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A closed description of the radiative kinetics of the polarization of charged particles with 
arbitrary spin and magnetic moment is presented, and takes spin-orbit coupling into ac
count. The analYSis is based on an investigation of the dynamics of spin motion in inhomo
geneous fields[8,IOJ. For ultrarelativistic electrons (positrons) the paper combines the 
results of a number of investigations[l-8J and contains some new effects due to spin-orbit 
coupling in an inhomogeneous field. The time constant and degree of equilibrium polar
ization of a beam in storage rings with arbitrary fields are found for nonresonant condi
tions. The method developed in the paper may also be applied when the perturbing elec
tromagnetic field is related to an "external" source. 

1. INTRODUCTION 

The polarizing action of the radiation of ultrarela
tivistic electrons (positrons) in a homogeneous magnetic 
field is well known [1-3J . To explain the real possibilities 
of obtaining polarized beams in accelerators and storage 
rings it is necessary to study the dependence of the de
gree of equilibrium polarization of the beam and the 
time necessary to establish this polarization on the in
homogeneities of the field that controls the motion of the 
particle, and on the particle spin. The change produced 
in the polarization state by radiation in an inhomogene
ous field is a process that is in essence much more 
complicated than in a homogeneous field. The complica
tions are due to the mutual dependence of the spin and 
orbital motions of the particle and in the absence of a 
constant direction of equilibrium polarization. In the 
existing papers on radiative polarization in storage 
rings, even when taken in their aggregate, there is still 
no exhaustive description of the polarization kinetics, 
this they have dealt only with individual aspects of the 
kinetics, examined separately and by different methods. 
Thus, in [4-6J they investigated the effects of depolariza
tion in an inhomogeneous field due to the scattering of 
the particle trajectories by quantum fluctuations of 
synchrotron radiation. When spin resonances are ap
proached, this effect becomes much stronger as a result 
of the increased spin-orbit coupling. 

In [6-8J they obtained the average rate of change of the 
spin vector during radiation-formation times that are 
small in comparison with the characteristic periods of 
the motion in the leading field. An equation of this type 
gives an idea of the "instantaneous" character of the 
process, but to solve the problem of the behavior of the 
polarization over long periods of time in an inhomogene
ous field it must also be supplemented by the equations 
of the orbital motion, with allowance for the spin de
pendence of the radiative deceleration force. Usually the 
relaxation times determined by the radiative processes 
are large in comparison with the characteristic periods 
of motion in the field of the storage ring. Under these 
conditions a consistent approach, which makes it poSSi
ble to take into account all the essential effects, is to 
find the average rate of change and diffusion of the in
tegrals of motion in the external field unl.er the influence 
of the radiation. A nontrivial factor isin this case the 
determination of the quasiclassical stationary states of 
the particle with spin in an inhomogeneous field (of the 
alternating actions and phases in the operator method). 
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A special role is played here by a concept, essentially 
introduced already in [5J, of a moving quantization axis, 
the spin projection on which in the stationary state is a 
quantum number. This physical characteristic makes 
possible a closed and compact description of the kinetics 
of the polarization in inhomogeneous fields. 

In an investigation of the interaction of a particle with 
an electromagnetic field we start, unlike many au-
thors [1-3, 6-8J who used the equations of quantum theory, 
with the classical equations of motion of a charged par
ticle with arbitrary spin and magnetic moment and the 
equations of the radiation field. The quantum description 
is then derived by replacing the classical quantities (the 
spin vector and the field variables) with the correspond
ing operators in accordance with the usual rules. Such 
an approach, for all its lucidity and simpliCity, is at the 
same time fully self-consistent and sufficient to con
sider radiation effects in classical external field, pro
vided, as is usually the case, that the energy of the 
characteristic emitted quanta is low with the energy of 
the particle. 

