eeie; — (eq) (e + %) (e:q; + €,90) } Qu ()
XES (qoVe+x—k —k)8(0— 0 — @, —(qv) 0 Ve + x + vk, + vk,),

2.12)

EXR, 0) = 2n%0?

where
(2.13)

q=(n—e(en)aj_”) (1—(en)ze:u) —l/l'

The coherent emission of extraordinary waves of fre-
quency w can be registered in an observation point
situated in a direction determined from the condition
n(v—e(ev)u/(e+u))= 1 (1_m,+m,—vkl—vkz)
[1—(ne)*x/(e+%)1" Te+x ®

: (2.14)
Formula (2.14) differ significantly from the kinematic
formula (12) in which no account is taken of the aniso-
tropy of the medium in the field. At small /€, how-
ever, the difference between the ordinary and extra-
ordinary waves is small, and in the limits as « — 0
expressions (2.14) and (2.11) coincide. If we neglect the
ratio /€, then the coherent-emission field is given by

exp(ml);’e R} (65— 11) QO (@)
(2.15)
XE,(k—k, —k;) 6 (0 — @y — 02 — vk + vk, + vk,),
and the emission direction is the same as for the ordi-
nary waves.

E(R, 0)=2n*0®

The energy radiated by coherent emission into a
solid angle d2 in the direction n and in the frequency
interval dw after a long interaction time T can be
easily obtained from (2.10), (2.12), or (2.15). For ex-
ample, the ordinary waves carry away an energy

d& — o* do dQ Tznﬂv_e{ E0 (k—ki — k) B0 (k — k, — ks) -
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. nn;+ e.e;—(en) (en; + en,)
xQu(@) Q.7 (@) [8— ey 1}
X8(0 — 0y — 0: —kv+k,v+k,yv).
(2.16)
In the limiting case k « €, the difference between the
ordinary and extraordinary waves vanishes, and the
energy carried away is

d& = 6'dodQT 27 Ve (E” (k —k, — k) E (k — ki — k) -
X Qei(0) Qs (@) (85 — i) }6 (0 — 0y — 02 — kv + kv + k,v). (2.17)

3. COHERENT EMISSION IN A RESONANT
EXTERNAL FIELD

The exciting fields alters the populations of the
atomic levels more strongly if its frequency coincides
with the transition frequency of the bound electron in
the atom.

In order that the external field produce weak excita-
tion of the atoms in the absence of the particle, it is
convenient to choose field frequencies that resonate not
with the transitions from the ground state, but with
transitions between two excited states. The field then
strongly redistributes the populations of the atoms al-
ready excited by the particle, but has little effect on the
unexcited atoms. We therefore choose the external field
in the form (2.2), and the frequencies are equal to

0)|=E2—E1+81=(021+81, w:=E;—E;+e;: =05t e,
(e: < @i);

here E3 > E; > E, are the energies of the excited states
of the atoms.

The absence of sufficiently detailed experimental
data on the behavior of the nonlinear susceptibility
x(w, w’, w") at resonant frequencies makes it impos-
sible to estimate the effect at present. We therefore
estimate theoretically the effect in the resonant case by
using a microscopic treatment and expressing the
quantity Qij(w), which enters directly in the final re-
sult, in terms of the microscopic characteristics of the
medium and the linear dielectric constant.

We obtain the nonlinear part of the polarization of
the medium

PY(k, @)= (2m)~? j dr e~ P (r, w),

part of which is Qjj(w)Ej(k - ki = kz, @ — w1 = w2).

If we introduce the dipole moment induced by the
field in an atom located at the point R:

d(R, t)=j' d’kj do d(k, 0) exp{ikR — iot},

then the nonlinear polarization can be connected with
the linear part d, following!*®!

P (k, 0) =ntd* (k, o),

where the coefficient {, which takes into account the
deviation of the field acting on the atom from the mean
value, is given by!*"!

&

t=[]e(eot0d +2)
and is the cause of the unusually large polarizability of
a medium with large refractive index. The nonlinear
part of the induced dipole moment can be expressed in
terms of the coefficients cg(R, t) of the expansion of
the wave function of the atom in the field in terms of the
states of the isolated atom:
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A" (k, ) = 2 {doic (K, © — 0u0) + o™ (= k, — 0 + 0.0)),

¢, (k, @) =(2x)* Id“R jdt ¢, (R, t)expliot —ikR}, 8.1)
where account is taken of the fact that the excitation of
the atoms is weak, cg << co~ 1.

As is well known, in a long wave field the equation
for cs(R, t) is

i.%?’t) [ Z d. E(R,t)c, (R, t)exp {im.t}.

