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An exact formula for the probability of quantum transitions, incuded by an external elec-
tromagnetic wave of arbitrary intensity, of an electron in a homogeneous magnetic field
is derived and investigated. The case of 2 monochromatic electromagnetic wave and the
case of a ‘‘pulse’’ of electromagnetic radiation of finite duration are both considered.
The criterion for the validity of an expansion of the transition matrix element in powers
of the perturbation causing the transition is obtained.

A characteristic feature of the behavior of an electron
in an external electromagnetic wave and in a homogene-
ous magnetic field is the appearance of cyclotron reson-
ance at w = wy (w and wy denote, respectively, the fre-
quency of the electromagnetic wave and the electron
cyclotron frequency); the electron is therefore strongly
affected by the external field and may gain considerable
energy.t'™] The interaction of the electron with an elec-
tromagnetic wave may turn out to be so strong under the
conditions for cyclotron resonance that it becomes neces-
sary to go outside the framework of perturbation theory
to investigate physical phenomena in this region.t**? In
this connection an exact calculation of the interaction
with the external field, based on the exact solution of the
Dirac equation in the presence of an electromagnetic
wave and a homogeneous magnetic field,[e’ﬂ is of special
interest. The existence of this solution has permitted us
to clarify the mechanism for the interaction of an elec-
tron with an electromagnetic wave and to predict a num-
ber of new physical effects, which appear under the con-
ditions of cyclotron resonance.t**

In the present article we consider the quantum transi-
tion of an electron in a homogeneous magnetic field from
one Landau level to another, the transition being caused
by a plane electromagnetic wave propagating along the
direction of the magnetic field. If the electron energies
are small in the initial and final states, then the proba-
bility for this process is determined by the parameter

t = (on/m)"|eA(ox)|

(e and m denote the electron charge and mass, and Aw)
is the Fourier transform of the vector potential of the
electromagnetic field). For { < 1 it is the transition
from a given level to the nearest neighboring Landau
level which occurs with the maximum probability; how-
ever, in the opposite limiting case ({ >>> 1) the probabil-
ity for the transition n —n’ (n and n’ label the Landau
levels) has its maximum value for In —n’| ~ (%2 > 1.

The characteristic feature of the scattering process
under consideration is the fact that its probability is de-
termined only by the component of the electromagnetic
wave corresponding to the cyclotron frequency wy, and
according to the exact formula which we have derived,
in the monochromatic limit (A(w) — 6 {w — w,), where wo
is the frequency of the wave) the probability of the tran-
sition n - n’ vanishes for any finite value of n — n’. This
result cannot be derived within the framework of pertur-
bation theory, since the criterion for the applicability of
the latter to the present case is the inequality { <1,
whereas in the monochromatic limit § — «,

Let us consider the quantum transition of an electron
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in a static external field A;(r) from one energy level to
another, the transition being due to an external electro-
magnetic field A.(r, t). As usual we assume that at the
initial moment of time (t — — ) and at the moment of
observation of the scattering process (t — +) the tran-
sition-inducing field Aa(r, t) is absent and the system is
described by a zero-order Hamiltonian which includes
the interaction with the field A;(r). As the static external
field let us consider a homogeneous magnetic field of
intensity H directed along the z axis:

Ai(r) = (—yH, 0, 0), (1)

and as the field causing the transition we assume a plane
electromagnetic wave

Ax(t) = (0, 4(x),0) (1=t—2z).

@)

Here A(7) is an arbitrary function satisfying the condi-
tion A(1) =0 for 7 — o,

The amplitude for the electron’s transition px, pz, n, @
— px» Py, 0, 0’ (in what follows we shall denote the set
of variables py, p,, n, 0 briefly by P) under the influence
of the electromagnetic field (2) is given by the formula

M(ps psyn, 0> p/,p/ 0’ ¢’y =M(P —~ P’)
(3)

= [l 01w ) (ot ),

where W;’ (r,t) (xi;f (r, t)) denotes the solution of the

Dirac equation in the presence of the field A; + Az, which
goes over into the wave function for a stationary state of
the electron in the magnetic field (1) at the initial mo-
ment of time (at the moment of observation). The wave
functions ¥’ (r, t) and g’ (r, t) have the following
form:

(=)

(v, 8) = e

(+)

‘Fp (l“,tl‘fo) |ra—>—m1

4)

(%)

{(x)
xo (6 8)=1Pe" (£,]T0) | tomtemy

Here the wave functions given in [ (see formula (3)) are
denoted by zl)i;’(r, t|7q), in which the functions Np(-r) and

gp(T) are defined by the expressions
Ny(t)= _ij. dt’ ed (1)) Sin'TB—(T - 1),
np o np
1 (5)
_ B , , p ,
gp(r)~t—j dv’ ed (v')cos —(1—T’).
np Ta np
and np = po— Pg-
By using the wave functions (4) we obtain (j, k = %)

j de[xs (1, 2) ]* W (5, 8) = 2800:CprmroC oo
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X oxp {i(ps’ — po) t} jdr exp {—i(ps' — px)z —i(p." — p.)z}
. d o,
Ky (T, yl1) [Ziﬁpd—r- + po* — p.* +(7p) (7p”) ]

X Kpn(7,4|70) (10> —, 1" >+ );

Kpn(T,y| )= exp{

}H ),

Po=ts D =Eptmron em=i[pf+m2+;3(2n+1—c)]"’ (6)

(the functions Ryy(t) and & are defined int%]
is the Hermite polynomial).

, and Hn(ﬁp)

In order to evaluate the integral appearing on the
right hand side of expression (6), it is convement to use
the relation

j drexp {—i(p.' — ps) z} M
np —np
d .
X E[eXp {—i(p." — p.)z} Ko (7,4 ") Kpu (T, | T0) ]

= J'dr exp {—i(p — p) e — i(ps’ — p.)z} Kpowe (7, 9] 10)
d
[+ b = 02+ Gap) (i) | Km0 0

which one can easily prove by taking the Hermitian na-
ture of the operator py = —id/8y and the equation

ii—eA(r))Z] Koo (t,y]|t)=0.

d
[2iﬁpd—r+ﬁ(2n+1)—(px+ﬁy)z~(— 5

into consideration.

On the basis of relations (6) and (7) we find (L is a
quantity of the order of the linear size of the system)

1

® &) s
Jart® 017 W5 (1, 00= 8 () Core Cre

X B0 8 (ps’ — p)exp {i(py’ — poyt) 2L
ip — iip

7=+L

x [exp {—i(p." = p2)z} Fprne pu(0) 1220,
Fome, pn(t)= (;) fdprrn-(r,yln’)Knn(r,ylro)- @8)

It is not difficult to verify that, for np — np’ # 0, the sub-
stitution that enters in (8) is effectively equal to zero
for L — +e0: it reduces to a sum of terms of the type
el?L (@ #0), and every integral, whose integrand con-
tains such a function multiplied by smooth functions,
vanishes as L — +«, Since np > 0 for the electron
states, and np < 0 for the positron states, hence follows
the equation

.[ dr[y,

which means that the field A, + A; does not create elec-
tron-positron pairs—a conclusion which was reached
earlier int*! on the basis of other considerations.

D) 1S (r,t)=0

By using the foregoing relations we obtain the follow-
ing formula for the matrix element (3):

M (P = P') = (20) 0arb (= )5 —p,—%m' =) Mo i),

_ 1 , o 27 Rl
M..-(hp)= *2(170 +p0’) (popo’) " (ﬂ)

(np)l][ ZILI; (
X exp {i@(ﬁp)—m le.lf( )

(+)
Po*ﬁpm, Pul—spnc, (9)

N

xLi ﬂ( 2(ip)* ;?_p
b

1
where L) "
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(x) is the generalized Laguerre polynomial,

eif((o)=-j dv e ed (1),

—o

1 1
@(ﬁp)=—ETdem|el(m) |2

e
o*—(p/np)*
(the symbol P denotes the pr1nc1pa1 value of the integral).

- )
The equation (po = epm, Po = €5 7g)
, 28" —n) _mp—np’
p: — P —~—— 0 + .
np +np’ np +np’ (potp)

was taken into consideration in deriving formula (9).