2. HAMILTONIAN AND 
EQUATIONS OF MOTION 

We derive a Hamiltonian describing the quasiclassical 
motion of a particle with spin s and magnetic moment qs 
(q is the gyromagnetic ratio) in an electromagnetic field. 
There is a known classical Hamiltonian of a particle 
+ radiation system neglecting spin interaction (we put 
throughout c = 1 for the speed of light): 

d(j, = y(P - eA)2 + m' + eA' + d(j"d + etA' - vA), (2.1) 

w~ere ,)f'rad is the Hamiltonian of the free wave field, 
Al (i = 0, 1, 2, 3) is the potential of the external electro
magnetic field E and H, and Ai is the potential of the 
radiation field E, H. The motion of the spin is described 
by the Bargmann-Michel-Telegdi equation for the spin 
vector in the rest system of the particle [8-11J: 

w= ('I~l +q.) [v(E+[vHD]- ~ H,- 1~ H,,, 
(2.2)* 

W pertains to the radiation field (it is expressed in terms 
of E, H just as W is expressed in terms of E, H). Here 
qo =" elm and q' = q - qo is the anomalous part of q, y 
= (1 - v2f1/2, v = 1: is the particle velocity; Iiy 
= (H' V)V/v2, and Htr = H - Hv' 
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From (2.1) and (2.2) we obtain uniquely an expression 
fvI' the Hamiltonian of a particle with spin in a classical 
field, with accuracy linear in the spin1): 

(2,3) 

where 
:J€eXI~ l' (P - eA)' + m' + eA' + Ws (2.4) 

is the Hamiltonian of the particle in an external field, 
and V '" e(A ° - v, A) + W' 8 is the Hamiltonian of the in
teraction with the radiation field. Indeed, only this form 
of the spin dependence leads to Eq, (2.2). 

The Hamiltonian (2.3) determines also the spin de
pendence of the acceleration of the particle in an elec
tromagnetic field 

. d d a a 
p ~ mdi"(V ~ e (E. +[ vH.]) + di {)v (W.s) - a;: w.s. 

The equations of the radiation field (Maxwell's equations) 
can be written in canonical form 

(2.5) 

where ck and ck are the canonical field variables-the 
amplitudes of the plane "!.~ves in the expansion of the 
radiation field potential Al, and {, } are Poisson brac
kets, The quantum generalization of the Hamiltonian and 
of the equations of motion is by replacing the classical 
variables by operators with known commutation rela
tions, 

Inclusion of the particle interaction with the radiation 
in accordance with the scheme employed here is valid if 
the characteristic radiated quanta are soft: ftwrad 
« ym. The error in the obtained results will be of the 
order of nWrad/ym (for an ultrarelativistic particle we 
have wrad ~ y 3 lvl). Under real conditions, this accuracy 
is perfectly satisfactory. 

3. MOTION IN AN EXTERNAL FIELD 

In this paper we confine ourselves to a situation in 
which the distortion of the particle trajectory and of the 
spin under the influence of radiation is small within the 
characteristic periods of motion in an external field, 
Under these conditions, the kinetic process will be de
termined by the average (over the phases of the dynamic 
motion) rate of change and diffusion of the action varia
bles in the external field, and the distribution over the 
phases can be regarded as uniform2 ). 

The action and phase variables of a particle with spin 
can be obtained if one knows the corresponding variables 
I~(P, r) and 4>~(p, r) of the orbital motion, neglecting 
the spin degree of freedom and the motion of the spin on 
the given trajectory. Let E a (p, r, t) be some three 
orthonormal vectors satisfying Eq. (2.2) with w '" ° on a 
trajectory P(t), r(t) which is not perturbed by the spin
orbit coupling: 

~. ~ [W(p(t), r(tm.]. (3.1) 

The orthonormality on the trajectory is preserved by 
virtue of the obvious property of the solutions (3,1): 

d(s.s •. ) / dt ~ o. 
The Hamiltonian (2.4) takes, in terms of the variables 

I~ and 4>~, the form 

(3.2) 

By solving the Hamiltonians of the equation for I~ and 
4>~ by perturbation theory, we obtain the corrected 
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canonical action and phase variables of the orbital mo
tion: 

3 

I' ~ In' - '/2S ~ [5. {Sa, Io'}]' 

, 
oIl' ~ oIl,' - '/,s E [5 •. {s., oIl,'}]. 

(3.3) 

(3.4) 

Formulas (3.3) and (3.4) are easily generalized to an 
arbitrary function of IA and 4>A (of p and r). In particu
lar, for the coordinate° of the particle as a function of the 
time we obtain the expression 

l' a 
rI'(t)~ ro'(1', (ll')+2 s E [5., Jp,"s.] , 

.~, 

where ro( lA, 4>A) corresponds to motion along the aver
age trajectory, and the correction takes the spin modu
lation into account. 

