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Some properties of the first terms of a general eikonal expansion obtained by the authors 
in the three-body problem are investigated. A numerical calculation of the angular dis­
tribution of protons in proton-hydrogen atom charge exchange is performed and agrees 
with experiment (for the total cross-section) and with the data of other authors. 

1. INTRODUCTION 

There has been great interest recently in the eikonal 
approximation, in the form of Glauber[l] or Schiff[2] , 
in the theory of nonrelativistic[3-5] and relativistic[6,7] 
scattering at high energies. Using the eikonal method, it 
is possible to obtain good agreement with experiment 
(compared with the Born, impulse, claSSical.., etc., ap­
proximations) in the description of nuclear[8 J and 
atomic [9] scattering, and also to investigate the analytic 
properties of the high-energy scattering amplitudes [10] • 

It should be said, however, that the usual derivation of 
the eikonal formulas from a partial-wave expansion[ll] 
or an integral identity[12] for the scattering amplitude is 
inapplicable in the case of multi-channel scattering 
(processes with rearrangement), and also in the deter­
mination of the eikonal corrections associated with large 
momentum transfers in one or several collision events. 
The different nonrigorous arguments which have often 
been used by a number of authors in applying the usual 
eikonal formulas for rearrangement processes lead to 
errors [13J. A rigorous derivation of the eikonal approxi­
mation from the scattering equations is therefore of 
great interest for the physics of atom-molecule colli­
sionsl). The authors [15,16J have previously suggested a 
general formalism for the eikonal expansion of the 
Lippmann-Schwinger eguations using the technique of 
eikonal propagators [17J and, in the three-body problem, 
have obtained explicit analytic expressions for the first 
three terms of the expanSion, suitable for direct calcula­
tions of different processes. 

In this work, the case of scattering of a particle by a 
bound state is considered and two terms of the eikonal 
expansion are given in a form that is more convenient 
for obtaining numerical estimates and for computer 
calculations. Certain properties of the eikonal ampli­
tudes, important in the calculation of actual processes, 
are considered. A concrete calculation is performed of 
the angular distribution of the resonance charge exchange 
this calculation is interesting from the pOint of view of 
applications, and also, because of the Coulomb divergen­
ces of the eikonal phases in the standard approach, from 
a theoretical point of view. 

2. EIKONAL EXPANSION IN THE THREE·BODY 
PROBLEM 

It is well known(12J that the matrix element of the 
transition operator from channel a to channel b has the 
form 

(1) 
where -Jla and -JIb are the asymptotic wavefunctions of the 
initial and final states, and 

T"a =H,' + H,':f+(W)H.', T,;= H.' + H,:f+ (W) Ha', 

W=E+ie, e-O+. 
(2) 
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The exact Green function f of the problem satisfies the 
equations 

:f = G. + :fH.'Ga = G, + G,H,':f, 
(3) 

Ga(W) = (W -Ha)-" G,(W) = (W - H,)-'. 

To obtain the eikonal expansion, we replace the partial 
Green functions Ga b by the eikonal propagators Gi f 
describing the free' relative motion of the fragments in 
the initial and final states in specified directions [17J : 

Gj(p) = [(k;- p)Vj+ ie]-', e - 0+, j = i, /. (4) 

Substituting Gi for Ga in (3), we obtain an equation for 
the exact eikonal Green function :fi . An equation for :ff 
is obtained analogously. Expanding the exact Green func­
tion in powers of the perturbations 

(5) 

and substituting into (2), we obtain after the appropriate 
symmetrization [16J 

T'a = 1/2 (T, + TI) 

+ IMI,':fI(N, + Nj):f Jla' 

+ IT/:f,N f:1N,:1Jf/, (6) 

T, = fI,,' + 1I,::1,ll.', 

TI = H.' + H,':1IHa'. 

We note that the last term in (6) is important only for 
the description of momentum-transfer processes result­
ing from repeated colliSions, if the interaction of the 
particles between collisions is important (e.g., excita­
tion to a weakly bound state). Therefore, it is sufficient 
for the purposes of our work to calculate only the first 
two terms. 

