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The stability of a homogeneous plasma which consists of electrons and of two types of ions
and which is located in an alternating electric field with a frequency of the order of the ion
cyclotron frequency is investigated. The relative velocity of the ions in the field in the
direction perpendicular to the magnetic field is assumed to be smaller than or of the order
of the ion thermal velocity. Parametric excitation of longitudinal oscillations moving
almost perpendicular to the magnetic field is considered. Oscillation excitation is due to
relative motion of the ions. The oscillation increments are determined for the frequencies
of ion-ion hybrid resonance, ion cyclotron oscillations and ion-ion sound.

1. INTRODUCTION

If a plasma contains two sorts of ions, new low-
frequency oscillation modes appear ™). The excitation
of these modes of electromagnetic waves in a dense
plasma with large dimensions can be quite effectivel®”,
and these modes can be used successfully for high-fre-
quency heating of the plasma. We refer to experi-
ments[®’™) in which effective high-frequency heating
was produced in a plasma containing a mixture of ions
of two sorts, using electromagnetic waves with frequen-
cies on the order of the cyclotron frequencies of the
ions. In these experiments, the absorption of the waves
and the rate of plasma heating were large in a wide
range of variation of the constant magnetic field, and
had a maximum corresponding to the frequency of the
ion-ion hybrid resonance.

The relative motion of the particles in the field of a
low-frequency electromagnetic wave can be the cause
of numerous short-wave instabilities of the two-stream
and parametric type'®’%), If the growth increment of
these oscillations is much larger than the pump fre-
quency wo, then the adiabatic approximation is valid,
and in this case the instability has a pure two-stream
character. An important featurel'®) of such instabilities
is that the turbulence level can be very high, since the
role of the nonlinear terms in the equations of motion of
the electrons is small for such oscillations. This leads
to a very rapid damping of the pump wave and to turbu-
lent heating of the plasma. If the relative velocity of the
ions of the two sorts exceeds a certain critical value on
the order of the thermal velocity of the ions, then the
growth increment of the oscillations is of the order of
the lower hybrid frequency or the ion Langmuir fre-
quency. On the other hand, if the relative velocity of the
ions is smaller than the thermal velocity, then the growth
increments of the oscillations become smaller than the
cyclotron frequency of the ions. In this case the adia-
batic approximation cannot be used, and the resultant
instabilities are parametric. However, as before, the
level of the oscillations in the turbulent state, when ion-
cyclotron parametric instabilities develop, is much
higher than the level of the oscillations of the low-
frequency instabilities in a plasma consisting of elec-
trons and of ions of a single sort.

In the present paper we study parametric instabilities
of a plasma containing ions of two sorts in a homogene-
ous alternating electric field, when the frequency w, of
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the pump wave is of the order of the ion cyclotron fre-
quency. It is assumed that the relative velocity of the
ions is smaller than the thermal velocities, and that the
wavelength of the developing oscillations is much smaller
than the characteristic distances over which the electric
field of the pump wave and the plasma density vary. The
plasma pressure is assumed to be small in comparison
with the magnetic pressure. In this case, the considered
oscillations can be regarded as potential.

2. DISPERSION EQUATION

The development of potential oscillations in a plasma
situated in a constant homogeneous magnetic field Bo
and an alternating electric field E = E, sin w¢t is des-
cribed by the equation'®

¢(0) +Z Z Jiam(aga)Im(asa) e—""’u*“)ﬁe,(@ + mwo) @ (@ — swo) = Q,

@ sm=-w

where ¢ (w) is the Laplace transform of the oscillation
potential:

¢(0)= [ o()e ar, 2.2)

Q(w) is a quantity proportional to the initial perturbation
of the particle distribution function, J__ is a Bessel func-

R m
tion
e — eql [( kiEoy + k E, )2 + @5a’ (Bo[KE,])* Y/‘ ,
Mg, o’ ©o* — W’ Biwo* (('-)oz - ﬁ)aaz) z
*
(o7} kl!Enn kJ_I' Yoy Bo[KkE,] - (2.3)
- TN
Ope \ 0 — 05’ / L By(0sa® — 04°)

The contribution of the particles of sort « to the
longitudinal dielectric constant is determined by the
usual expression