Since the system is conservative3 ), it is easy to find 
also the spin variables of the action and the phases. 
With the aid of (3.3) we can rewrite the Hamiltonian (3.2) 
in the form 

:J€", ~ :J€,~, (1') + Os, (3.5) 

The vector n and its direction n '" n/n satisfy obviously 
Eq. (3.1). Since a.Rext /at '" 0, alA/at", 0, it follows that 
n is a function of only p and r and does not depend ex
pliCitly on the time, while n can depend only on IA and 
has the meaning of the frequency of the spin precession 
about n. 

It is easy to find two other solutions of (3_1), '11 and 
'Ii? (11n '" 0, na11/at '" 0), that are orthogonal to n (and to 
each other): 

1)(p, r, t) "" 1), + i1), ~ [I,(p, r) + il,(p, r) ]e-IOI "" Ie-1°'. 

In the basis (11, 12 , n) the general solution for the spin 
8(t) is 

S(I) ~snn + Re s"le- ,ol = snn + )'s' - sn' Re Ie-io, 

Sn "" sn ~ const, s, "" 81)' ~ const; ~ = Q. 

Thus, the projection S • n(p, r) and the phase iJi of the 
spin precession about n (reckoned from 11) are the spin 
variables of the action and of the phase. The direction n 
plays the role of the quantization axis. In stationary 
states, IA and SIl are quantum numbers (in this case 
formula (3.5) defines the energy). 

In the simplest case of motion in a homogeneous mag
netic field, as can be easily verified, we have 

n -+ n(p) ~ H, / Ii" H, ~ yH'e + H.. (3.6) 

The vector n becomes indeterminate only at the reso
nance points n '" mA if, when n coincides with a whole
number combination of frequencies of the orbital motion 
nA '" a.;f'ext/OIA. We shall show that if n "mAnA the 
solution n is unique, i.e., it does not depend on the choice 
of ~ 0" Let n' be a vector obtained in formula (3.5) in a 
basis ~ ~ " ~ 0" Then for C '" 71 ' • n we obtain the equation 

!!!....=-iQC at ' 

Since C should be a periodic function of the constant 
phases 4>~ - nAt, it follows that if n " mAnA the last 
equation has the unique solution C '" 0, i.e., n '" n'. At 
n '" m A n A any solution of (3.1) does not depend explicitly 
on the time. 

This representation of the spin motion was used 
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earlier in[5J (without a rigorous justification), where 
explicit expressions for n(p, r) were constructed for 
various specific situations. 

4. POLARIZATION KINETICS 

In a storage ring the particles move with small devia
tions along an equilibrium closed orbit on which n is 
periodiC in the generalized particle azimuth 8 [10J : 
n - n(ps, rs) = ns (8) = ns(8 + 21T). In the nonresonant 
situation the scatter of n is also small: In - nsl « 1. 
The average polarization of the particles at a given 
azimuth 8, owing to phase mixing, is directed along 
ns(8): (S)8 = (sn)ns (8). The radiation causes (sn) to 
vary slowly and approach a certain equilibrium value. 
Let us obtain the average rate of this change. From the 
definition of sn we obtain an expression for the instan
taneous velocity sn: 

s.= [wsln+s(Wlop)n"" [rosln",,-1mroT]s", (4.1) 

ro = w - [ n, (f 0: ) n ] 

= [vfl (t.+_1_) -~H"-~li,-[n,(f~) n], 
m qo 1 + 1 1 l' iJp (4.2) 

where f = e(:E + v x H). The term w in (4.2) corresponds 
to the direct action of the radiation field on the spin, and 
the second, due to the spin-orbit coupling in the leading 
field, decreases the perturbation of the particle trajec
tory. 

We begin with a classical treatment of the effect of 
the radiation. To obtain sn it is then necessary to sub
stitute in w the radiation field induced by the particle 
motion and then average w'" over the phases of the un
perturbed motion. It is then obviously necessary to take 
into account in w only the part of the radiation field 
which is modulated by the spin frequency n. 

