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The emission of acoustic waves upon passage of a charged particle through the interface
between two media with different acousto-electrical propesties is considered. The in-
tensity of the phonon radiation is calculated and studied in detail for the case in which the
particle crosses the boundary between a dielectric and a piezodielectric. The intensity of
the ‘“forward’’ and ‘‘backward’’ radiation is investigated as a function of the emission
angle and the charged particle velocity. The radiation is produced at any velocity v;
upon increase in v (v > vg) the phonon intensity decreases as v™*. Phonon transition
radiation can be observed most effectively at low temperatures and when dense particle

clusters cross the boundary.

1. PHYSICS OF THE PHENOMENON. FUNDAMENTAL
EQUATIONS

If there is an effective mechanism of interaction of
the electric field in a crystal with the lattice, then a
charged particle moving in such a medium is accom-
panied by local elastic deformations of the lattice. The
passage of the particle through the interface between
two crystalline media with different elastic and electri-
cal properties leads to the emission of a broad spec-
trum of sound waves. The source of these waves is the
motion of the interface under the action of the electric
field which accompanies the particle. By analogy with
the similar effect in electrodynamics,'»2} we shall call
such a generation of acoustical waves the phonon transi-
tion radiation. Evidently the greatest interest attaches
to the study of this phenomenon in piezoelectric crystals,
in which the interaction of the charged particle with the
lattice is most effective.

The character of the phonon radiation depends on
which physical quantities undergo discontinuities at the
interface. In the simplest case, the boundary arises
from a difference in the elastic properties of the neigh-
boring materials. This means that the crystalline media
on the two sides of the boundary correspond either to
different sound velocity ellipsoids or to identical ellip-
soids that are differently oriented relative to the bound-
ary. However, even in the case in which the elastic
properties are the same, a boundary exists if the media
are characterized by different values of the piezoelec-
tric interaction. For this, they should differ in their
piezoelectric characteristics or in their dielectric
permittivities. In particular, the phonon transition
radiation can arise in the p-n junction in a piezosemi-
conductor. In the general case, the crystals bordering
on each other can have different elastic and piezoelec-
tric properties. One must keep in mind the interesting
fact that the intensity of the phonon transition radiation
generally depends weakly on the nature of the discon-
tinuity at the boundary. It is determined primarily by
the characteristic value of the piezoelectric interaction
in the crystal. The character of the boundary conditions
affects mainly the directivity pattern of the radiation.
The transition radiation of acoustic waves, naturally,
develops in crystals with a different mechanism of
electron-phonon interaction.

We note that similar phonon radiation ought to be ob-
served upon passage of charged particles through the
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interface over the surface of two crystals with different
electro-acoustic properties. It is important to empha-
size that, in contrast with the case of Cerenkov radia-
tion of phonons,“’"’] the transition phonon radiation is
possible at any velocity of the charged particle, includ-
ing values less than the phase velocity of sound.

Let us consider two abutting media, which differ in
their piezoelectric properties: in the first, the piezo-
interaction is lacking, while the second possesses the
piezoelectric effect. Analysis of this special case per-
mits us to explain the features of the phenomenon under
consideration., Let a charged particle pass through the
boundary of a medium z = 0 with constant velocity along
the z direction. The energy losses of the particle per
unit path length will be assumed to be small in compari-
son with its kinetic energy.

We shall suppose the velocity of the particles to be
much less than the velocity of light, so that the electric
field can be assumed to be potential in character.
Poisson’s equation, which describes this electric field
in the piezo-active medium, takes the form
dug
ox;
where €, is the dielectricconstant, gj jkx the piezo-
tensor, ujk the deformation tensor, and u the lattice
displacement vector. This vector satisfies the equation
of elasticity theory with allowance for the piezoeffect:

OE,
dx;

eodivE = 4nBi» (1.1)

+ 4med (r — vt),

*uy Oun
Po=——==— Cijsi —— + Wi

at* dz;

7] ’u.x

Sroa (1.2)

1,1)

Here po is the density of the lattice, cjjk; the elasticity
tensor, and pjjk; the viscosity tensor. The electric

field produced by the moving particles in the piezo-

medium produces a deformation of the lattice, the dis-
placement vector of which u(r, t), is a particular solu-
tion of the inhomogeneous equations (1.1) and (1.2).

