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The interaction of excitons with each other and with light in a stationary nonequilibrium
state is considered with the assumptions that the former interaction exceeds the latter
and that the exciton-phonon interaction is negligibly small. The chemical potential,
which determines the frequency of the proper vibration in which macroscopic numbers
of coherent excitons and photons participate, and the spectrum of the elementary ex-
citations in the presence of the condensate-photon mode are found. Those ranges of
variation of the wave vectors of the elementary excitations are found for which there

is an absolute instability in the system and the possibility of creating a laser or phaser
involving degenerate excitons with k=0. A spatially nonuniform distribution of coherent
excitons participating in the formation of a quantum vortex and in translational motion
along the axis of the latter is considered. It is shown that, if the dipole moment of the
transition is parallel to the vortex axis, the electromagnetic wave propagating along

the axis is almost longitudinal with, in the vicinity of the vortex core, non-zero trans-
verse components of the field intensity which fall off slowly with increasing distance
from the axis. This phenomenon is analogous to the formation of light filaments. If the
moment is circularly polarized in a plane perpendicular to the vortex axis, the wave

is almost transverse and a shadow filament is formed in the center of the light field.

If the size of the vortex is restricted, the wave will propagate in the form of a light tube.

1. INTRODUCTION AND FORMULATION OF
THE PROBLEM

The Bose-Einstein condensation of excitons in crys-
tals has been studied theoretically in many papers'*™®.
However, up to now there have been no convincing exper-
imental proofs of its appearance. Partly, this is connec-
ted with the fact that the predictions of the theory still
do not encompass the optical manifestations of this state
to an adequate extent. This should be expected, since in
the discussion of the optical properties of crystals in the
presence of a Bose-Einstein condensate the light has
usually been taken into account only as the cause of
quantum transitions and not as influencing the formation
of the energy spectrum'™*®71, The papers of the au-
thors ">"* and of Keldysh'’ are an exception. In par-
ticular, it was shown in "*»" that a wave of a Bose con-
densate of dipole-active excitons with wave vector k
generates a coherent electromagnetic wave with macro-
scopic amplitude and with the same wave vector k. The
interaction of these waves leads to the establishment of
either of two possible condensate-photon modes. The fre-
quency spectrum of these modes was found and it was
shown that application of the Bogolyubov displacement
procedure to the exciton operators entails the necessity
of applying the displacement procedure to the photon op-
erators also. :

In the present work [9], the structure of the conden-
sate-photon modes and the spectrum of the elementary
excitations of a uniform condensate-photon system are
investigated.

Keldyshm has considered the coherent states of the
exciton-photon system, taking into account the Fermi
nature of the electrons and holes forming the excitons.
The equations which he obtained for the general case of a
non-uniform distribution of excitons in space will be used
by us to investigate quantum vortices in a medium of
dipole-active excitons and photons.

Of fundamental importance in the study of the proper-
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ties of a system of excitons, photons and phonons is the
relation between the frequencies vex-ex, Vex-ph and
vex-latt of the following processes respectively: 1) col-
lisions of excitons with each other, 2) transformation

of light into dipole-active excitons, and 3) scattering of
excitons by phonons. We shall assume the relaxation
times corresponding to these processes to be much
shorter than the exciton lifetime and the time the pho-
tons stay in the crystal, the polished end-faces of which
can play the role of resonator mirrors. We shall not
take into account the effect of phonons on the collective
properties of the excitons and photons, assuming that

S
Vex—exy Vex—phy > Vex—tatte

These inequalities are apparently fulfilled at suffi-
ciently high exciton concentrations and low temperatures
in a CdS crystal, in which polariton effects are notice-
able. Our results refer to the limiting case (the opposite
limiting case is discussed very briefly)

Vex—ex = Vex—phe

(1)

In addition, we assume that the exciton concentration ng
is not too great, i.e., nead «< 1 (ag is the exciton radius),
so that they do not break each other up. The kinematic
interaction arising because of the Fermi nature of the
electrons and holes displaces the exciton level™ in the
same way as does the dynamic interaction. Both inter-
actions can be taken into account by renormalizing the
exciton interaction constant.

2. STRUCTURE AND FREQUENCY SPECTRUM
OF THE COHERENT MODE IN A UNIFORM
SYSTEM OF EXCITONS AND PHOTONS
For cimplicity, we shall consider dipole-active trans-
verse excitons and photons with a definite polarization.