Using the Poisson bracket formalism, we can write 
down the expression for wcl as a function of the induced 
solutions of the field equations (2.5) in the form 

(4.3) 

where the Poisson brackets affect only the field variables 
ck and ck, and the integral is taken over the unperturbed 
particle and spin trajectory. The spin modulation of the 
radiation is caused by the part of the action Hamiltonian 
VI}; which depends on the precession phase i{! (in terms 
of the variables of the actions and the phases). Instead 
of a direct transformation of V in accordance with form
ulas (3.3) and (3.4), we can resort to a more brilliant de
vice, which is analogous to that used to obtain the Hamil
tonian (2.3). Equation (4.1) in canonical form is equiva
lent to sn = {V, sn}. Since the components S· n, S .11, and 
S • ~ satisfy (in the linear approximation in the spin) the 
usual commutation relations ({so" s{3} = EO'y{3Sy)' Eq. 
(4.1) determines Vi{! uniquely: Vi{! = W' s. Substituting 
(4.3) in (4.1) and averaging over the time t, we obtain 

(4.4) 

With the spin -orbit coupling taken into account, the 
radiation field can thus act on the polarization not only 
directly, but also via the trajectory, perturbing the quan
tization axis. In turn, the spin dependence of the radia-
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tion field consists of the spin part of the radiation field 
of a particle moving along the average trajectory not 
modulated by the spin motion, and the field of the radia
tion of the charge on the modulated trajectory (this field 
is obtained neglecting the spin). Solving (4.4), we obtain 
the variation of the degree of polarization !; == sn /s with 
time: 

~, = [ ~o + th ( a; st ) ] / [ 1 + ~o th ( :- st) ] • 

As should be the case, in the classical theory the radia
tion leads to total polarization (along ns) within a time 
on the order (la_ls/hrl. 

In quantum theory, in addition to the radiation field 
induced by the particle motion, there is produced a 
"fluctuating" free field (field in the state of photon 
vacuum), which leads at 0'_ = 0 to complete depolariza
tion. Since the average value of the field in the vacuum 
state is equal to zero, its average action appears only in 
second order in the interaction: 

, 
(Sn)/l = - <0 I 1m (ffiT]), ~ (8~)" dt' I 0) (4.5) 

(the correction to the frequency n can be neglected). 
Here (01 ... 10) denotes averaging over the state of the 
photon vacuum; the averaging over the quantum state of 
the particle, in view of the classical character of the 
orbital motion, reduces to replacement of W'f/ as func
tion of the operators Pt and rt by the classical expres
sion. 

The term (sn)f thus describes the influence exerted 
on the polarization by the quantum fluctuations of the 
radiation. In the radiation act, simultaneous changes 
take place in the direction of the spin and of the quan
tization axis. Formula (4.5) takes into account also the 
correlation of these effects. The average rate of change 
of sn under the influence of the stimulated part of the 
wave field is obviously of the form (4.4), and the coeffi
cient ajh, by virtue of the linearity of Maxwell's equa
tion, coincides with the classical value. We thus obtain 
ultimately 

(4.6) 

(4.7) 

The brackets [, ]+ denote here the anticommutator and 
the commutator. -Equation (4.6) was obtained under the 
assumption of a relatively small radiation-induced 
change of the integrals of the spin-orbit motion within 
the characteristic times of the dynamic motion4 ) 

IQ-mS"l'1 »T,-', 

where T r are the times of relaxation (T? are of the 
order of the decrements of radiative damping) over the 
spin and orbital degrees of freedom: 

T ,_' - (i'),.d / 1 - l'ro / R' 

(ro = e2/m, and R is the radius of curvature of the parti
cle trajectory). 

We note that in the derivation of (4.6) we actually did 
not use the particular nature of the perturbing electro
magnetic field. Therefore (4.6) can be used to describe 
the action exerted on the polarization by any classical 
source of the stochastic field (for example, the residual 
gas, various types of noise in the storage ring). The 
brackets (01 ... 10) then denote averaging over the source 
state unperturbed by the particle. 
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It is easy to establish the quantum-mechanical mean
ing of the constant coefficients a±, by comparing (4.6) 
with the elementary balance equation for the occupation 
numbers in the case of spin 1/2: the coefficients a± are 
the sum and difference of the flip probabilities per unit 
time, PI == P1/2, -1/2, PI == P-1/2, 1/2, i.e., a± '" PI ± PI' 
From (4.7) we see that we always have a+ 2: la_I. 

For a particle with spin 1/2, Eq. (4.6) gives a com
plete description of the kinetics of the polarization: 

For a particle with arbitrary spin J(S2 '" fl.2 J(J + 1)) we 
can extract from (4.6) an estimate from the spin relaxa
tion time: 

T- [max (lct-IJ,ct+)]-'. 