We represent u in the form of the Fourier integral

u(r,t)= j Zb“ua(q)e“""”" dq, ©=qv=gq.; (1.3)

Here b% is the vector of the a-th polarization. Then
the Fourier component of the stimulated acoustic oscil-
lation takes the form

efa
= , 1.4
2a(q) 2n%84p0 (— 0F + ¢%062 + iqualy) (1.4)
where
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Vo = (ca/ P“)‘h“ +14’), Ne® = 4nfa’ / cq,
Ba = Bianimabf,  ca = cimmmbb®, m=q/yq,

Vg is the velocity of sound with account of the piezo-
effect, and I'y the viscous damping.

In a non-piezoactive medium, the particle itself will
not excite oscillations of the medium. The only natural
oscillations possible in such a medium satisfy the
homogeneous equation of elasticity theory. The lattice
displacements, which arise in the second medium due
to interaction with the electric field of the particle,
produce motion of the interface, which leads to excita-
tion of characteristic acoustic oscillations in both
media when account is taken of the usual boundary
conditions, namely equality of the displacement vectors
and of the normal stresses. These oscillations can be
represented in the form

Uy (r, 1) = fﬂ:.z(lI)exp {il%p +A.(1,2)z — wt]} dq, (1.5)

where p and k are the components of the vectors r and
q in the (x, y) plane.

The amplitudes
wa(g)= Y (1, 2)ua(1,2)

are determined from the boundary conditions, in which
both the stimulated solution (1.4) and the electric field
E(q) of the particle are taken into account:

u(q) =w(q) +u(q), 0:(1) =0:(2) +ou; (1.6)

here Oiz = 1clzgq1u] Bl,izEl is the elastic stress and
= eq/2n%i€,q°%

In order that (1.5) be the solution of the homogeneous
equations of elasticity theory, the equality

Aa2(1,2) = [0/ va(1,2) I2[1 +iTa(1,2) / 0] — %2 (1.7)
must be satisfied.

The solutions (1.5) must not diverge as z — +%; we
therefore assume Im Ag(1) < 0 and Im Ay(2) > 0. Inas-
much as the sound waves can propagate from the bound-
ary in the direction -z in the first medium and in the
direction +z in the second, one must assume Re 2y(1)
< 0 and Re rg(2) > 0. To simplify the derivation, we
consider media with identical isotropic elasticities and
dielectric properties, in which case the first medium is
a dielectric and the second is a piezoelectric with a
non-zero piezoconstant Bz,zz = B. The latter is similar
in its piezoproperties to a hexagonal piezoelectric, for
which the symmetry axis C is directed along z. In such
a medium, only two acoustic modes will be piezoactive,
with polarization vectors lying on the (z, m) plane: a
longitudinal mode

bu=n=i+,£i, (1.8a)
q q 2
and a transverse one
bi— nn, —z/z =ii_lz_. (1.8b)
1=n2" g% q 2z

Since the elastic properties of the media are the
same, waves will propagate in the first medium from
the oscillating boundary, with the same polarization
vectors (1.8). The elasticity tensor of the isotropic
medium can be written in the usual form:!®!

com = po{/2(v)* — v.2) (8ubn + 8ubs) + v, 28:;0u), (1.9)

where v and v, are the velocities of longitudinal and
transverse waves, and bjj is the Kronecker delta.
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Inasmuch as the polarization vectors lie in the
(z, ) plane, we can rewrite the set of equations (1.6)
in the form

Z (.5 (1) 22 (1) — 5% (2) ua (2) — bu*u,]=0,

(1.10)
2- [6:2(1)ua (1) — b,*(2) ua (2) — b,"u,1=0;
0 (1) = 0e(2) + Gusy 0..(1) = 06.:(2) + 0.4,
e = fpa L0 Z (g:b: + b e, (1.11)
O = ipo Z (b.%q.v,* + b.*nv, 2 u, — %ﬁ:oq- .

a

The values of 0jz(1, 2) are expressed in a fashion
similar to gjz, only the last term in oz5(1, 2) is ab-
sent.

