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The binding energy of all known vibrational levels of the hydrogen mesic molecules ppp, ddp,
ttp, pdp, ptp, and dtp are calculated. A new vibrational level v = 1 with a low binding energy
€ = 0.7 eV is found for the d d pu-mesic molecule in the state with an angular momentum L = 1.
First-order adiabatic corrections to the nuclear motion are taken into account in the calculations.

INTRODUCTION

The calculation of the binding energies of the mesic
molecules has been the subject of quite a large number
of papers which can be divided into two groups: varia-
tionalt') and adiabatict?’ computations. Variational
calculations are apparently preferable when computing
the binding energies of the ground state of mesic mole-
cules, but they become unduly complicated when we go
over to the excited states. The advantages of the adia-
batic calculations lie in their clearness and in the
uniformity of the computations both in the case of the
ground state and in the case of the excited states.

The most recent adiabatic calculations of the binding
energies of mesic molecules were performed in the
period 1960—1962 and the adiabatic corrections for the
motion of the nuclei were in these calculations either not
taken into consideration at all, or they were only ap-
proximately allowed for. The necessary corrections
have been accurately computed in a number of papers[s"’]
in the past years, and this allows us to return to the
formulated problem at a new level. In the present paper
we find the energies of all the known vibrational states of
the mesic molecules of the hydrogen isotopes: ppu, ddu,
ttu, pdu, ptye, and dtp, with exact allowance for the first-
order adiabatic corrections. In the course of these cal-
culations we discover in the system ddu a new state with
a very low binding energy (¢ ~ 0.7 eV). These results
are obtained with the aid of the new algorithm of solving
eigenvalue problems that ha.s been described in a previ-
ous paper by the authors'®

FORMULATION OF THE PROBLEM

The energy levels E of the mesic molecules can be
found with allowance for the first-order adiabatic cor-
rections from the system.of equationst?"® '
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The matrix elements of the operators of the nuclear mo-
tion
K (R)= [ drgu(r; R) (— Ax)gu (5 R),
N (2)
Qe (R) =2 [ dr u(; R) (= Va)gu (x; B)
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are taken between the wave functions of the two-nucleus
problem, Pg (r; R) and <pu(r R) being the symmetric and
antlsymmetrlc solutions of the problem, while E g(R) and

(R) are the terms which correspond to these solu-
tlons[ J and which go over, as R — «_ into the level 1so
of the isolated hydrogen atom. Equations (1) have been
written in a system of units in whiche =h =m =1,
where

i=m(—+ MM+ M,)*

M M, ﬁ) MMM, M, M)

@)

M3 is the mass of the .~ meson; M is the reduced mass
of the nuclei in units of m; M, and M; are the nuclear
masses of the hydrogen isotopes. We shall assume, with-
out loss of generality, that M; = M..

For R — «, when the three-particle system breaks up
into a mesic atom and a nucleus, the internal states of
the mesic atoms with the nuclei M, and M: are respec-
tively described by the wave functionst?-

o= (9 — @u) /st @2 = (@s+ @u) /Y2.

(4)

The transformation (4) generates a similar transforma-
tion of the functions x and x 0’ which describe the rela-

tive motion of the nuclei, and the correspondmg trans-

formation of the matrix elements (2 )E‘s Taking into
account the equalities™*
Ko (R) = Hoo(R)+ 2Q4.(R) +d0.u (R)

R dR ’
Hpu(R) = Huy(R)= [ drVaqe(r; R) Vagu (53 R),

Qu(R) =—Qu(R), Qu(R) =Quu(R)=0

we can reduce the transformation (4) to the following
system of equations for the functions x, and x2:

X" —2M[e:+ Vi(R) — Vi() I = Vy(R)ys + ZQ:';‘(R)X;',, (6)

where €; = Vj(~)— E is the mesic-molecule binding en-
ergy reckoned from the value Vj (»), while the effective
potentials are determined by the following relations (the
upper and lower signs correspond to the values i =1 and
i=2):

LL@ty 1
ViR)=— R W [E’.(R)+E (R)]:FWHN(R))

Vi(R)=M[E(R)— E.(R) ]+ —= de:(R) ,

i 1
E,(R)=E,(R)+WH,,(R), E..(R)=Eu(R)+27HW(R),

Qu(R) = Qlu(R) =—Qu (R)
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The structure of the matrix elements have the follow-
ing form:

Hap(R)=Ha (R)+ xHo" (R)+%Ha' (R), ®)

w=(M.—M,)/ (M.+M,).
In the symmetric case of equal nuclear charges
HY (R =HS (R =H R)=8) B)=0 ®)=0,  (9)

while for the remaining matrix elements the asymptotic
relations

H ()= Hyg () = Bl () =
B ()= Hi (®)=E(2)=Eu(2)=—"/

are valid (the last equality is valid only for the ground

state).