The Hamiltonian of the system is chosen to conserve the
total number of excitons and photons:

A= Z(A +Tq— m)agtaq+ E(ﬁcq — M) cqteq + Z‘Pq (ag*cq —cq*aq)
q q q
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where aa, aq and ca, cq are the creation and destruc-
tion operators for excitons and photons, A is the energy
of formation of an exciton with q=0, Tq is the exciton
kinetic energy, v(q) is the Fourier transform of the ex-
citon-exciton interaction energy, V-is the volume of
the system, 6Kr is the Kronecker delta symbol and
@q="hi(flicg/A)*fiwp; f is the oscillator strength of the
dipole transition from the ground state to the exciton
state and wp is the plasma frequency of the background
electrons of the crystal. In the Hamiltonian, a single
chemical potential uk has been introduced for the exci-
tons and photons.” It depends on the wave vector k of
the coherent state.

(2)

2 V(@ — ") 0xp (qu + €. — 4" — q2") @q ag, a0y Ay,

Antiresonance terms of the type akc-k, akelk, etc.,
are not taken into account in (2), since they do not con-
serve the total number of particles. However, it is nec-
essary to take them into account to obtain the correct
dependence of the energy spectrum near q=0. This
question was discussed in detail earliert*"10s11,

The choice of a single-mode resonator with optimum
conditions for the existence of an axial light mode with
wave vector k implies at the same time a choice of wave
vector of the Bose condensate of dipole-active excitons
that is independent of the method of exciting them. A
method of ordering the excitons with respect to their
momenta under the action of light with a given wave vec-
tor was proposed by one of the authors'*!, The creation
of a coherent state of excitons and photons with given
values of k and pk can also be achieved in the two-
photon absorption of two laser beams with frequencies
wi and w2 and wave vectors k; and k. satisfying the
conditions

k +k, =k,

This method was applied successfully to detect polari-
tons in CuCl crystalst?’,

ho; + Ao, = pa.

In the case (1) for low temperatures and predom-
inant repulsion, Bose condensation of the mechanical
excitons into a state with well-defined wave vector k is
possible. We shall take this into account by the Bogolyu-
bov displacement procedure on the operators ag and cq:

ag = N.:" Sk (q, k) exp{— i} + g, 3
co=Fr Bxs(q, k) expl— i)+ Eq,
where the amplitudes Nk and Fk are proportional to V.
We substitute~(3) into (2) and write out the transformed
Hamiltonian H to terms quadratic in the operators aq
and Eq

H=Eo(uk) +sz Eo(uk) = —"/2loNk,

A= Y A+ Tt bt o —w)agtact Y (hog — w) E0tE
q q

1
+ Y oalentte— b+ Yler (ot + aanag; 3
q q

L=v(ON/V, hQu=px—A—Te—1l hQu=pu—fick.

From the requirement that the coefficients of the terms
linear in the operators ak and £k vanish, we find uk,
Nk/Fk, Q1k22k and the phase difference & —6k:

ﬁzglkgzk=|(pklzy Nk/Fk=sz/Qik, D —Oe=m/2, (5)
e =12 {A + Lo+ T + hck = [ (A + I, + T — fick)* + &| g [*]"}. (6)

The expression for uk resembles the polariton spec-
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FIG. 1. Frequency spectrum puy of the condensate-photon modes
with neglect of the antiresonance terms. For the upper branch,
Qﬂ( > 0; for the lower branch, Slgk < 0. Along the thickened lines (be-
fore the intersection with the verticai dashed line), Ny = Fy. ko is the
wave vector at which the spectra of the photons and of the mechanical
excitons intersect.

trum and determines the vibrational eigenfrequencies of
the two possible condensate-photon modes. Precisely
which mode is realized experimentally depends on the
external conditions, e.g., on the resonator, pumping,

etc. Macroscopic numbers of excitons and photons take
part in the vibration selected. The structure of this self-
consistent, strongly excited vibration depends on pk and
is determined by the ratio sz/ﬂ 1k. The possible val-
ues of pk for the various k lie along the upper and lower
polariton-like branches (see Fig. 1). Q1k and 2k are
equal to the distances, at the same k, from the given
branch of the chemical potential to the mechanical-ex-
citon branch and photon branch respectively.

The ground-state energy Eo(uk) for a given k de-
pends only on Nk. For a given k, Nk >Fk along one
branch of the chemical potential, and Nk <Fxk along the
other, with the condition that Nk + Fk=const. For a
constant level of pumping, Eo(ik) is @ minimum along
the portions where Nk >Fk. In Fig. 1 these portions are
drawn with thicker lines. The coherent vibrations at the
frequencies corresponding to these are predominently
mechanical. Only at one point (hicko = A +1;) do we have
Nk, = Fk, for both values of uk,. We note that we are
confining ourselves to the case T =0, and so the free
energy coincides with the ground-state energy.