Proceeding as in [16J , it is possible to obtain the fol­
lowing approximate expressions, which we write in a 
"semi-classical" form more convenient for obtaining 
various estimates and for numerical calculations (see 
Fig. 1): 

a) One-channel scattering (1 + (2,3) - 1 + (2,3)*): 

T rna (p" Pi) = S dR dr cp,:cpa exp[iS(A, R, r)] 

(7) 
[ A' Bi 0, ] 

X W(R, r)eos (L(R, r)- -sin-sin-;- : 
!-I, :< 2 

here, rpn and rpm are the functions of the initial and final 
states of the target, 

W = V,,+ ViZ, !-I, = m,(m,+ m,) / (m, + m,+ m,), A =ki-kj, 

and S is an approximate expression for the action along 

FIG .. I. Coordinate systems for 
(a) excitation and (b) rearrange· 
ment. 
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a trajectory consisting of two straight lines 
(o± = %(Oi ± Of»; 

S = L'lR + 6+(R, r}, 6", = - S W(R =F v",t, r}dt, 
o 

(8) 

Introducing the average potential Wav with range Ro, we 
obtain the estimate 

T. L'l'Wav'Ro' Wav r:- ft'vk' -E(L'lRo}', 
(9) 

The eikonal parameter Wav/E should always be less than 
unity, and so we obtain that the first correction can be 
neglected if 

L'lRo < 1. (10) 

We note that, since ~max ~ k, the eikonal formula gives 
a good description of the scattering at all angles when 

WavRo' < 1. (11) 

In this case we may assume, in estimates of the type (9), 
that 

VavR,'- SdrrIV(r} Ie"''), 
o 

where Ii (r) is the eikonal phase corresponding to the po­
tential V(r). In this approach, Vav is defined even for 
singular potentials. Thus, (11) serves to strengthen the 
corresponding result for the Born approximation. 

b) Multi-channel scattering (1 + (2,3) - 2 + (1,3»; 

J"S ,t) ") 'Pm''Pn { Tmn (p" p,) = dp. dp, exp[iS(k; , k, , p., p,} ]-2- V, exp(i6_} 

, ,6" 6, [( 1 2) (I)' (1 2) (2)']} + V, exp(-,6_}-sm-sm- -+- k; + -+- k, ; 
2 2 ftl m13 ft' m" 

here, (12) 

V = VI + V" = V, + V 13, 

6, = - S dt VI(p. - v,l, p,}, 
o 

61 =- SdtV,(p"p,+v,I}, 
o (13) 

k, k, A 
v·=- V.f=-----, 

I m 1 ' ml. m 1 + m3 

If the parameters Vav and Ro are the same for Vi and V2, 
then, as in (9), we obtain 

Tt Vav 2 2 
- - -(kRo) - VavRo . 
To E 

(14) 

As we shall see, this estimate is too crude. However, it 
is clear from (14) that, for processes with rearrange­
ment, the first correction is the more important one at 
all scattering angles. 

We now note certain properties of the eikonal ap­
proximation that are important for applications. The 
eikonal approximation is equivalent to an asymptotic 
summation of the Born series. For potential scattering, 
this fact is well known [2,lSJ . For inelastic processes, 
however, the impression may be gained, in connection 
with the interpretation of the eikonal expansion as a 
multiple-scattering series[17J , that this is not so. We 
shall examine this statement using the example of a re­
arrangement process. 
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If we perform l iterations of the first Eq. (3) and n -l 
iterations of the second, then, after substitution into (2), 
we find that we must consider terms of the form 

(V,G,)n-IV,(GIVt}I, i=1,2;I=O, ... ,n. (15) 

If the scattering in the (n + 1)-st event occurs with small 
momentum transfer, the matrix elements of all the 
operators (15) define the same process (the Glauber 
mechanism); if the scattering occurs in n events with 
small momentum transfer and in one event with large 
momentum transfer (the Schiff mechanism), the matrix 
elements of the operators (15) will be different. In ac­
cordance with this, 

1 n 

£Tn = -, - 1: (PI, ml (V2G,}n-I(VI + V 2 ) (GY.}llp" n), (16) 
2f<s,G I~O 

where FS = 1 and FG = n + 1. 

In the high-energy limit, we can replace the partial 
Green functions by the eikonal propagators; this corre­
sponds to expanding G1,2 in a series and retaining the 
terms proportional to the momentum Pi,f' In this case, 
the matrix element in the summation, like that for po­
tential scattering[lsJ, can be calculated explicitly. USing 
the symmetry of this matrix element under permutations 
of the first l momenta and of the last n - l momenta, and 
also using the binomial formula, we obtain 

1 1 SS (I) (') (V'+V')[' .]n. £Tn'" -- - dp, dp, exp[ik; PI - ik, p,] 2 ,6, + 16, 'Pm 'Pn. 
Fs,G n! 