The system (1.10), (1.11) is a system of algebraic
equations relative to the unknown amplitudes ug(1)
and uy(2). It is easy to find their solution with ac-
curacy to within the constant of electromechanical
coupling n(i <« 1, but they have a rather cumbersome
form. Substituting them in (15), we can obtain expres-
sions for the components u, 2(r, t) in explicit form.

We shall be interested in the fraction of energy lost
by the particle to excitation of oscillations of the lattice
within the time of its flight in the medium. For this
purpose, it is necessary to find the Poynting vector
S(r, t) , which can be represented in the form!®!

Si(r, t) = —aa(r, t)dun(r, t) / ot (1.12)

Since the properties of the medium are axially sym-
metric relative to the z direction, we restrict our-
selves to the calculation of the vector S at points in the
(x, z) plane. Then the component S, is equal to zero, inas-
much as the y component of the displacement vector is not
piezoactive in the given case and consequently, no dis-
placement uy(r, t) will be produced by the flight of the
charged particle. Thus there exist only two components
of the Poynting vector, S; and S,, which are easily ex-
pressed in terms of the displacement vector.

For further calculations, it is convenient to repre-
sent the vector S in the form of two projections: on the
direction of observation R and on the direction of the
vector P perpendicular to R:

Sp=2S8:c080+ S.sin0, Sr=3S.cos0 —S,sin0, (1.13)

here 0 is the angle between the vectors R and z, where
z is the distance from the origin of the coordinates (the
point of intersection of the particles with the boundary
of the two media) to the point of observation. The
amount of transition radiation emitted in the direction
R in the solid angle dQ = sin 6§ d6d ¢ during the entire
time of flight of the particle is

aw." (R)
aQ

=R’j dt Sx (R, 1). (1.14)

—o

In the direction transverse to the angle of viewing, the
flux of the Poynting vector through a unit area ds dur-
ing the time of flight of the particle in the medium is
equal to

Y (R)= fdt S»(R, t)ds. (1.15)

—c

V.M. Levin et al. 910



2. INTENSITY OF THE “BACKWARD"” RADIATION

We now determine the amount of energy of the sound
oscillations emitted by the particle in the first medium—
the dielectric— counter to the direction of its motion,
by calculating the components of the lattice displace-
ment vector u,(r, t) and substituting them in Egs.
(1.12)—(1.15).

After substituting in (1.5) the expressions for the
polarization vectors b®(1) and the amplitudes uqy (1),
we find separately the components u1p(r t) and
upg(r,t) by carrying out integration, similar to that of
Garibyan, 21 over the angle ¢ between the direction p
and k along k (by the saddle-point method)

wyp(r, t) =V, (1) sin 0 + V, (1) cos 6,

(2.1)
Ui (r, t) = _V||(1)_COSG + V, sin6.
Here

 iepg*(8) do /R

Vel =g g oo (1)) @2)
21(0)= — cosB 1 — 4,8 sin® B/cos 0
' (1 +.y,*sin’0) (8" sin’® 6 + cos® B) (1-+ ¥y cos 8) (1+ v,*sin®8)
—(gsin6)* (§7—1) 2+ 4" 8in’ 6) g — yy" sin* 6 — 4, * cos® @ ]

1+ '{||l sin’ 0
(2.3)
gt (0)= sin (2 +.y, cos 0) 2.4)

(1+y,cos0) (1+4,%sin*0)
and the notation

Ya=0/vey, E=v,/0

is introduced.