We shall take into account the exciton-level damping
¥ due to the finite exciton lifetime 7 =(27)7?, the photon
damping « due to the finite time that the light stays in
the resonator, and the pumping gV of the excitons in the
condensate. In this case, the equations of motion for the
operators ak and ck have the form
ihgV

sz

da
iﬁT;=(8x—iﬁ‘Y+ )ak+(pkc.,

(7

iﬁd_;= (0x — ihx) cx — Qrax.
Substituting
ay = N:’ exp{l—ibx —i(ex + Qu)t}, o= F;h exp{—i®x — i (0x + Q) t},
et Qi = 0 + Qu = Kk,

into (7), we obtain

Qe _ |(P|x|Z _ gV
Qe F(Qu + 27 T o 2n QD
Ny Qax i1 x (8)
= Oy — Oe= —
. oL’ x — Ox ) + arctg on

In the paper by Elesin and Kopaev'*®??’ the problem
of the formation of a Bose condensate is solved under
the condition that the position of the exciton chemical
potential is determined by the frequency of the laser
radiation, while the exciton concentration is a parame-
ter to be found. The frequency dependence of the ex-
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citon concentration at constant amplitude of the field and
the dependence on the amplitude at a constant laser fre-
quency were found. It is necessary to take into account,
however, that an exciton level will be at resonance with
a given laser frequency only for a certain pumping
power. To maintain the resonance on further increase
of the power, it is necessary to have a laser whose
frequency is self-consistently tuned with the change in
position of the chemical potential, i.e., in such a reso-
nance situation the frequency of the electromagnetic
field will depend on the pumping power in a similar way
to the exciton chemical potential.

The frequency and amplitude hystereses obtained by
Elesin and Kopaevm] is, from a physical point of view,
a consequence of the existence of the two branches of
the chemical potential, which are real for the Bose-
Einstein condensation of excitons (cf. Fig. 1). Indeed,
frequency hysteresis at a constant level of pumping is
easily obtained from our results, if in Fig. 1 we make a
series of sections parallel to the k-axis (different val-
ues of pk, or different € from “3]). Some of the lines
intersect only the lower or only the upper thickened
portions of the chemical potential, and some intersect
both portions. Here it should be borne in mind that,
along portions where Nk > Fk, the value of Nk is smaller
along the upper branch than along the lower. The latter
statement is also valid for k=0, if the antiresonance
terms are taken into account in the Hamiltonian. Ampli-
tude hysteresis can be obtained qualitatively if, in Fig.
1, we draw a family of curves of pk for different pump-
ing levels and examine the points of intersection of
these curves with one straight line parallel to the k-axis
(this straight line selects the same value of the chemical
potential for different pumping levels).

3. SPECTRUM OF THE ELEMENTARY
EXCITATIONS

The problem of this section has much in common with
the determination of the energy spectrum of a semicon-
ductor with a saturated interband transition. Saturation
of the exciton band leads to Bose degeneracy, i.e., to the
separation of the Bose condensate. The level of the chem-
ical potential pk plays the role of the lowest energy
level for an individual particle. To transfer the particle
from this level to a mechanical-exciton state with energy

A+ 1L+ (T +2T4lg)"

or a photon state with energy hcq, work must be done.
This work determines the spectrum of the elementary
excitations. It has nothing in common with the polariton
spectrum and is found by the standard method of diagon-
alizing the Hamiltonian H..

To determine the elementary-excitation spectrum for
arbitrary k and q in the general case, it is necessary
to solve a fourth-order algebraic equation. The problem
is simplified considerably for the particular case q.lk,
when |k+ql=Ik—ql. The equation becomes biquadratic
and the spectrum has the form

B = {2 (Adyq — I+ Bl + 2 I gusal V£ Vo[ (Ao g — 1> — Bl o)
+4 |‘Pk+q|2((Ak+q + Buig)? — 1) 1},
A+lo+lq+Tk+q_‘lJ«k, Bk+q =ﬁc|k+q| - Wk

(9)
(10)

Axiq

The spectrum of the elementary excitations in the
case k=0, when (= ,=A+1,, is shown in Fig. 2. The

dashed lines show the functions
[T¢+2Tqle]", |heg — ol
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FIG. 2. Spectrum of the elemen-
tary excitations in the Bose-Einstein
condensation of excitons into a
state with wave vector k = 0.