Summing all the terms of the iterative series, we shall 
have 

SS ,(') , (') • (VI + V,) (17) 
£T '" dp, dp, exp[,k, PI - ,kj p']'Pm 'Pn 2 BG,s, 

where 

{ exp(i26+}, F= 1 

BG,s = exp(i6+}sin 6+/6+, F = n + 1 (18) 

In the case F = n + 1, the expression (17) is equivalent to 
the first term in (12). To obtain the second term of the 
eikonal expansion, it is necessary to retain the term 
proportional to the momentum transfer in the expansion 
of the partial Green functions. In this way, we obtain the 
estimate 

(19) 

where K is the momentum transfer (concerning the defi­
nition of the momentum transfer for processes with re­
arrangement, see Sec. 3. In the eikonal directions, K 

takes small values and so (19) is a refinement of (14). 

The eikonal approximation is a high-energy approxi­
mation. Therefore, by vil:~tue of the well known fact that 
the scattering is concentrated about the prinCipal direc­
tions as E - ao[l4J , in calculating the total cross-section 
of the different processes we can expand (7) and (12) in 
a parameter characterizing the deviation from the 
eikonal direction, assuming this parameter to be small. 
We shall determine, e.g., the excitation cross-section 
(the case of multi-channel scattering will differ in that 
there are several eikonal directions). For the small 
parameter we can take 

~=sin(e/2} =O(1/p}, 

where e is the scattering angle. We introduce the polar 
coordinate system R(p, cp, z), where the z-axis is along 
the bisector of (). Then for e = 0 (0 = Iii = Of)' 

ImTnn(p"p,}= 2;<t~ S drdpP'Pn'(r}sin'6. (20) 
ftl 
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For () i 0, in first order in f3 and 1/p we have 
AR = 2p,p~ cos cP - (Pi - PI)P~ cos cP + (Pi - PI)Z, 

I\+=I\+O(~'), I\_=O(~'), 

(p,- PI)! Pi = 0(11 p'). 

~'Rai 

Performing the integration over qJ and z, we obtain lU" 

Tm.(pi>I!,)=2n 2p, 5 drcp,;cpn 5 dppJ.(2piP~)e"l\, (21) 
1" 

which is the three-particle generalization of the Glauber 
formula [9). Using the completeness condition on the 
functions {qJn} and an addition theorem for Bessel func­
tionS', we obtain 

Im~Tnn(P"Pi)= 2P' 0,0.+0(-:'), (22) 
~ n P 

where ut.P.t is the total excitation cross-section. The re­
lation (22) is the well known optical theorem. Therefore, 
in calculating the total cross-section, we can confine 
ourselves at large E to calculating the differential cross­
section only in the region of the eikonal directions. We 
shall use this fact below in Sec. 3. 

3. RESONANCE CHARGE-EXCHANGE CROSS 
SECTION 

The resonance charge-exchange H+ + H(ls) - H(ls) 
+ H+ is one of the most well studied rearrangement proc­
esses; for this process, sufficiently good experimental 
data on the total cross-section at high energies 
(103 eV < E < 105 eV) exist[19J. However, in spite of the 
large number of theoretical papers devoted to this proc­
ess (cf., e.g.,[13,20J ), the questions of the choice of the 
perturbation and coordinate frame, of the role of the two 
charge-exchange mechanisms (electron capture and 
proton ejection), etc.,2), which are important in the 
theory of forward reactions with rearrangement, have 
remained unelucidated up to the present time. It is 
therefore of interest to calculate the angular distribu­
tion for this reaction in the eikonal approximation. 

Direct application of the eikonal formula (12) is im­
possible in the present case, because of the Coulomb 
divergence of the corresponding expressions for the 
phases 0i f; however, this difficulty is easily removed 
when we change to other coordinates r1, r2 and calculate 
Ti f directly from the formulas (6). We then have , 

Ti = ~ 51 dr, dr, exp{ - be,r, - iX2r, - r, - r,} 
(23) 

( 1 1) {i I r.v, + r,v, } 
x -I r-, --r,-I - --;:; exp -;;;- n -;-(r-, ---r-'-,)-v-, +"'-;-1 r-, _-r,71 v-, ' 

where 

(24) 

and the transferred momenta are equal to 

_ k (" + m, kIt) . _ k(1) m, k(2) 
Xl - f m 2 + ma i , X2 - - i - m

1 
+ ma f • (25) 

The corresponding expression for Tf is written down 
analogously. In accordance with the results of Sec. 2, we 
need not calculate the eikonal corrections. 