) @pa’ o x
8ea(0)=— s [1+1Yn ZMZ A,(za)w(zm)] , (2.4)
where
An(z) = e .(2), o=k, %pa’ =k, ,Vra’/ ©sd%
k - 7
w(z)=e“’( ! J'e"dt) ZuxA_ 0s ,
|k|. V2 kyra
Wpe = €uBy / mac, = (To/ ma)™,
k is the wave vector of the oscillations, k, =k cos 6,

k sin 6, and 6 is the angle between k and Bo. The
s&bscnpt a = e denotes electrons, and the subscript
a =1i =1, 2 denotes ions of the first and second sorts
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with charges e, and e;, respectively, and with masses m,
and m;,.

We shall consider oscillations for which 6 ~ 7/2 and
the frequency of the oscillations is much lower than the
electron cyclotron frequency. We confine ourselves
below to oscillations in two cases.

A. Hydrodynamic approximation for the electrons.
)i lznel > 1and kpg < 1, then
2
de, = m,.z_
W@pge’

2
Wpe
P

cos? 0. (2- 5)
We assume that the term (w;e /w?)cos? 6 in (2.5) is
small in comparison with 0€j, owing to the smallness of
cos? 9. This case corresponds to "cold" electrons, the
role of which reduces to polarization of the plasma
under the influence of the electric field of the oscilla~
tions propagating perpendicular to the external magnetic
field.

B. "Hot" electrons (small phase velocities or short
waves). E ]zOel < 1lor kpe > 1, then

8, = wpe? / k*vret. (2.6)
In this case the role of the electrons reducesto Debye
screening of the space charge of the oscillations.

In either case, 6 €, does not depend on the frequency,
so that in the term with o = e of Eq. (2.1) we can sum
over s and m, and this yields the term Oeqp (w):

Y Lin @) In(an) e - bep(0 — s00) = Bep (o). (2,7)

s,m

Taking (2.7) into account, we can easily transform (2.1)
into

[1 +6e.+65;(&))](D(m)+2an(ﬁ))®(0>—"ﬁ)o)= Q(w), (2.8)

where

O (0)=-exp {i mﬂ(é + ) }Z T, (ag,) e *CH V(0 — s@o),  (2.9)

1=—c

a,(0)= i],,.(a,g)]mﬂ(ag)ﬁez(m + ma), (2.10)
and the qua.ntities’n :; and 6 are given by
o ([ L o ()]
H Y s PEELY @y
aso= 30 (T i)
X [:2 =1 m;mo(:::i—vmnz) B‘}[;,(EO] T e

We note that (2.8) contains only the relative velocity u of
the ions of the two sorts (agp = ku/wo). The motion of the
electrons relative to the ions does not enter in the funda-
mental equation (2.8) in the considered approximation.
Replacing w in (2.8) by w —vwo (v = 0, £1, 22, ...), we
obtain an infinite system of difference equations for the
quantities ®(w — nw,). Equating the determinant of this
system to zero, we obtain a dispersion equation that de-
termines the complex frequency of the considered os-
cillations:

Det lla., .l =0, (2.13)
where
@y, n =8y, n+ @y (0® — Vv©,).
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Equation (2.13) will be investigated subsequently in a
number of special cases.

3. “COLD"’ IONS (LONG-WAVE OSCILLATIONS)

We consider first parametric excitation of oscilla-
tions for which the ions can be regarded as ''cold", i.e.,
kp; <1,

Zni= (0 — now) [ V2w >1 (n=0, =1).

In this case

Sei(0) = —,d/ (0 — wsd).

(3.1)

We assume that in the general case the ion masses and
densities are comparable in order of magnitude. We
confine oureselves to oscillations for which ag < 1.
We then obtain from (2.13) the following approximate
dispersion equation:
e(0)e(0 — 0,) — Yiaz*[be,(0 — 0,) — b2, (0)]* =0, (3.2)
where
e(w) =1+ 6e.+ 6e,(w) + de.(w).