The degree of equilibrium polarization can be ob
tained from the following simple considerations. The 
nonzero of the transition probabilities per unit time are 
obviously expressed in terms of the transition probabili
ties for a spin 1/2 

pm. m' - I (ml(Osl m') I', Snlm) = nml m), 
Pm. m-I = (I + m) (I - m + 1) PI> pm-i, m = (I + m) (J - m + 1) PI' 

In the equilibrium state, the probability flux between 
neighboring levels is equal to zero (Nm are the occupa
tion numbers): 

from which we obtain the equilibrium distribution and 
the degree of equilibrium polarization: 

Nm - (PI / PI)m, 

~PI+PI 
2J PI - PI 

Thus, the kinetics of particle polarization with an arbi
trary spin is fully determined by coefficients a .. that do 
not depend on the spin. 

We note that the direction of the equilibrium polariza
tion (parallel or antiparallel to ns) is determined by the 
classical radiation fields (by the sign of a_). At I a_IJ 
» a+, a degree of equilibrium polarization close to unity 
is established within a time la_Jr1. In the opposite case 
(I a_IJ « a+), depolarization takes place within a time 
a:1: 

2 la_I 
I~ .. I""-(/+ 1) --~ 1. 

3 a+ 

In the calculation of the radiative coefficients a± 
'" PI ± P I it is convenient to use the formulas for the 
vacuum mean values of the products of the components 
of the electromagnetic -field potential Ai (see [12J ): 

~,~ 11 g'o 
(OIA'(r' t')A'(rt) 10) = - ' 

, n (t'-t-iO)'-lr'-rl' 
(4.8) 

g" = 0, i '* k; goo = -gil = -g" = -g" = 1. 

The mean values of the products of the field components 
in (4.7) ca2- be obtailled by di.¥erentiating (4.8) 
(H '" curl A, E '" -aA/at - VA'1. 

As is should be, the classical part of Bn, which is 
dissipative in character, is determined by the local 
characteristics of the trajectory of the particle and of 
the spin (the residue at T '" 0): 

ni d' 
a_ =12 d,'" (01 «(01J)'+'I'«(01J·)H/,IO),~o. (4.9) 
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The diffusion term a+sn is of pure quantum origin and, 
generally speaking, is a nonlocal function of the trajec
tory. An expression for a+ in terms of elementary func
tions can be obtained only in several limiting situations. 
In the case of practical importance, that of ultrarela
tivistic motion, when the change of the acceleration is 
relatively small over the length ~ I yv 1-1 in which the 
radiation is formed, the change of the acceleration is 
relatively small, and the integral in a+ is concentrated 
in the region IT I ~ lyvl-1 and it can be calculated by 
using the expansion (see [7, 8J ) 

.,+, "" " + v'C + ",2 / 2 + ~~3 / 6. 

5. RADIATIVE POLARIZATION OF PARTICLES 
WITH ARBITRARY MAGNETIC MOMENTS 
IN A HOMOGENEOUS MAGNETIC FIELD 

The polarization of ultrarelativistic electrons in a 
homogeneous magnetic field was considered in [1-3J. It is 
of physical interest to investigate radiative polarization 
for a particle with an arbitrary value of the anomalous 
magnetic moment. 

At y :;P 1 the radiation, as is well known, is concen
trated in a cone with angle ~ y-1 about the velocity. 
Taking this circumstance into account, expression (4.2) 
can be replaced by the approximate one: 

(0 = q'[ v(E +.[vH))]- ~fl" _!L fl,,, 
1 l' 

Although the gradient an/aPa is different from zero also 
in a homogeneous field (see (3.6)), the corrections that 
must be introduced in C&I because of the gradient are rela
tivistically small. 

In the case of motion across the field we have 

[vV] 
n~=-.-, 

vlvl 
( V v ) ( q,.) 1J= --+i- exp -i-Ivlt • 

Ivl v qo 

From (4.9) we obtain 

ce(x) = -fIQo'1'lvl'(1 + "j,x+ 8x' + "/,,x' + "/,x'+'I,x'), 

where x == q' /qo. The expression for a., after expanding 
the trajectory in powers of T, can be calculated by taking 
the residues at T '" 0 and T '" -imlxl /Ylvlx: 

ct+ = -a_lxi/ x+R, 

h 2 1'1' J' ,[( 11 17 13, ) Ixl R= q "(3 V J e- LI't -1 __ X+_X2+_XJ_X~_ 
o 1 12 12 24 x 

1 (15 41 115, 7)] 
+13 8+ 24 x-Tsx -x'+"4 x' . 