which are the branches of the spectrum when the exciton-
photon interaction is neglected. These branches inter-
sect at the points gy, where

hegs = ot [Tau® + 2T lgu 1™

In the small region q; <q <q. containing the point q_,
where q, and ¢, are the values of the wave vector for
which Ea= Eg, the elementary-excitation spectrum does
not exist, i.e., Ef are complex. This is to be expected,
since for ficq < uo the group velocities of the two non-
interacting waves are opposite in sign and, in a satu-
rated system, there should be an instability"**’**). In
this region, excitons of the condensate with k=0 can be
transformed into photons with wave vector q, emitting
sound-vibration quanta (hydrons“b]) with wave vector
—q. For such a process, the energy and momentum con-
servation laws are simultaneously obeyed in the region
q:<q<q.. An instability of this ty]pe is called an absolute
or non-convective instability'**’**J, Thus, a system of
degenerate excitons can simultaneously generate both
light and sound with macroscopic amplitues, i.e., it can
operate as a laser-phaser.

In the region of q., the group velocities of the waves
have the same sign, the condensate excitons cannot be
transformed spontaneously into photons, and the system
is stable. The elementary-excitation spectrum consists
of two simple waves.

At the points qs and q4 defined by the conditions

[

ficqs = po F—22
A T A

lpa.l?
feqe=po + T ’
the lower branch E{l= 0, and in the region q; <q <q4 this
branch does not exist. This instability is associated with
the possibility of transforming condensate excitons into
photons with wave vector q with simultaneous creation
of an elementary excitation with momentum —q, the en-
ergy of which is negligibly small for ¢gq— 0. It should be
noted that, depending on the relation between ¢q and Ig,
the wave vector q. will satisfy one or other of the fol-
lowing inequalities:

kK<q:<q $<q<q Or dq:>>q.

In the limiting case q «k, by expanding the coeffi-
cients in a series in q, we find from (9) that there are
two branches of elementary excitations, the dispersion
laws of which can be written in the form

o = eo(k) + A2¢*/ 2M (k), E, = hu(k)q. (11)

The lower branch is a sound branch. The expressions
for €4(k), u(k) and M(k) are real and positive for val-
ues of pk lying on the thickened portions in Fig. 1. For
k<«<ko, and k > ko, we find €o(k)= |hQ9ok| and u(k)=
=(lo/me)”2. In this case, the upper branch of the spec-
trum is of no interest, and the lower branch is the same
as in the Bose condensation of excitons in the absence of
photons.

The case k=ko, when both branches of the chemical
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potential are present, is interesting. For the uk, lying
on the lower branch, we have

e (ko) = Clol@u)™ w(ki) = (] Qux,| / 2k0)" (12)

Putting A=2 eV, ,=10"" eV and | ¢k |=1iQgk,=10"" eV,
.we obtain € ~5x107* eV and u=~10° cm/sec. This type
of structure of the energy spectrum is obtained in the
theory of the laser state which arises in a system of two-
level molecules placed in a resonator'*®!, When the total
number of protons and excited molecules, determined by
the external conditions, exceeds the threshold value,
Bose condensation of photons with wave vector k #0
appears under stationary quasi-equilibrium conditions.
This leads to a sharp narrowing of the spectral and
angular characteristics of the radiation. It is clear that
these indications can be used to detect the state that

we are studying.

Self-focusing processes are another possible mani-
festation of a Bose-condensed state of excitons and pho-
tons. They are investigated in the following section.

4. QUANTUM VORTICES IN A MEDIUM OF
DIPOLE-ACTIVE EXCITONS AND PHOTONS

Coherent states of excitons and photons may be spa-
tially nonuniform, varying slowly over distances of the
order of the exciton mean free path. Well-known exam-
ples of coherent non-uniform states are the quantum vor-
tices in liquid helium, type-II superconductivity[”’m,
and the phenomena of self-focusing and defocusing of
laser radiation'’®?°), Using the example of excitons, we
trace the inherent connection between the phenomena of
the formation of quantum vortices and of the self-focus-
ing and defocusing of light. A similar attempt, unrelated
to excitons, was undertaken in the paper by Grob and
Wagner[m, in which, however, it was assumed that the
density of the substance and the intensity of the elec-
tromagnetic field were largest in the same region of
space.