It is seen from (2.1)—(2.4) that the lattice vibrations
in transition radiation of phonons in the first medium
(‘backward’’ radiation) represent two types of waves
at large distances from the point where the particle
crosses the interface. In the first, the lattice displace-
ment V(1) takes place in the plane which passes
through the trajectory of the particle and the vector R,
but in a direction perpendicular to the beam. The am-
plitude of the lattice displacements, as was to have been
expected, is proportional to the interaction constant (to
the piezomodulus B). For high velocities of the particle,
v » vg, we have g¥(8)= (vq/v)? i.e., the amplitude of
the displacements tends to zero as v 2 The fact is that
the interface, by virtue of inertia, does not succeed in
reacting to the change in the electric field of the rapidly
moving particle. The dependence of the displacement
amplitude on the angle 9 characterizes the function
g2(6): the amplitude g!(6) (see (2.3)) changes phase
with increase in (6), vanishing at some angle 8 that
depends on the ratio v/vj, while the amplitude gi(6)
(see (2.4) increases as 6 approaches /2.

Carrying out the elementary differentiation of Egs.
(2.1) with respect to the time and the coordinates, and
substituting the results in (1.12), (1.13), we find the
components of the Poynting vector:

. ep (8 )z
sr_mjdmdm{ (0 + o)
101 L
4——(?—1) & ) e_L(m+m)} (2.5)
e’p? , & gx
= __(dod +__ —g
T i R fdodo v, [1 4-% )]e"(m)e*(“’ ):
where
e (0) =exp{i(R /v, — t) @}.
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We are interested in the quantity of energy of the sound
oscillations, excited by the particles during the time of
flight in the medium. Using Egs. (1.14) and (1.15) for
the lattice-vibration energy radiated in the direction of
the line of sight R (in the solid angle d2) and in the
direction perpendicular to it P (through the unit area
ds), we get

awa"

o dW Y (a) 2.6
dQ "Zﬂ aQ (2.6)
“lim
awt (1) n’e . n
aQ /mev( )jdm 2.7)
“lim
dW" (J_) _ ,qlzez
dQ  4dntew, (é_”—i) (&) jdm (2.8)
aws' 2t 1 an 1 1

P Mie (e gL - .
ds 4n’R’euv¢[1+ 25(1 E)]g‘ & Jdmcos{(vl v“)mR}
(2.9)

Here "a = 41B%/po€ovl; expressions for g@(6) are
given in (2.3) and (2.4). The energy flux in the angle

dQ consists of the fluxes of longitudinal (2.7) and trans-
verse (2.8) spherical sound waves. The energy flux in
the P direction appears as a result of the interference
of stresses arising from the longitudinal and transverse
waves. This flux oscillates in space with period

2mvyvLe /w(vy - v1) and changes its direction depending
on the phase difference, at the given point, between the
oscillations of the stresses of one polarization and the
oscillations of the lattice displacement of another
polarization.

In the integration over «, it was assumed that
(w/vg)R sin?6 > 1. This condition limits the applica-
bility of the resultant formulas, excluding the descrip-
tion of the region bounded by the surface R ~ A/sin?§
(A is the acoustic wavelength)—the region of ‘‘forma-
tion’’ of the wave field of the transition radiation. It
follows from this that the distance R to the point of
observation should be greater than the characteristic
length of the excited acoustical waves: R » A, This
latter leads to the result that the flux (2.9) vanishes
after integration over all frequencies.

3. INTENSTIY OF THE “FORWARD"” RADIATION

We now consider the phonon radiation in the second
medium, which travels in the direction of motion of the
particle (‘‘forward’’ radiation). As in the preceding
case, we find the components of the displacement vector
u,(r, t)at large distances R (p =R sin 6, z = Rcos 6).

As in Sec. 2, we calculate the integral over k by the
saddle-point method, where the points ko, = +w sin 6/vg
and the saddle lines in this case are the same. But it is
necessary here to take into account the pole of the inte-
grand ug(2): K = w(¥Z - 1)Y2, If the pole X lies in the
interval (0, ko), i.e., when the condltlon

(3.1)

is satisfied, then the residue at this pole (the Cerenkov
radiation) must be added to the integral along the de-
formed contour of integration. Upon satisfaction of the
inequality (3.1), we obtain

0< 1y — 1<y, sin*6

s =V, (2)8in 0 — V, (2)cos 0+, (3.2)

2=V (2)cos 8+ V. (2)sin @ +ul

V. M. Levin et al. 911



where Vg (2)are given by Eq. (2.2) with the correspond-
ing replacement of g% by g%:
20(0) = cos 6 1 + E*y, sin* 6/cos 0