In the zeroth approximation (ap = 0), the solution of

the dispersion equation €(w) = 0 determines the natural

frequencies of the longitudinal plasma oscillations with
"cold" ions w = W where

g (k) = +o.(k),
0.2 = l/2((1)1342 + 0z’ + 0+ (l)zz) ES I/2[ (mmz + 0z’ + 0 + @,%)*? (3.3)

—_ 4(“)“20521 + wsle’ + ﬁ)azzﬁ)iz) ]‘I'-

For the frequencies w, and w, we have in case A

0F = 0rm=0m(1+ 0p/05) ™, (3.4)
and in case B
of =o.l=kv,2/ (1+krp?), (3.5)
where
vi= (T./m)" rpe=(T./4ne'n)" =vr./ @pe (3.6)

In case A, the frequency w., is the frequency of the
second (lower) hybrid resonance, and w- is the frequency
of the third (non-ionic) hybrid resonance (1,23, Usually
@pi > wpi, and then the expressions for the frequencies
of the lower hybrid resonance and of the ion-ion hybrid
resonance simplify:

2 2
0)2=0)2 _ @p1 T+ Op2
T (00t @.7)
2 2 2 2
1o ©520p1 T O510p2
0=y, SRS — (3.8)

In the case B, the frequency w, corresponds to fast ion
sound in a magnetized plasma containing ions of a single
sort. We note that w, > max (wgy wp2). In the region
of sufficiently large wave vectors in a dense plasma,
when “’zsl + wzsz > "‘"‘iBi’ the expression for the fre-
quency w, coincides with the frequency of the ion-sound
oscillations in a nonmagnetized plasma containing ions
of two sorts:

W=

02 = 0.’ + 0.2 (3.9)
In the region where wf; + wy < whj, we have w,

= max (wgq, wpgg). The frequency w. corresponds to a
new branch, which appears when the ions of the second
sort are added. In the region of large wave numbers,
where v}y = why > whj, we have w. = wyy. In the re-
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gion' of long waves, where wzs 1+ wgz < w%i, we have w-
= mm(wBl, “’BZ)'

The term ~ a}; in (3.2) becomes significant under
parametric-resonance conditions, when
(N ==1) (3.10)
where w o and w, are the natural frequencies defined by
formula (3.5). Putting

o = wa T &,

0o — Nwy = 0p

= s (0s — N — @),

we obtain from (3.2)

L (3.11)
where
1, Do) buo)T
Y 7 % e’ (0a) e’ (wp) (3.12)
El(ﬁ)): 200," (3.13)

otz (0*— ﬁ)n-z)z'
We see therefore that instability can set in if yin >0.
To this end, it is necessary that w a and w, have opposite
signs and belong to different branches, i.e., in the case
of instability we have

[o: (k) | + |0:(%) | = w0 (3.14)

The maximum value of the growth increment y =y,
is reached at 6 = 0. I n, ~ n, and m, ~ m;, then we ob-
tain at w; ~ w2 ~ wpj ~ wo the order-of-magnitude esti-
mate

Ym ~ apOp; ~ ku.

(3.15)

Kw >w W Doy > w® 0350 o1 vg > w
~ wJJ), then

Ym ~ Ue®pi,

(3.16)

ie.,
Ym ~ ku(1 + (l);z..-z/ (Dsuz) K (mn ~ @Oy~ (!Jo),
Y~ ku(1+ 17 krpt)" (0, ® 0, = o).

However, if the pump frequency is large in comparison
with w_, Eq. (3.2) no longer holds. In this case the dis-
persion equation can be represented in the form

ag? 8ey(0)8e;(w) 1 1
—|=0 @1

14—
wp, we seek the solution of this

4 e(m)
Recognizing that w, =

equation under the assumption that w < w,. We then ob-
tain

e(0—w) elo+

(DZ:;—[ (@ — 0’1)2+0’22]i21_{ [(0— 00)® — o]

. . (3.18)
: On0p(0—o) %
© e (o) (0,0 + mpz’)}J
or
o/ 0t =1 (1+2°) £ o[ (1 —2*)* — bnz]”, (3.19)
where -
®Wo — Wy 2 WpiWp2
T=—— N=as 2ore (o) (@i T o) (3.20)
The instability sets in if
n<z<z, (@<1<z), (3.21)
where x = x,,. are the roots of the equation
(1 —2?)?—4nz =0, (3.22)
and also in the region
—n<z<O0. (3.23)
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In the region (3.21), the maximum increment is equal to

Ym = 20:|1+ 2* — 2z (z + ) |*, (3.24)
where x is determined from the equation
dz(z+m) (2 —1) =2 (3.25)

In the limiting cases we obtain from (3.25) and (3.24)

T = Yhom" n<1,

(3.26)
(3.27)

In the region (3.23), the maximum value of the increment
is

Y = 277Y30,m"%, n>1.