Equations describing the spatially non-uniform co-
herent states of excitons and photons in the general case
were derived by Keldyshm with allowance for the non-
Bose nature of the excitons. This section is, in essence,
a continuation of his work. The system of equations con-
sists of a material equation, of the Ginzburg-Pitaevskii
type, for the quantum macroscopic wavefunction a(r, t),
and the Maxwell equations:

" 0a(r,t) =(U— I3
ot

: i A)a(r, t)+%|a(r, t)lza(r,t)—d'(E +4—;-P),

am;

(13)

1 9H 1 4D

(VD)=0, (VH)=0, [VE]=_TW’ [VH]=T_07’
P=da(r, t) /v, D=E+4nP, (14)*

where U is the energy of formation of the excitons, g is
the exciton-exciton interaction constant, d is the dipole
moment of the transition from the ground state to the
exciton state of the crystal, and v, is the volume of a
unit cell of the crystal. In the first order of perturbation
theory, g=v(0) >0. The quantities E, P, D, H and a are
macroséopically large (~V*'?), and so can be regarded
not as operators but as functions of r and t. For w >0,
they depend on t like e-iwt. Having appeared in the
crystal, the exciton wave creates transition dipole mo-
ments at each lattice site. The effective field created

by all the dipoles (except the one occupying the site at
which we are finding the field) equals E + 47P/3.
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In the case of a spatially uniform distribution of ex-
citons, when the solutions have the form eik-r Egs. (13)
and (14) go over into Egs. (5.27) of the paper "** of one
of the authors, if in the latter we neglect the antireso-
nance terms. Equation (13) without the last term was
investigated by Pitaevskii’""’. It was a solution of the
type eil® describing a vortex filament with quantum
number [, where ¢ is the angle in the cylindrical coor-
dinate system. In the other limiting case, Eqs. (13) and
(14) go over into the equations of the theory of light-ex-
citons. Discarding the nonlinear term in (13) and going
over from the second-quantization representation to the
Schrédinger equation, we can regard a(r, t) as the wave-
function of an individual exciton in the continuum model.

We shall consider the formation of a vortex filament
in a medium of dipole-active excitons. In Eqs. (13) and
(14) we change to cylindrical coordinates, with the z-
axis along the direction of the vortex axis. We introduce
the radius ro of the vortex core and the dimensionless
variable &:

ro =Hh® [2megne, & =r/To.

(15)

The quantity ro, which plays the role of the coherence
length in the theory of superconductivity, should be
greater than the exciton mean free path le-¢. However,
the exciton concentration n, should be less than ag’. In
these conditions, ro~ns'? may turn out to be less than
le-e- The theory described here is valid in the region
r >lg-g; but its continuation into the region O <r=r, is
formal in character.

In the theory of superconductivity there is also a
parameter A= mcz/ 4me’ny, where n, is the concentration
of Cooper pairs; this parameter characterizes the depth
of penetration of the field into the metal. When X is
greater than the coherence length, Abrikosov filaments,
which are the analogs of the quantum vortices in Hell,
appear in type-II superconductors. In the case of exci-
tons and Hell, the charge e=0 and A —«. Therefore,
we have the case A>r, and the formation of quantum
vortices is possible. A vortex in an exciton medium can
probably be excited by a non-uniform distribution of ex-
citons in space. The excitons can perform spiral motion
about the z-axis, and this motion can be separated into
translational motion along the vortex axis and rotational
motion in a plane perpendicular to the axis.

We shall choose the dipole moment d, in (13) to be
either parallel to the z-axis or rotating in a circle in a
plane perpendicular to the vortex axis, i.e.,

1) d.=d+0, d.=d,=0; 2) d.=0, d.=ind, n==1 (16)

Circular polarization obtains for the o-components of
dipole-active exciton levels in an external magnetic
field Hollz. For example, in a CdS crystal (z IC¢), the
dipole-active excitons have either transverse (the level
T'¢) or longitudinal (the level I';) polarization.

Let an electromagnetic wave (like the exciton wave)
propagate along the z-axis. We shall seek the stationary
solutions for the excitons and the field in the form

a(r, )= N" ¥ (&, ¢) exp(— iat + ik.z),
) ot + ik.z) (17)

E(r,t)= N.,"'e(g, @)exp(— iot + ik.z),

assuming that the transverse components of the field are

also circularly polarized
(18)

e, = ine,.
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Then the system of equations (13) and (14) is brought to
the form

1Q dje, | die,
L Q¥+ |yry 2.2 Fe (19)

nog nog nog

2 .
LG get20irie,+ 80 (20) 'y by, e‘"’("a%*%ai) e.=0,
() c P

4n 4n a i 9 ('20)
L@ et wriect L dn¥ 2 g, em(n 2L 2)y D
) % 3%t o9 '
(21)

where we have introduced the following notation:
e 1 8 15 O
Leo=get T T rae YT R L)

hQ = ho — U+ 4n|d|? [ 3ve — K2h? | 2me.

In Eqgs. (20) and (21) there are terms proportional to
kzro, which take into account the non-uniformity of the
field of the wave at distances of the order of r,. At
large distances (¢ — ) we can neglect the derivatives
and terms containing inverse powers of £{. Then the
equations become algebraic and permit us to determine
the dependence of w on kj:

2+ k2 o?