—'/:Eu(),
(10)

Hul ()= —"Eg()=

The guantmes (7) and (8), which were computed
earlier , are shown in Fig. 1. The values of V; (=)
are equal to the energies of the corresponding mesic
atoms in the adlabatlc apgroximation Using the results
of the investigations'*’®®) we can verify that

Vi(o) = —Yo[1— (x £ 1)*/4M] (11)

and that it coincides with the true energy of the isolated
mesic atoms up to terms of order Ms/Mi inclusively.
Indeed, by taking into account the equalities (7)—(10) and
going over to the mesoatomic units e =h =M;s; =1, we
obtain

V«(W)=—%[1—%(nii)’ ———[1———+0(M‘-’)],

RESULTS OF THE COMPUTATIONS

In Tables I and II we present the results of the compu-
tations of the binding energies €,y of the mesic hydro-
gen molecules for all their possible vibrational quantum
states v associated with a given orbital angular momen-
tum L. The values €f,, are given in eV'’. The binding
energies of the mesic molecules with different nuclei
(pdu, pti, and dtp) are reckoned from the ground-state
energy level of the heavier mesic atom (du and tu), i.e
from the value of V(). Accordingly, in Egs. (6), we
should set € = €, and €, = €f,, + Vy(o) — Vp() = €Ly
+k/2M. The results of other investigations have also
been recalculated in accordance with these conditions
and presented in the Tables. For the recalculation, we
used the latest data on the fundamental constants and the
values of the particle masses'' (see Table III).
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FIG. 1. a—Terms of the two-nucleus problem with allowance for the
Coulomb repulsion between the nuclei: W, = 1/R + E (R) is the sym-
metric case and W =1/R+E (R) the antlsymmetrlc case. b,c—Matrix
elements of the nuclear-motmn operators taken between the two-nucleus
problem wave functions and given by the relations (2) and (8).
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. L=0 L=1
Mesic L=2|L=3 Method of
molecule v=0 v=1 =20 v=1| computation
253 [°] - 107,23 [°] | — - — Variational
ppp { 248 —_ 102 — — Present work
324.2 [°] {32.71[°] | 226.55['°] — — — Variational
aap | { 53 329 224 07 836 | — | Present work
36120 |7509] | 28872[°] | — | — | — | Variational
tp { 361 814 288 431 171 | 46.7 Present work

TABLE II. The binding energies €[ ,(eV) of mesic hydrogen mole-
cules with different nuclei

L=0 .
Mesic L =1, L=2 Method of
molecule v =0 ‘ =1 v=120 v=10 computation
2212 [° — — — Variational
pdu { 214 [] - 89.7 — Present work
" { 2128 [°] — — — Variational
pip 206 — 911 — Present work
at { 3184 [°] 329 [°] — — Variational
® 317 317 230 99.3 Present work

Note. The binding energies €] y are given in eV and are reckoned from the ground-
state energy level of the heavier hydrogen isotope, i.e., from the Egy, level for the
molecule pdu and from the Elli level for the molecules ptu and dtu (see Table III).

For the molecule ppu, there are two possible bound
states: L=0,v=0and L =1, v =0, while for the mole-
cule ddu there are five: two (v = 0 and v = 1) in the state
with L =0, two (v =0 and v = 1) in the state with L. = 1,
and one state with the quantum numbers L =2, v = 0.

For the molecule ttu there are six possible quantum
states: two vibrational levels (v = 0 and v = 1) in each of
the states with the orbital angular momenta L = 0 and
L =1 and one level with v = 0 in each of the states with
L=2and L = 3%,

In Table II we present the binding energies of the
molecules with different nuclei: of two pdu and ptu
states with the quantum numbers (L =0, v =0) and
(L =1, v = 0) and of four dtu states: two vibrational
levels (v = 0 and v = 1) in the state with the orbital angu-
lar momentum L = 0 and one level (v = 0) in each of the
states with L =1 and L. = 2. Some of them have been
computed for the first time in the present work.