2|zl (z+m) I
m= —| , 3.28
1 [12+1+}’(12—1)z—4nz] ( )
where x is determined from the equation
2+ 2z +n=0. (3.29)

In the limiting cases we obtain from (3.28) and (3.29)

Yu % one,, n<d,

(3.30)
(3.31)

A comparison of expressions (3.15) with (3.27) and
(3.31) shows that at w;, ® wo > w. ~ wyy, the growth
increment can increase strongly. . It should be noted,
however, that under these conditions parametric excita-
tion of other low-frequency oscillation modes is possi-
ble, with growth increments on the order of

Tm = 27N %@, M > 1.

"{’ ~ (an/) Ysorn ~ OrH,

(3.32)

ifan ~ kug /wo ~ 1. The principal role in the excitation
of these oscillations is played by the motion of the elec-
trons relative to the ions. If wo > wpj, then the ampli-
tude ug, of the oscillations of the electron velocity in the
alternating electric field of the pump wave is much lar-
ger than the amplitude of the relative velocity of the ions

u,~cEy/ By ~uw,/ 0p > u. (3.33)
If, for example, wo ~ Wy ~ (wBewBi)‘/z, then
u, ~ (m;/ m.)"a. (3.34)
Comparing (3.32) with (3.27) and (3.31), we obtain
Y m~ @/ u)s ~ (00 / @z:) 7> 1. (3.35)

It is obvious that under these conditions the principal
role is played by the electron-ion parametric instabili-
ties investigated in[**™*], Incidentally, for a final
answer to this question it is necessary to investigate the
nonlinear stage of development of the oscillations.

Unlike the case wo, > wpgj, if the pumping is by waves
of frequency wo, ~ wpj, the relative velocity of the elec-
trons is of the order of the relative velocity of the ions.
In this case the growth increments of the parametric
instabilities, an important role in the onset of which is
played by the oscillations of the electrons relative to the
ions, turn out to be of the same order of magnitude as
the growth increments (3.15) of the ion-ion parametric
instabilities. The role of the latter, however, is more
important during the nonlinear stage, since, as noted
earlier, the turbulence level for them is much higher
than for electron-ion parametric instabilities.

4. EXCITATION OF CYCLOTRON WAVES

For cyclotron waves we have Izsi' > 1, and b¢
takes the form
(0]
® — SOpi ]'

se:(0) =0 1 - 24.(1&;#)

s=—o0
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s On 4.1
Q= 4.1)
The zeroth-approximation (ag = 0) dispersion equation,
€(w) = 0 determines the frequency w = w oK) of the
plasma cyclotron oscillations® 3, which are modified
somewhat because of the presence of ions of two sorts.

At kp; <1, the frequency w is close to
Q2A, (k)
T+ 00, + Q7 + 07 ] (4.2)
If the condition slel = s,wpg s satisfied for certain
values s = s, and s,, then we obtain in place of (4.2)
Q2 4. (Kp,%) + Q4. (K'p.?)
e rorrar ) (4.3)
At kp; << 1, the frequency w is close either to w, or
to swpj:

sfop’ — @p2’
(4.4)
If the condition s,wpg1 = s,wpy is satisfied, then we have
in place of (4.4)

0= s.w,,[ 1+ Q4. (Fpd) + QA (Kp.?))

(l)plz -t
(o B )]
( 8e, b 52 05," — W5’

Formulas (4.2)—(4.5) do not hold when the frequency
Sswpgj is close to one of the frequencies w,. In this case
w = w, +0w, where

80 =3 (s0n — 02) = 2[ (s0n— 0:)* +Q/ ¢ (0:) 1"
Q = Qs0nd,(Kps),
Q = 5,050,241 (k?0:%) + 5:05:92:°4 .2 (K?p2?),

m=sm5i[1+

(l)=$|(1)m[1+

2 2
o =sau| 1+074,(p?) (1+6e,— _ O Om

2 2
$'Wp — Opy

(4.5)

S1@py T 820 p2,

(4.6)

$1Wpy = S2Wp2.