'n d,z+d2————-——
215+ (1l + 14,1 =

- RS2 4n
ho — U — gno— {
© g 2me 30,

}. (23)

The frequencies hw; and hw; of the longitudinal and
transverse excitons are found to be the same as in the
theory of polaritons, with iw, coinciding with wi (Sec.
2). Since it makes sense to consider only the thickened
portions in Fig. 1, the frequencies turn out to be bounded
from below; this resembles the condition for the propa-
gation of waves in a wave-guide'"%?%,

We shall take the existence of vortices into account
by choosing functions of the form

V(g @) = ¥ (E)e®
e §) —ea(§)e®, ey(E 7) — e(E) e (24)

for the case dz=d =0, dgy=dy=0. Then, in the region
&> 1, the solutions of Eqs. (19)-(21) are obtained in
the form

\p(g)=1_i(1+ﬂ_) 1

2 gnoore 18 (25)
2ndk, 1
eu(§)=m?7
4nd 1 2nd? 1 1
9'(§)=‘—{1— (—+-—T;—T) —z‘}
vo 2 gnwetrd  wrll &

Extending the solutions into the region £<1 gives
W (E) =pE+ g8, e (k) =sE +1E},

_ atpg  if n=-1
ev(g) ktro{’fgz lf T]=1-

(26)

On the vortex axis, ¥ and e, vanish, and ey =0 if
n=-1(Fig. 3). As &— =, the functions ¥ and e tend
to values corresponding to a uniform distribution of ex-
citons, and ey falls off slowly (~1/£) in the same way as
the azimuthal velocity of a quantum vortex in HeII.

Thus, for a non-uniform distribution of longitudinal
excitons there is an almost longitudinal coherent wave,
for which the dependence fiw(k;) is the same as for
uniformly distributed longitudinal excitons. The situa-
tion in which a longitudinal exciton can be observed op-
tically has already been encountered in CdS'*). Since
the transverse components of the field take their maxi-
mum value in the region of the vortex core, we shall
perceive a light flux passing principally through the
central region of the volume. We emphasize that the
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FIG. 3. Qualitative dependence on £ of the exciton function and of
the components of the electric-field intensity. For longitudinal excitons,
e =ez(8),e,= ey(E) forn=-1,and e; = ey(‘g’) for n = 1; for transverse
excitons, e, = ey(g), e, =ey(§) forn =1, and e; = e,(§) forn =—1.

energy, per unit length of the vortex, of the transverse
components of the electromagnetic field is proportional
to In &, like the mechanical energy per unit length of a
vortex in HeIl. This phenomenon is analogous to self-
focusing and to the formation of fine light filaments.

If the excitons are circularly polarized (dz =0, dy,
dy #0), the solutions of Eqs. (19)—(21) can be sought in
the form

(8, @) = e(B)e®, e.(, ¢) = e (E)em7, W (E, @) = W(E)e®, (27)

where for &> 1 we have

ot (e Gyt k1
2 gnox’re® ] E? Vex’r, &
4nd 1 4nd | @ro \? d
G- Uo[1 —(ck./w)?] - Zx’rnzgz[i_ Vo ( ¢ ) (1+gnou’r.,’)]
(28)
and for £<«< 1 we have
W(E) =pE+g8t+..., (§) =st+iE®+...,
a+pE  for n=1,
z =kz 0 (29)
@)=k {YEZ for n=-1.

The qualitative dependence of the functions on £ is
shown in Fig. 3. The transverse component of the field,
together with the exciton function, goes to zero along
the vortex axis. In this region a non-zero longitudinal
component of the field appears, which falls off slowly at
infinity (~1/ £). The wave is almost transverse. Observ-
ing the light emerging from the crystal, we notice a
weakening of the light field along the vortex axis, i.e.,

a shadow filament.

If several parallel quantum vortices are formed in
the crystal and the region occupied by each of them is
bounded, tubular light fluxes will be observed. It is pos-
sible to propose an exciton or polariton mechanism for
the self-focusing of the light. It could explain the exis-
tence of the fine filaments by the appearance of quantum
vortices in the exciton medium. The lifetime of a fila-
ment would be determined by the exciton lifetime, and its
thickness would depend on the value of ro,. The maximum
value of the field in the filament is limited by the ioniza-
tion potential of the excitons and by their maximum con-
centrations. Analogous results can be obtained if we
eliminate the first of Eqs. (13) and replace the polariza-
tion vector p by the expression «E +x|E I2E/V, where
x <0.