The probability of the quantum transition n,o —n’, o',
summed over the final state momenta of the electron, is

‘determined by the formula

(2n)* ;. | MP Py
L.L, J'dpx ap: l (2m)?
According to expression (9), for n’ # n an electron
transition occurs only if there is a component with fre-
quency w = 8/np in the Fourier expansion of the potential
A(7), and it does not depend on the components with other
frequencies (the phase factor exp {i®(np)} is not essen-
tial in connection with the investigation of transitions
between stationary states). In other words, only the
component of the electromagnetic field which is in
resonance with the electron cyclotron frequency gives

Woasanror () = = 8o | Mun- (7p) |*. (10)

- any contribution to the probability for the scattering

process. The law of energy conservation,
eya—Eme=o0(n' —n) (0= p/ap),

is satisfied in the scattering process, from which we

conclude that the transition from the n-th Landau level

to the n-th level is the result of an (n’ — n)-quantum

process with the quantum of energy equal to 3/np.

We note that if we set

A(z) =e*"acos 0ot (2= const, @, =const, &€>0),

then in the monochromatic limit € — +0 the matrix ele-
ment (9) vanishes for any finite value of n’ — n. This fact
deserves a more detailed discussion. Let us present the
fisst term of the expansion of formula (9) in powers of
eA(w):

h(on’ »/1\'h
MO (P~ P’)y= (2m)*p" (2" n't) e (po” = )
(pops’ 2™ n1)"
, o 1 (11)
X G(P: — p=)8(np’ — np) (_7671’."«1-1 +n§n',n-1) Sor.

The last expression coincides with the corresponding
term of the expansion of the transition amplitude (3) ac-
cording to perturbation theory. In the monochromatic
limit eA(ps — Po) ~ 6 (P — Po * wo). If we now calculate
the transition probability W®’ = [M“’|? by the standard
method, then it turns out to be proportional to the time
(the duration of the scattering process). In actual fact,
however, according to formula (9) expression (11) in the
monochromatic limit would not be correct in any ap-
proximation (with the exception of the trivial case a = 0).
According to (9), the criterion whereby we can confine
our attention to the first few terms of the expansion is
given by the inequality
A

tam=|Eea(L)| <1, (12)
which is clearly not satisfied in the case of a mono-
chromatic electromagnetic wave. Formally the crux of
the matter is that in the monochromatic limit the per-
turbation-theory series has a zero radius of conver-
gence. It should be emphasized that the above-indicated
property of the expansion of the matrix element (3) is
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not in any way unexpected: it is a consequence of a
radical realignment of the electron’s energy spectrum in
the field of the monochromatic electromagnetic wave and
in a homogeneous magnetic field.[*"]

For simplicity we confine the investigation to transi-
tions of the electron from the Landau level n = 0. Ac-
cording to (9), the probability that the electron remains
in its initial state is close to unity for { = {(np) < 1.
The probability for a transition to the level n’ is propor-
tional to £2n’ and, therefore, falls off rapidly with in-
creasing values of n’. The situation changes for { > 1:
the transition to the level n’ & £%/2 occurs with maximum
probability (in the case of a weak dependence of np on n).

As an example let us consider the quantum transitions
of an electron under the influence of a ‘‘pulse’’ of elec-
tromagnetic radiation of the following form:

A (1) = aexp {—1*/ 1%} cos ot

(13)

(a = const, @, = const, 7, = const).

Then

_Vx ea| (oum)*

¢ 2 np ®o

@oTo [exp {—};—(m-{-mo)’} + exp{ — 14—0-(0)—0)0)’}]
(wg = le[H/m, w = 8/np). 1t is natural to assume that the
condition weTo ~> 1 is satisfied (the duration of the
‘‘pulse’’ is large in comparison with the period of the
monochromatic wave a cos wo7). In this case the param-
eter { is exponentially small for w — wo ~ wo. The
maximum value of this parameter is reached for
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[To(wo — w)| S 1, that is, in the cyclotron resonance
region. In the frequency region of electromagnetic waves
satisfying the condition we, > wH, the cyclotron reson-
ance and consequently the maximum value of the param-
eter ¢ as well are reached only for relativistic electrons
having momenta p, ® mwe/2wy >> m. In conclusion, we
note that according to formulas (9), (10), and (13) the p
probability of the process depends on the duration of the
pulse Toin a very complicated manner.
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