At a pump frequency wo ~ wpj and at ap, < 1, we can
use the approximate dispersion equation (1?2), from
which we find that at resonance w_ — wo =~ the value
of € = w —w  is determined by formulas (3. Pl) and
(3.12), where b¢; is given by (4.1) and

WML

i=1,2 s=1

(4.7)

The instability sets in when w, and wg have opposite
signs, i.e., |wg| + |wgi = wo. The order of magnitude of
the maximum growth increment is

® n
N\~ ag——~—

kpn Uri
(kpi <1,

(kp:>1, 0 = sws), (4.8)

y~ac(kp)*o O~ SO, S$=2).

(4.9)

I kp; <1and w~ w,, then vy, is given by (3.16).
From a comparison of (3.16) and (4.9) with (4.8) it fol-
lows that the growth increment of the cyclotron oscilla-
tions at kp; > 1 greatly exceeds the growth increment
of the long-wave oscillations (kpi < 1),

In the case of a high pump frequency (wo > wp;j), the
expressions obtained in this section for the growth
increment are no longer valid, since the dispersion
equation (3.2) no longer holds. In this case we can use
the dispersion equation (3.17). Recognizing that w,
> wpj and assuming |[w| < wo, We obtain, using (4.1),

e(0 =+ w,)=1+de. Em, (4.10)
dei(0) =Q° [1—A (K02) 1. (4.11)

Substituting (4.10) and (4.11) in (3.17), we get
0 =682+ 28, (4.12)
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where 6 = w, —woand
azs* Q32Q*[1— 4, (K*0®) 1[1— A4, (k*p.%) ]

2e’ (0.
€ (m ) 1+680+29i5[1_l40(k2(312)]

i=12

tn= (4.13)

The instability sets in at 6 < 0. The growth increment
reaches the maximum value y =y, at 6 =—y,,. In
order of magnitude, we have for the increment (4.13) the
estimate

Y~ o4u [ vrd

(4.14)

We note that in the considered case (wo > wgj) the
velocity of the electrons in the field of the pump wave is
much larger than the relative velocity of the ions and, as
indicated in the preceding section, an important role is
assumed by electron-ion parametric instabilities with a
growth increment much larger than (4.14).

5. EXCITATION OF OSCILLATIONS BY
RESONANT IONS

We shall assume that either the concentration of the
ions of the second sort is small (n; < n,) or that their
temperature is much higher than the temperature of the
ions of the first sort (T: > T.). Then |6€;| > [b€2]
(here d¢; is defined by expressions (4.1) and the ions of
the second sort exert little influence on the dispersion
of the cyclotron waves. The dispersion equation, which
takes into account the presence of the particles of the
second sort, is

1+ 8e. + bes (@) + 2y (0) =0, (5.1)

where
a(0) = @+ Qn Y Tt (@) (@ + m)w(za+ mb) A, (prt) (5:-2)

and ¢ = wo/V2. kHV.Tz' In the zeroth approximation we ob-

tain from the equation 1 + 6€g + €1 = 0 the frequencies
w = w_ (k) of the cyclotron oscillations in the absence of
ions olt¥ the second sort. If the resonance conditions

Wg = SoWpz — MoWo,

(5.3)

are satisfied for certain values m = myand s = sy in the
sum (5.2), then retaining only the resonant term in (5.1)
and assuming that y < kIIVTi’ we obtain for the growth
increment the expression

Vo SoWp2
8e,” (0q) V2 kv
where 5¢;(w) is given by the term in the right-hand side
of (4.7) with i = 1.

It follows from (5.1) that the instability sets in at
So<0 (a.nd mo< 0). Ji d T1 ~ Tz ~ Te, wB1 ~ sz ~ Wy,
lmo| ~ |sol ~ 1, and Whe ~ wpe» then it is easy to ob-
tain the following estimates for the maximum values of
the growth increment (5.1):

Y =—Q2 T (@) Ay (K2p2?) exp {— (2,2 + mE) 3, (5.4)

1

i, (1-01/2
e T
ny m; Ui Uy m
o\ S\ . n\ "
*{~(i) “ w; When (m ) é—u—gmin{(ln—) ,1}
ny Ui m; Uy mi n.
y (5.6)
ny 2 Ui \ w u m; ny
Y~ (n_.) (u—) o when v—ﬂ) max{ LI’T;} »(5.7)
" %o\ m
7~(ﬂ) s when (l) r ) g_s 2 (5.8)
m; m; ns ny

where I = mo| at |mo| =1 and 2 and I = 3 at |m,| = 3.