5. INTERACTION OF EXCITONS WITH
RESONANCE LASER RADIATION

If vex-ph >Vex-ex >Vex-latt and the duration T of
the light pulse satisfies the inequalities vex-ph>T™*
>Vex-ex, then a coherent polariton wave with k=0 is
formed under the action of the laser. It exists at least
until exciton-exciton scattering processes come into
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play. This state has still not been discussed in the lit-
erature. It can be created experimentally at the pres-
ent time. Scattering of excitons can destroy the coher-
ent polariton state. If the latter is preserved over a
period of time longer than the exciton relaxation time,
and if the number of polaritons can be assumed to be
given, then Bose-Einstein condensation of polaritons
with k=0 is realized. Thus, a more general case than
that considered by Knox'®*' can occur. In this case, it is
appropriate to eliminate the exciton-photon interaction
from the beginning and go over to polariton creation and
destruction operators and treat the interaction of the
polaritons. Such an approach has been used in studying
non-linear optical properties of solids®*). The polari-
ton variant of the formation of coherent states is also
important because polariton concepts are used in the
theory of the interaction of resonance radiation with a
gas of two-level molecules'®>**), If the duration of the
laser pulse is shorter than all the relaxation times in the
system, it is possible to observe an exciton echo'®?,

In the case (1), by the methods of two-photon spec-
troscopy we create considerable concentrations of exci-
tons in the bulk of the crystal and create the conditions
necessary for degeneracy of the excitons. The switch-
ing-on of a laser source whose frequency is in resonance

_with a renormalized exciton level can stimulate the ap-
pearance of an exciton Bose condensate'®*’!*2*), The re-
sults of this paper describe processes of this type, pro-
vided that we can achieve conservation of the total num-
ber of excitons and photons and the concept of the
chemical potential is applicable.

The formation of an exciton Bose condensate can be
manifested as lightening of the sample due to suppres-
sion of scattering processesm”s], or can lead to the ap-
pearance of light filaments or shadow filaments at the
exit surface of the crystal, etc.

Under the action of resonance laser radiation, exci-
tons whose distribution in the band is not a quasi-
equilibrium distribution can also be formed. However,
in this case too, the elementary-excitation spectrum will
have regions of instability leading to the generation or
amplification of waves. We call attention to these phe-
nomena, since at the present time the technical possi-
bilities for investigating them experimentally already
exist'"),

The well known analogy between the theory of the laser
and the theory of second-order phase transitions %7,
and between the coherent states in quantum optics and in
solids'®**") | will facilitate the further investigation of
the Bose condensation of excitons. In addition, analogous
effects with non-equilibrium optical phonons'**?, vacan-
cies®®, and other elementary excitations in solids and in
biological systems™*! have recently been investigated.

In conclusion, the authors consider it their pleasant
duty to express their deep gratitude to L. V. Keldysh for
many fruitful discussions of the questions touched upon
and for acquainting them with his paperm before it was
published.

*[VE] =v XE
DThis possiblity was pointed out to us by L. V. Keldysh.

AThe paper by Elesin and Kopaev [!3] was published while our article
was being revised.

!S. A. Moskalenko, a) Fiz. Tverd. Tela 4, 276 (1962)
[Sov. Phys.-Solid State 4, 199 (1962)]; b) Boze-

907 Sov. Phys.JETP, Vol. 37, No. 5, November 1973

éinshteinovskaya kondensatsiya éksitonov i biéksitonov
(Bose-Einstein Condensation of Excitations and Bi-
excitons), RIO AN MSSR, Kishinev, 1970.
%J. M. Blatt, K. W. Boer and W. Brandt, Phys. Rev. 128,
1691 (1962).

°R. C. Casella, J. Phys. Chem. Sol. 24, 19 (1965); J.
Appl. Phys. 34, 1703 (1963); 36, 2485 (1965).

L. V. Keldysh and A. N. Kozlov, ZhETF Pis. Red. 5,
238 (1967) [JETP Lett. 5, 190 (1967)]; Zh. Eksp. Teor.
Fiz. 54, 978 (1968) [Sov. Phys.-JETP 27, 521 (1968)].
V. M. Agranovich and B. S. Toshich, Zh. Eksp. Teor.
Fiz. 53, 149 (1967) [Sov. Phys.-JETP 26, 104 (1968)].

V. A. Gergel’, R. F. Kazarinov and R. A. Suris, Zh.
Eksp. Teor. Fiz. 53, 544 (1967); 54, 298 (1968) [Sov.
Phys.-JETP 26, 354 (1968); 27, 159 (1968)].

"A. V. Lelyakov and S. A. Moskalenko, Fiz. Tverd. Tela
11, 3260 (1969) [Sov. Phys.-Solid State 11, 2642 (1970)].