The obtained expressions for the coefficients a± in a 
homogeneous magnetic field are exact if the radiation is 
quasiclassical. We see that the degree of equilibrium 
polarization is determined by the ratio q' /qo and does 
not depend on the energy. Let us discuss the main fea
ture of the radiative polarization as a function of the 
anomalous magnetic moment, confining ourselves to the 
case of spin 1/2. At Iq'l « Iqol we obtain the known re
sult (see [1-3J ): 

51'3 1'1 8 09 T-I=ct+(0)=-nQo'1' v', ~,,(O)=-----=-""-. 2 
8 5Y3 

(the particle is polarized in a direction opposite to 
v x v). Further, the polarization does not vanish in the 
absence of a magnetic moment (q = 0): 

T-'(-1)=nq021'lvl'[~-+-~(t+ ~ )e-iti ] , 
3 24 1'12 

5 5 -i 

~,,(-1)c~[1+-(1+--=)e-{i2] ""0.98 
Hi 1'12 
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, 
(the equilibrium polarization is directed along V x v). 
Here the effect is due to the spin dependence of the 
radiation of the charge (the acceleration of the charged 
particle depend on the proper mechanical angular mo
mentum (spin), even if the magnetic moment is equal to 
zero). 

To the contrary, when Iql ~ iqol the particles are 
fully polarized under the influence of the radiation of the 
magnetic moment: 

~ .. = _...i.-. 
Iql 

The non-inertial character of the particle motion is in
essential here, and the last result could have been ob
tained by recalculating the spin-flip probability per unit 
time from the rest system of the particle [13J : 

p=+p,=+(: lilql'H,')=cx+. 

At Iql ~ Iqol the effect is determined by superimposing 
the action of the spin part of the charge radiation on the 
magnetic moment. 

When x varies from -00 to + 00, the degree of polariza
tion varies smoothly from + 1 to -1 (Fig. 1), unlike the 
nonrelativistic case (v = 0). The equilibrium degree of 
polarization vanishes at q' ~ -0.4qo. The maximum re
laxation time Tmax ~ 4.8T(0) is reached at q' ~ -0.5qo 
(Fig. 2). 

6. RADIATIVE POLARIZATION OF UL TRA
RELATIVISTIC ELECTRONS 
IN HOMOGENEOUS FIELDS 

In the case of motion in inhomogeneous fields, the 
gradients of n in the longitudinal and transverse direc
tions are generally speaking of the same order. Recog
nizing that fy ~ yftr, we obtain the following expression 
for w: 

ro '" -~H"-~iI,,-qo(Ev) [n~]. 
1 l' al 

In the calculation of the integral with respect to T in 
(4.7), in view of the smallness of the anomalous moment 
of the electron (positron) we can neglect the variation of 
n and ." over the length of formation of the radiation 
ITI ~ lyvl-1 (I~nl, I~"'I «1). Operations that are anal
ogous in all other respects to those of the preceding sec
tion yield 

cx_ = -liqo'l'< Ivl'[ vv] (n -1 an / al) >. 

51'3 1i "(1'1'[ 2 • 11( an)']) cx+ =-8- qo 1 v 1-g (nv) +18 1a:( . 

(6.1) 

(6.2) 

The brackets < ) denote here averaging over the azimuth 
() and over the ensemble of the particles in the beam. 

Thus, within a time QI:1 there is established an equili
brium degree of polarization: 

8 <Ivl'[vv](n-lan/al» 
~,,=--= . (6.3) 

51'3 < Ivl'[ 1 - '/9 (nv)' + "/" (1 an/al) ']) 

Let us discuss the results. In a homogeneous magnetic 
field 

n = [vv]llv"i, ani al = 0; ~" = -8/ 5"3. 

The influence of the inhomogeneity of the '.eading field on 
the polarization process in a storage ring reduces on the 
whole to a deviation of the direction of the equilibrium 
polarization n from the axis V x V and to the appearance 
of effects due to the coupling between the non-equilib-
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FIG. I. FIG. 2. 

FIG. I. Degree of equillibrium polarization for particles with spin 1/2 
in a homogeneous magnetic field as a function of the anomalous moment 
('Y~I). 