(3.2)
In the solution of (3.2) we shall assume that the transi-
tions 3 — 2 and 2 - 1 are due only to the resonant com-
ponents of the fields, the transitions 0 — 2 are forbidden,
and the higher levels E, (n = 4) have little effect on
the populations of the levels E,, E, and Es;, When the
resonant field acts on the excited levels, it is assumed
that the field has time to transfer an electron from one
level to the other during the lifetime of the excited
state. The transfer frequency should therefore be
larger than the width of each level:

|V“| > Y1y Y2,
(Vzl = 1/2d21E0h

[V > s, 12

Veo=— ’/zdsonz) . (3.3)

Taking the foregoing into account, we can obtain from
(3.2)a system of equations for cs(k, w), cxAk, w) and
ci(k, w):
mc;(k, 0)) = VszCz(k — kz, o — 82) + Uw(k, (l)),
wcs(k, ©) = Vaci(k — ki, 0 — &1) + Vases(k + ko, 0 +¢5), (3.4)
wci(k, ©) =Vayce(k+ ki, 0 + &) + Un(k, o),
where

Un(k, ©) =—da.E(k, 0)

under the assumption that the atom is excited from the
ground state only by the particle field.

The finite energy widths of the excited levels can be
taken into account by replacing wcg with (w +i¥g)cg
in the left-hand sides of (3.4). Neglecting the level
width, we readily obtain

s (k, @) = — Uso (k, @) +
[0

(3.5)
(0 — &y — &) |V32|2U30(k. U‘)+(1)V32V21Uw(k—kl — k0 —gy — €2)

o[ —&2) (0 — &2 — 81 — 0| Vay |2+ (0 — & — €2) | V32 |?]

At frequencies close to wso,

|o — 0| € o,

the dipole moment induced in the atom differs from that
induced in the atom in the absence of an external field
by an amount

d¥E(k, @) = dosesVE (k, © — @30) @3 .6)
do3V32Vay (dwE (k - kl —_ kz, ©— 0y — lﬂz))
(0—w30) (0 —W30—E2) (W —W30—E1—E2) — | Vay | 2 (0—m30) ‘l V32|z(b)—m30‘51—€z)

A significant difference between the resonant case
and the nonresonant case considered in the preceding
section is the nonlinear dependence of the polarization
on the amplitude of the external exciting field, which is
more complicated than in (2.1). It is therefore conven-
ient to calculate not the nonlinear polarizability x, but
directly the quantity Qjj(w) which enters in the expres-
sion (2.3) for the induction and in the final results (2.10)
—(2.17). All the results of the preceding section, ex-
cept (2.1) and the definition of Qjj (w, @, B, £ 1) in (2.4),
remain in force.

Recognizing that the wave function is spherically
symmetrical in the ground state, / =0, m = 0, we as-
sume that the excited state 2 also has 7/ =0 and m = 0.
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If the direction of the z axis is chosen along the ex- coherent emission in a field and in the case of Cerenkov

ternal field E,, then the external field causes resonant radiation is, generally speaking,
transitions between state 2 and states 1 and 3, in which & () (228 4.3)
1=1 and m = 0. It follows therefore that aEc nara) (—A—o—f) ’ ‘
Qii(w) (3.7)  where rat is of the order of the atomic dimension and
_ ! nobEoiEordosdsadadio Aw is the largest of the quantities w - wasg, w32 - w,
36 (@—myg (m—n30—F2) ("‘“(";o".é;:éz)-_l‘72‘1"‘2((0_030)*‘VJle(“‘_‘»‘-‘i’“_e*v_bez) Wz = Wy, G, 70, 72, and 7 s.

where djf is the matrix element of the quantity er in It follows therefore in particular, that even in a gas
terms of the radial wave functions of the states i and (no ~ 10" cm™®) the intensity of the coherent emission
f, in a field is of the same order as the intensity of

Vol = — 1V_ duEo, Vil=— 1_ dyuEon. Cerenkov radiation in a dense medium (€ — 1 ~ 1) if

2 273

the wavelength of the exciting field in the visible region
If the frequency of the exciting field coincide exactly differs from the wavelength of the radiation emitted by
with the transition frequencies, it is necessary to take the atom by not more than 100 A. A decrease in the
into account the finite energy width of the excited levels deviation from the resonance of the exciting field or an
of the atom. Allowance for the width yields in this case increase of the density of the medium increase the in-
dys dso oy dio tensity of the coherent emission in a field, so that the
(@ —0n—i0G’ latter can exceed the intensity of the Cerenkov radia-
(3.8) tion. The published data'®*°! indicate that there are
possibilities of having a set of frequencies of excited

1
Qi(o)= % ewnobEo Eo,

G= ((1)— (I)sn)z_ |V21°|2—‘ |Vsz°|z= ('(I)—' m“)z___gz'

PG = (0 — @u)* (1 + Y2+ 12) — 1| Var'|* = 1 V" coherent radiation such as to ensure a coherent-emis-
Consequently, when €; = €; = 0 the energy width must sion frequency larger than the Cerenkov radiation in-
be taken into account in the narrow frequency region tensity in a medium with € - 1 ~ 1. A detailed analysis
w=-w3p~ T, w-w;xpxt ~T. of the variants of the optimal choice of the working

medium and of the exciting-field sources will be carried

4. INTENSITY OF COHERENT EMISSION IN THE Ot separately.

RESONANT CASE In conclusion, I take the pleasant opportunity to thank
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Substituting the value (3.7) of Qj in (2.17), we can & ! g
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the direction n into a solid angle d2 and in the fre-
quency interval dw, assuming that the external field
gives rise to small anisotropy, k < €g:
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