The maximum values (5.5)—(5.8) of the quantities
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(5.4) are attained at y ~ k”vT The largest value of
these quantities is of the order of

Ymes ~min {(m,/m)", (n:/n)"}om.

(5.9)
6. COHERENT EXCITATION OF OSCILLATIONS
'BY IONS

We shall assume, just as in the preceding section,
that n < n,Tz/T;. Unlike in the preceding section, how-
ever, we assume y >k vT,. Then the quantity §e;(w)
takes the form (4.1). In this case we can use the dis-
persion equation (5.1), in which

a(@)=r =02 V! 1 (@) —> + moe

sm=—oo

AFpd).  (6.1)

® + mw, — SOz
If the resonance condition w, (k) & Sowp2 — Mewo is

satisfied for certain values s = so and m = mo, with

wo/wgy # p/q, where p/q is an irreducible fraction

(p and q are of the order of unity) and w, — Nwo # wg,

then the quantity € = w —w, is determmed by formula

(3.11), in which 6 = (wg — sosz + mqwo)/2 and

SoWa2
6e( (0a)
Obviously, the instability can occur only at so < 0. For

the maximum value of y,, defined by (6.2) we can use
the order-of-magnitude estimate (5.5)—(5.8).

I wo/sz = p/q, then it is necessary to take a large
number of resonant terms into account in expression
(6.1) for ao(w). In this case y%, is equal to

ol = — Qs Tt (az) A (K*p:2). (6.2)

@®p2
8ey” (

2 2

Ym =—Q,

Z (S0t Pr) Dnusar (@) Ausre (K0s).(6.3)
The growth increments determined by formulas (6.2)
and (6.3) are of equal order of magnitude.

7. EXCITATION OF CYCLOTRON OSCILLATIONS
BY IONS UNDER CONDITIONS OF
PARAMETRIC RESONANCE

Let us consider, at n; > n,T,/T. and at arbitrary
values of ap, the coherent excitation of cyclotron oscilla-
tions by the ions of the second sort under the parametric-
resonance conditions

e — Nog~ s, N==1, +2,...

(7.1)
Here w, 5 is the solution of the dispersion equation A(w)
=1+ 6ee + 6€ey(w) = 0. Assuming that y > k”vT and
using expression (4.1) for 5e:(w), we represent the dis-
persion equation in the form
[A(0) +a0(0) ]1[A (0 — No,) + ao(0 — Noo) ] — ax(0)a-y (e — No,) = 0,
(7.2)
where

o+ mo,

0,(0) = Q800 = 0 Y, T (35) I s (ae) 4.(). (1.3)

m=—co

® + Mmoo — s®p2

From (7.2) we find the following expression for e
Sw—w

a
Dot Pos Pos — Poa \* a
e .i[(aﬁ————z ) +pu.ap—n.p] v (1.4)
wh
ere _ aa(0a)
Pre =3 on
. (7.5)
45' 050
’ =Q,2 L(k*02).
Hle=a — (0* — $0p’)? 4.(K:)
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We note that if the parametric resonance (7.1) is real-
ized on one branch of the oscillations (v, ~ Nwg/2),
then no instability occurs at odd N, since a_ ,(—w)
= (-1)"ap(w) and A’ (-w) = ~A'(@).

The instability does take place is Py, oP-N, 8 <0
The maximum growth increment is

L) (7.6)
T I (o) M (09 1% |
In order of magnitude, at
T,~T, a-nd‘u F o =vri(m./ mi+ 05/ @pi) "
‘we have
- n: u
o ~ T O (7.7)

We have put here

Qo p ™~ O~ Op,y ae~1 Oa T Moy — $052| ~ 05/ kpi K Wy
3 1)

We note that if we put n; ~ n, in the estimate (7.7), then
it coincides with the estimate (4.8) provided we put in
the latter ag ~ 1.