FIG. 2. Dependence of the time of establishment of the equilibrium 
polarization of particles with spin 1/2 on the anomalous moment in a 
homogeneous magnetic field (')' ~ 1). 

rium orbital and spin motions. These effects are taken 
into account in (6.1)-(6.3) by the terms containing an/&y; 
the remaining terms describe only the direct action of 
the radiation on the spin. The influence of the deviation 
of n on the equilibrium polarization in an arbitrary in
homogeneous field was investigated in [10J on the basis 
of an expression for the mean averaged rate of change 
of the spin vector as a result of the radiation; this ex
pression was obtained in [8J. The inclination of n, con
sidered separately, can lead only to a decrease of the 
equilibrium degree of polarization. 

The term ~(yan/ay)2 in QI+ describes the depolarizing 
action of the random jumps of the trajectory, which re
sult from quantum fluctuations of synchrotron radiationS), 
an effect considered in [4-6J on the basis of the .. ' 
Bargmann-Michel-Telegdi equation in an external field. 

Finally, the term ~ an/a y in QI_ takes into account the 
perturbation of the quantization axis n(p, r) by the spin 
part of the average ("classical") radiation field. This 
new mechanism whereby radiation acts on the polariza
tion can either decrease or increase the degree of 
polarization. 

A test of (6.3) for its extremum shows that the maxi
mum degree of polarization is attained in an inhomo
geneous field when 

Here 
m.. 8 9 

~ .. =-_-=-"'95%. 
51'3 l'77 

Such a situation can be realized in practice, for example, 
in an azimuthally-symmetrical storage ring, by super
imposing on the orbit an azimuthally-homogeneous longi
tudinal magnetic field. A formula that is a simple unifi
cation of the results of[1-8) (Eq. (6.3) without the term 
~an/ay in QI_) yields at this point the value (;st ~ 70%. 

Let us discuss also the qualitative dependence of the 
degree of polarization on the parameter lyan/ayl.6) In 
practice ~t I yan/ay I « 1 the direction of ns coincides 
with v x V (with the exception of special cases). Then 
{; st differs little from the value in a homogeneous mag
netic field (?;st ~ 92%). If Iyan/ayl ~ 1 and ns 
~ v x V /Ivl, then 

~""'=~[1+~(lvl'(10n)')/ <Ivl')]-" 
5Y3 .18 01 ' 

The direction of ns may differ from V x V when the direc
tion of W varies significantly along the orbit (I~(W/W)I 
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~ 1). In this case it is necessary to use the general ex
pressions (6.2) and (6.3). The quantity I yan/ay I in
creases when the spin resonances are approached. At 
lyon/By I »1 we have 

1«(iln)'d ) a+=~ - -- (~y)' 
2 ily dt ' 

(6.4) 

where 

1 d 55 . 
-- (~y)'=--_-1iqo2y'lvl' 

2 dt 48l'3 

gives the diffusion coefficient y, and depolarization of 
the beam takes place within a time QI~l. An expression 
for the damping decrement of the beam polarization in 
the form (6.4) was obtained in[s]. . 

We take the opportunity to thank A. N. Skrinskil for 
numerous useful discussions during the course of the 
work and D. Y. Pestrikov for help with the numerical 
calculations. 

*[vHl =v X H. 

1) For spin 1/2, the Hamiltonian (2.3) can be obtained from the Dirac 
equation for a particle with an anomalous magnetic moment by 
means of the Foldy-Wouthuysen transfonnation with linear accuracy 
in Planck's constant h 

2) The phase mixing usually takes place rapidly (in comparison with the 
relaxation time), owing to the scatter of the frequencies of the motion. 
In the absence of a scatter, the phase distribution tends to become 
unifonn in the diffusion process. 

3) When the high-frequency field needed to compensate for the radiation 
losses is turned on, the entire fonnalism remains unchanged if one adds 
the phase of the high-frequency field to the variables (p, r). The re
sultant explicit dependence of ~Q on the phase of the high-frequency 
field can in practice be always neglected. 

4) An estimate of the influence of the hannonics for which this condition 
is violated is given in [5]. 

5)We note that for electrons (I q'l « 1 qo I) the correlation of the jumps of 
the spin vector on the quantization axis n during the radiation act 
is relativistically small (there is no tenn linear in lin/li'Y in Q+). 
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6) A fonnula for an/a'Y in an approximation linear in the deviations from 
the equilibrium trajectory is given in [51. It is meaningful to take into 
account [51 terms of higher order in n-ns only near the resonances 
n ~ mAnA, ~AlmAI > I. 
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