L. V. Keldysh, p. 433 in Problemy teoreticheskoi fiziki
(Problems in Theoretical Physics), Nauka, M., 1972.

°A. V. Lelyakov, M. F. Miglei and S. A. Moskalenko,

p- 116, Abstracts of Papers at the XVII All-Union Con-
gress on Spectroscopy (Laser Spectroscopy and Solid-
State Spectroscopy), Minsk, 1971; S. A. Moskalenko,
M. F. Miglei and P. I. Khadzhi, p. 243, Abstracts of
Papers at the VI All-Union Conference on Nonlinear
Optics, Minsk, 1972.

°A. 1. Alekseev, Yu. A. Vdovin and V. M. Galitskii, Zh.
Eksp. Teor. Fiz. 46, 320 (1964); 47, 1893 (1964); 48,
1352 (1965) [Sov. Phys.-JETP 19, 220 (1964); 20, 1273
(1965); 21, 904 (1965)].

Ug, T. Arecchi, G. L. Masserini and P. Schwendimann,
Riv. Nuovo Cimento 1, 181 (1969).

2D. Frohlich, E. Mohler and P. Weisner, Phys. Rev.
Lett. 26, 554 (1971).

3Y. E. Elesin and Yu. V. Kopaev, Zh. Eksp. Teor. Fiz.
63, 1477 (1972) [Sov. Phys.-JETP 36, 783 (1973)].

1A, 1. Akhiezer and R. V. Polovin, Usp. Fiz. Nauk 104,
185 (1971) [Sov. Phys.-Uspekhi 14, 278 (1971)].

p. A. Sturrock, Phys. Rev. 117, 1426 (1960).

8y. Isawa, J. Phys. Soc. Japan 29, 1101 (1970).

"1.. P. Pitaevskii, Zh. Eksp. Teor. Fiz. 40, 646 (1961)
[Sov. Phys.-JETP 13, 451 (1961)].

®p . G. de Gennes, Superconductivity of Metals and Al-
loys, Benjamin, N.Y., 1966 (Russ. Transl. Mir, M.,
1968).

G. A. Askar’yan, Zh. Eksp. Teor. Fiz. 42, 1567 (1962)
[Sov. Phys.-JETP 15, 1088 (1962)].

%°S. A. Akhmanov, A. P. Sukhorukov and R. V. Khokhlov,
Usp. Fiz. Nauk 93, 19 (1967) [Sov. Phys.-Uspekhi 10,
609 (1968)].

2IK. Grob and M. Wagner, Phys. Rev. Lett. 17, 819 (1966).

L. D. Landau and E. M. Lifshitz, Elektrodinamika
sploshnykh sred (Electrodynamics of Continuous Media),
Gostekhizdat, M., 1952 [English translation published
by Pergamon, Oxford, 1960].

#R. Knox, Theory of Excitons (Solid State Physics,
Supplement 5) Academic, N.Y., 1965.

*L,. N. Ovander, Usp. Fizl Nauk 86, 1 (1965) [Sov. Phys.-
Uspekhi 8, 337 (1965)].

*0. N. Gadomskii and V. V. Samartsev, Fiz. Tverd. Tela
13, 2806 (1971) [Sov. Phys.-Solid State 13, 2354 (1972)].

%Y. M. Fain, Dokl. Akad. Nauk SSR 204, 322 (1972)

[Sov. Phys.-Doklady 17, 460 (1972)].

*"H. Kukimoto, S. Shionoya and T. Kamejima, J. Phys.
Soc. Japan 30, 1662 (1971).

?5R. Graham and H. Haken, Z. Phys. 237, 31 (1970).

%Y. de Giorgio and M. O. Scully, Phys. Rev. A2, 1170
(1970).

S. A. Moskelenko et al. 907



*°R. J. Glauber, p. 63 in Quantum Optics and Quantum
Electronics (ed. C. N. de Witt) Gordon and Breach,
N.Y., 1964 (Russ. transl., Mir, M., 1966).

*'W. Kohn and D. Sherrington, Rev. Mod. Phys. 42, 1
(1970). _
*2V. V. Paranjape and B. S. Krishnamurthy, J. Phys. C

(Solid State) 3, 2098 (1970).

908 Sov. Phys.-JETP, Vol. 37, No. 5, November 1973

%G. V. Chester, Phys. Rev. A2, 256 (1970).
*H. Frohlich, Phys. Lett. 26A, 402 (1968); Proc. Phys.
Soc. 87, 330 (1966).

Translated by P. J. Shepherd.
192

S. A. Moskalenko et al. 908