The growth increment given by (7.6) and (7.7) is
smaller by a factor of (n;/nz)'” than the maximum growth
increment (6.2), i.e., under the conditions of parametric
resonance (7.1) the excitation of the oscillations is much
weaker than at resonance W, = Sowpgy ~ MeWo

The expressions obtained in this section are not valid
if the parametric resonance condition (7.1) is satisfied
simultaneously with the condition (5.3): w, = Swpo
= muw, We assume that in this case the difference
w,, ~ N'wo, where N’ # N, is not close to any natural
frequency We then easily obtain from (7.2) for the quan-
tity e=w—w o the equation

e(e+268) (e + A) + epy (@) + (e +28) po(w5) =0, (7.8)
where . .
Pol(@) = — Qo2 noin (@) Ay (K*027) sew /084" (@),
8 =1s(0a— Noo— 0), A= 0aT Mwo— S0z
In the particular case § = 0 we obtain from (7.8)
e =—1A = [14A* — px(0a) — po(@) I™. (7.9)

The growth increments determined by (7.8) agree in
order of magnitude with the growth increment (6.2).

Expressions (7.4) were obtained in the case when the
excitation of the oscillations by the ions of the second
sort is coherent, and y > k”vT If the temperature T:
and the value of cos 6 are large enough then the in-
equality y > k“vT is not satisfied. The oscillation ex-
citation then takes pla.ce with participation of the reson-
ant ions of the second sort. Assuming y < k“sz, we
find that in this case € is determined as before by form-
ula (7.4), in which the quantity a; (w) (n = +N) must be
set equal to

@) == Y Q@) orn(@0) Tz ML) w (2 + mE) A, (Kps),

sm=—oco

(7.10)
where ¢ = wo/V2kvr,.

The growth increments determined by expressions
(7.4) and (7.10) are not valid if condition (5.3) is satisfied
together with the parametric-resonance condition (7.1).
In the case of such a double resonance at y < kv, it
is necessary to take into account a large number of
resonant terms in the expression for aj(w), which is

D
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defined by (7.10) and which enters in the dispersion
equation (7.4). The quantity € at kp, > 1 is determined

in this case by the formula
& = Yo(—iBmo, mo = Pmo, mosn)

(7.11)

where
@0/ 0sz=p/q=2s/ (N + my),

w-fZosle L
2 kyvre 8ey" (0a) V21 kp.

Bry = Z‘ Jivar (GE) Jiser (aE) (30 + Pr) .

The growth increment determined by formulas (7.11)
and (5.4) are of the same order of magnitude.

8. EXCITATION OF ION-10N SOUND '

In a plasma with a small admixture of "'cold" ions
there exists a branch of oscillations that can be called
ion-ion soundt*®, For these oscillations we have
w > wpj, Wk, > 1, and vy <ok <vp ), as

2 1

well as (m, /mg)cos® < ng/no, so that we can put e
= wf)e/“’Be and s €1(w) = Qi[1 + iVrziw(z1)],

2, = | V2kvz, 8.1)

When ag = 0, the dispersion equation 1 + 6€g + d¢€;
+ 0€; = 0 determines the frequency w(k) = Re w and the
damping decrement ¥, =—Im w of the ion-ion sound

8e:(0) = —,.° [ 0%

0 (k) = 02 (1 + 0,2/ @52 + Q) ",

= ()" 2o

(8.2)
(8.3)

k:sv“aw”z ‘
If ap, differs from zero, then at wo > w the disperéion
equation takes the form

®p2°

E sz(as) _
o 4+ 8e, + Q1+ iVr (2, + mb)w(z, + mg) |

m=—

1

0, (8.4)

where ¢ = wo/V2kvy . Assuming that w < kv , we ob-
tain

w(k)=4_rm,,2{ Y

—=—00

J2 (ap) [1 +0e, + Q1 — VRmlo (ml)]]
[ +8e,+ QU — Vamlo (mO)]*+ [ V7 mie ™ v QH?

(8.5)

where

2 ') 12
v(z)=1Im w(z)=~yf\e- Ie dt.

Expression (8.5) determines the growth increment of

the aperiodic instability. This instability arises if the
expression in the curly brackets in (8.5) is smaller than
zero. To this end it is necessary to satisfy the inequality

14 05/ 05" < Qi1 (8.6)

where 7 = max[Vmzv(z) — 1] ~ 0.28. In order of magni-
tude, we obtain for the growth increment at { ~ 1, ag
~ 1@~ vy, >vr,), and wo S wrg

Y~ (2] ny) @0, M2~ M.