Elementary estimates by the stationary-phase method 
show that the differential cross-section for angles dif­
fering from the eikonal angles (for the present problem, 
these are equal to ";3/M and 17[21J) fall off like E-6 ; we 
therefore concentrate our attention on the angular dis­
tribution near the eikonal directions. In addition, as 
shown by the calculations given, the principal contribu­
tion to the scattering is made by the eikonal direction 
() '" ";3/M (the capture mechanism). The integrals (23) 
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FIG. 2. Differential cross section for resonance charge exchange in 
the eikonal approximation for E = 100 keV (1),1 MeV (2) and 10 MeV 
(3). 

for different values of the energies and angles were 
calculated on a computer by the Monte-Carlo method. 
It should be noted that the reproduction of the angular 
distribution in the eikonal approximation by the Monte­
Carlo method is unreliable [22J , since, even for a large 
number of draws, the relative variance is extremely 
great because of the oscillating character of the func­
tions under the integral. We therefore first integrated 
over r1 and r2 by the stationary-phase method, using the 
fact that the momentum transfers in the energy range of 
interest are substantially greater than unity. 

It is of most interest to calculate the cross-section 
for () '" ";3/M. This is connected with the fact that, in 
calculations in the first order of iteration of both the 
Faddeev and the Lippmann-Schwinger equations, the for­
ward direction makes the determining contribution to the 
cross-section[23J , while in the direction () '" ";3/M there 
is either no maximum or else a minimum. In the calcu­
lation of the eikonal cross-section, the forward-scatter­
ing peak also gives an important contribution at e '" 0, 
but it can be seen from the energy dependence of the 
height and width of the peak that this peak is not an 
eikonal peak. The eikonal peak at (;I '" ";3/M is character­
ized by the fact that its relative height increases and its 
width decreases with increasing energy (Fig. 2). The 
height of the forward-scattering maximum is found to be 
somewhat less in the calculation using formula (23) than 
in the calculation of Chen and Kramer[23J . We associate 
this with the presence in the expression (23) of a phase 
whose oscillations at high energies give rise to a shift 
of the scattering maximum towards the eikonal direction. 
The scattering maximum at e '" 17 is also an eikonal peak; 
however, as is clear from the calculation, its contribu­
tion need only be taken into account when E > 1 MeV. 
All our conclusions are in agreement with the results of 
the asymptotic analysis of the paper[21J . 

Unfortunately, we do not know of any experiments on 
the measurement of the differential cross-section of the 
reaction under consideration; comparison with experi­
ment is therefore carried out using the total cross-sec­
tion [19,20J. For illustration, we also give the correspond­
ing Born cross- section [20J. The comparison shows 
somewhat better agreement with experiment than in the 
Born method; the underestimation of the total cross­
section at low energies arises from the neglect of the 
intermediate scattering angles (see the Table). 
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(J,cm1 

E. keY ~:::[;'l I Experiment I Eikonal 

20 
100 

1000 
10000 

2 xO-J5 
3.05 XO-17 

1.1 XO-'I 
1.12 X 0-27 

,6X 0-1• 

I} X 0-17 

(4-6)XlO-22 

1.25 X Crl< 
9XO-18 

3.7 X 0-" 
6.2X 0-" 

The eikonal formulas obtained are convenient for ap­
plication in different problems of collision theory (colli­
sions of atoms with diatomic molecules, with a surface, 
etc.) and can be generalized to the case of a large num­
ber of particles. We must also point out the possibilities 
of using the technique of eikonal propagators in various 
problems in statistical physics. 

The authors are grateful to O. A. Yakubovskil for 
useful discussions. 

!lit was shown in [14] that, in determining the asymptotic form of the 
high-energy scattering, one can start from either the Fadeev equations 
or the Lippmann-Schwinger equations. 

2)The most complete theoretical study of the asymptotic behavior of the 
charge-exchange cross-section is contained in [21]. 
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