The computation of the binding energy of the mesic
molecule ddu in the state (L = 1, v = 1) requires special
mention. The existence of this level was assumed by
Belyaev et al. and by Zel’dovich and Gershtein in their
investigations'?) and was recently demonstrated in{*?J.
The computed value €;; = 0.7 eV is in good agreement
with the value that is necessary for the explanation of
the experiments designed to measure the rate of produc-
tion of ddu molecules at different temperaturesl;m . The
potentials

V,(ﬂ)=——%E—[ﬁ—-——(2M;,1) FE(R)
and the energy-level diagram for this case are shown in
Fig. 2 and the plots of the wave functions x  for the
states (L =1,v =0)and (L =1, v =1) are shown in

Fig. 3.

In computing €1,y from (6), we used the terms E_(R)

and E , as well as the corresponding matrix elements
R‘i ng R), etc., obtained with the aid of the algor-

1thm expounded in“’”. Other details and distinctive
features of the calculations can be found in our
paperst®'*],
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TABLEIII. The principal characteristics of the mesic hydrogen atoms.

Nuclear mass in Ground-state Nuclear mass in Ground-state
units of the energy of units of the energy of
electron mass mesic atom electron mass mesic atom

n 206,769 d 3670.398 2663.23
2 | 1836109 2528.52 t 5496.753 2711,27

Notes. The mesoatomic unit of energy €y = 5626.53 eV. The mesoatomic unit of
length a,, =2.55927 X 107" cm. The cited quantities were computed on the
basis of Taylor, Parker, and Landenberg’s and Selinov’s data [!].
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FIG. 2. Effective potentials V;(R) of the nuclear motion of the mesic
molecule ddu in the states with the orbital angular momenta L = 1 and
L = 0. The positive maximum of the potential Vi(R) in the state with
L = 1islocated at the distance R = 11.4. In the units of the problem,
e =h=m = |, the depth of the well D = 0.0824 and the binding-energy
values €, = 0.4099 and €,, = 1.3 X 1074,
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FIG. 3. Wave functions of the vibrational levels v= 0 and v = 1 of the
mesic molecule ddu in the state with the orbital angular momentum
L=1.

ESTIMATE OF THE ACCURACY OF THE
RESULTS

The error in the adiabatic calculations that take into
account the corrections ~Ms/M; for the nuclear motion
is usually assumed to be equal to the ratio (M,/M; ).

It is, in order of magnitude, equal to the error in the de-
termmatlon of the energy reference point V; (=) and, for
the mesic hydrogen molecules, it constltutes 10 "—10'2
of the depth D ~ 500 eV of the effect1ve potentials V;(R).
Comparison with the latest variational calculations con-
firms this conclusion (Tables I and II). In some cases
the accuracy of the computations is slightly higher than
the above-cited upper bound and improves as the ratio
Ms/ M; decreases. On the whole, the comparison carried
out attests to the correctness of the adiabatic calcula-
tions both in the case of the ground state and in the case
of the excited states of the mesic molecules, for which
latter case the corresponding variational calculations
have not yet, for the most part, been carried out.

In conclusion, we note that to raise the accuracy of
the adiabatic calculations, we can use the existing regu-
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lar method"® , which allows us to more accurately de-

termine the potentials V; (R) up to terms of order
(M3/M ¥ inclusively. Th1s method requires, however,
long prehmmary computations of the higher terms of
the two-nucleus problem and the corresponding matrix
elements, and we do not intend to discuss here the de-
tails of its realization. One of the methods by which the
corrections ~ Mg/M can be partially taken into ac-
count is investigated m

We are sincerely grateful to S. S. Gershtein and A. V.
Matveenko for numerous discussions and interest in the
work.

DThe scaling factor 8 for the conversion of the values of €]y in the units
e=h=m= 1 of the problem to its values in eV (ep(eV) = Bey ) is

MM, + M,)
moM, + M, + My) X 27.211652 eV, where m,

m
equaltof = me2Ry =
is the electron mass.

I1n the case of equal masses M, = M,, the quantities Kg (R) = Q (R
=0, and the system (1) breaks up into two independent equatlons The
binding energy €Ly = E (°°) E is then determined from the equation
for the function x Of course, the values of €Ly Can equally well be
found in this casé %rom the system (6).
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