(8.7)
Formulas (8.5) and (8.7) are valid if vp, < 7/k < v,
Taking (8.7) into account, we represent these inequalities
in the form

(Tz/Ti)‘/'<< (nz/na)”’<<1. (8.8)

If the expression in the curly brackets in (8.5) is
positive, then at ¢ ~ 1 the instability can be due to
small terms proportional to z,. Putting w = w(k) + Aw,
where w(k) is determined by formulas (8.5), we obtain
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. T (.I)pzzg C a2
= s —matiy 2 .
’V 8 kvm (1 be, + Q) 2 ¢ (az)

—o

Ao =—

o (1= 2m) [ — am’Eg?lw(me) '] + 4m*E[g — Vi mtv (mt) ¢°] (8.9)
[(1— Tm mtv (mt) g]* + (Vo mEe—%g)*]* )

g=Q2(1+ e, + Q)"

The considered ion-ion instability arises only at ¢ 2 1,
whenu 2 V. On the other hand, if u < v, (¢ X1),
then the unstable oscillations with frequency (8.2) can
arise under the parametric-resonance conditions w(k)
~ we. In this case, however, the dispersion equation
(8.4) does not hold, since it was derived under the as-
sumption w < wo, and it is necessary to use the exact
dispersion equation (2.13). Substituting the expression
for 6¢y(w) in (2.13) and taking into account the smallness
of the quantities z; < 1and ¢ < 1, we obtain from
(2.13) the approximate dispersion equation

[Al(m);%(;(oT] [ Che 20“)_7‘%] —a?=0, (8.10)
where .
Me)=1+ 69,+Qt‘[1 + L]/Zik;" —(CGE)Z] _ (n,p:2 ,
T1 (0]

v 1
a, = 1—21912&11:, Ay = — TQIZ(CaE) 2,

From (8.10) we obtain the following expression for the
quantities € = w — w(k):
e=—8—iyo £ [(6+A)* — yn2l", (8.11)

where y, is determined by (8.3), 6 = w(k) — we

A =(tas) “’32(:32?‘2 [1 —% (1 +o+ 9—20“)’——) - ] ;(8.12)
Ym =4 (Caz)*0® (k) Q%] 052" (8.13)
We have in order of magnitude
o (k) ~ (ny/ny) "kvy,,
(8.14)

Yo~ (nz/ni v"l), Ym ~ ‘/s(u/vr,)zm,
Obviously, instability can set in if y | > yo, and then

we have in order of magnitude y ~ ..

We note that when u < vy, the parametric excitation
of the ion-ion sound is due to the resonant particles.

9. CONCLUSION

The foregoing analysis shows that an alternating elec-
tric field of frequency w, ~ wpj leads to excitation of
different ion-cyclotron oscillations in a plasma with a
mixture of ions of two sorts. The cause of the instabil-
ity is the relative motion of the ions in the field of the
pump wave. The characteristic value of the growth in-
crement of the ion-cyclotron oscillations is given by

9.1)

where u is the relative velocity of the ions in the direc-
tion perpendicular to the magnetic field and VT is their

Y~ Opt ] vy,

thermal velocity (u < vy ). For unstable oscillations,
the saturation level is much higher than the saturation
level of the electron-ion parametric instabilities, which
have at wo ~ wpj a growth increment of the same order
of magnitude. One can therefore expect the considered
instabilities to be the cause of strong absorption of
waves with frequency wo ~ wpj. It is possible that the
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effects observed in[ﬂ, namely the heating of a plasma
containing a mixture of hydrogen and deuterium ions, by
electromagnetic waves of frequency wo ~ wp1 2 were
due to the considered instabilities. We note that the
strong smearing of the distribution function of an
almost-monoenergetic ion beam injected into the plasma
across the magnetic field, a smearing due to the rapid
development of ion-ion two-stream instability analogous
to the parametric instabilities considered in Sec. 3, with
the growth increments (3.27) and (3.31), was observed
experimentally'*® and was confirmed also by numerical
experiments (%173

*[KE,y] =k X E,.
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