(1+ y,* sin® 8) (&* sin’ 8+cos® 0) B (1— 1y, cos 6) (1 + y,*sin*0)
—(tsin0)* (1/8* — 1) (2 + 1’ sin*0) vy + v, sin* 6 + 7, cos* ] )
1+7,2sin?0

and the expression for gjg( 6) is obtained from (2.4) by
reversing the sign of cos 6;

ucer__ V?i-eb ( 114 )'/‘J- do gmiot
" 2Rvsin 6 Yo

x v{ (71—1)“ exp(lR‘[(”{a —1)”sme+cose])}

2720%poko

(3.3)

finally, uger is obtained from (3.3) by replacing the

factor V-iby Vi and the factor (7a-)¥* in the curly
brackets by (Ya - 1)

The first components in Egs. (3.2) describe the
transition radiation and the second, the Cerenkov radia-
tion of phonons, considered int%*

Using (1.12)—(1.15), we find the amount of transition
radiation emitted in the solid angle d? during the time
of flight of the particle'

tr
aWx Tlh

dQ  4n’e, (3 4)

(g2")2 (ng‘)z 1,1
wl v (5]
When the saddle point ko = (w/va) sin 6 is close to
the pole X or coincides with it (for 6 = oa + A6, where
69 = arccos (vg/v), A6 ~ (va/wR sin 2gfi/2 « 1) the
integral over « along the saddle line is divided into the
integral in the sense of its principal value, which cor-
responds to the transition radiation, and half the resi-
due at the pole, corresponding to Cerenkov radiation.
Estimate of the rather cumbersome expression for the
intensity of the transition radiation near the angle 6%
shows that it is of the same order as it is far from the

Cerenkov cone (cf. (3.4)).

4. BASIC CHARACTERISTICS OF THE PHONON
TRANSITION RADIATION

The intensity of the transition radiation, as is seen
from Egs. (2.7), (2.8), (3.4) has the same value over the
entire spectral interval (we have neglected any change
of the sound velocity with frequency because of its weak
dependence). Thus, it is important for us first to
establish the factors which limit the spectrum of sound
frequencies of the transition radiation: 1) the sound
wavelength A should be greater than the interatomic
distance a ~ 10 % cm, i.e., Wlim < va/a = 10® cm™;

2) the wavelength of the sound vibrations, in the classi-
cal treatment of their excitation by the particle, should
be greater than the deBroglie wavelength of this parti-
cle: A >x =H/mv, where h is Planck’s constant. For
m =107 gand v~ 10°~10" cm/sec we have wjjm

< vg/% =10"°—10"?sec™’; 3) the wavelength A should be
greater than the width of the transition layer; for

d= 110"—10'5 cm we have wijim < vg/d = 10°~10"°

sec .

It is seen that the last two factors are fundamental.
Starting out from this, we estimate the limiting fre-
quency at wlim ~ 10'° sec™. We compare the character-
istic values of the considered phonon transition radia-
tion with the level of the thermal vibrations of the
lattice. During the time of flight of the particle 7, there
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is incident on an area ds = R?d a thermal energy at
frequencies w « T/H, with a spectral density
ié’r(a) _ _T_ ( oR

do 4n?
where T is the temperature of the lattice in energy
units. Inasmuch as (4.1) is proportional to w? and the
spectral density of the energy of the transition radiation
(see (3.4)) does not depend on the frequency, since the
dispersions of the elastic constants and piezoconstants
are small, it is evident that the latter will be greater
than the former in the low frequency range.

(4.1)

)zrdQ,

Va

If we now consider the passage of a cluster of
charged particles with density n and with dimensions
A smaller than the characteristic wavelength of the
radiated sound (A < 1), then this cluster can be re-
garded, from the viewpoint of excitation of sound oscil-
lations, as a single particle with charge eN (N = nA?
N « nA®). Then the radiation from such a cluster will
be NZtimes greater than the radiation from a single
particle, inasmuch as the energy of the transition radi-
ation is proportional to the square of the charge of the
particle. The spectral energy density of the phonon
radiation in the passage of clusters of particles can be
represented in the form

na*(eN)*G*(8)

A&t (@)
=t aQ
dw 4n*egVa ’

(4.2)

G'(6) =[g'(0) 1%, ="L(1/8 —1)[g*(6) ]

The threshold frequency wih, above which the
thermal vibrations will predominate over the transition
rad1at10n is determined from the equality d & /dw
=d& I‘/dw and is equal to

'qaeN

O =

G*(9)

4.3)

v.G*(0) 1'%
"R &l ]

For parameters of crystals of the CdS type, 714
~ 107}, vo ~ 10° cm/sec, €, =10 and for T =4 X 107"

_erg (300°K), path length L ~ 1 cm, particle velocity

v~y TRL/VY 107° sec, the threshold frequency is
proportional to the number of particles in the cluster,
e., wth ¥ NVGX(0) [sec™]. Thus, for the given
parameters, a significant excess of the transition pho-
non radiation over the thermal at high sound frequencies
can be obtained by using dense clusters of particles.
For example, for frequencies w ~ 10" sec™ (A ~ 1072
cm) ltshe necessary particle densities are n > N/A®
=107 cm”

In the derivation of formulas of phonon transition
radiation, it was assumed that the energy spent by the
particles

& =ZI dem( dé"t;ufq,) )=

n(eN) *0lim 2 f G:(B) "

8ne,

should be much less than their kinetic energy

& = Nmv%2. We write down the values of these ener-
gies for specific values of the parameters N = 10°,
wlim ~ 10® sec™ and T ~ 300°K. For v/vg = 10, we
have

& ~10"° erg, &Y ~10-Yerg, om ~2-10"'sec.
But even for v/vy = 4, we have

& ~10-"lerg, &t ~10-" erg, oa "~ 10° sec-,

i.e., the formulas for the transition radiation at the
given parameters lie at the limit of applicability.
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With decrease in temperature, the thermal acoustic
background decreases and the excess of the transition
radiation takes place for even higher frequencies of
lattice vibration. For example, for T = 4K and v/vqg
~ 10 we have wfP@X ~ 10°sec™* (for the angle 6™2X
where G%(6)is maximal).

Thus, the phonon transition radiation is effective at
low temperatures for fluxes of slow charged particles.
Evidently, it is very simple to observe such radiation
when the particle passes over the surface of the
medium or in a narrow channel between two crystals.
Losses from scattering of the energy of the particle in-
side the medium are eliminated in this way.

It should be noted that when the limit v — 0 is taken
the relative amplitude of the oscillations tends toward
a constant, and the upper value of the limiting frequency
wlim ~ v/a (w ~ qgzv, a is the interatomic distance)
tends to zero, so that the total energy of the transition
radiation also tends to zero (& ~ G%(6)wiim ~
~ v -const), However, it would be incorrect to take this
limit, since it was assumed, within the framework of
the considered approximation, that the energy (& ~ v?)
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of the particle (or cluster of particles) is much greater
than the total radiation energy.

In conclusion, we consider it our pleasant duty to
thank B, M. Bolotovskii and Academician V. L, Ginzburg
for discussion of the results of the research.

1V, L. Ginzburg and I. M. Frank, Zh. Eksp. Teor. Fiz.
16, 15 (1945).

2G. M. Garibyan, Zh. Eksp. Teor. Fiz. 33, 1403 (1957)
[Soviet Phys.-JETP 6, 1079 (1958)].

¥Sh. M. Kogan and V. B, Sandomirskii, Fiz. Tverd.
Tela 6, 3457 (1964) [Soviet Phys.-Solid State 6, 2763
(1965)].

*F. G. Bass, S. A. Gradeskul, and M. I. Kaganov, Fiz.
Tverd. Tel. 6, 3577 (1964) [Soviet Phys.-Solid State 6,
2863 (1965)].

F. L. Fedorov, Teoriya uprugikh voln v kristallakh
(Theory of Elastic Waves in Crystals) Nauka, 1965,

Translated by R. T. Beyer

193

V. M. Levin et al. 913



