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A complete solution of the Einstein gravitational equations is constructed for anisotropic
cosmological models with a hydrodynamic energy-momentum tensor. The isotropization
process of the solution is followed through the expansion. It is shown that agreement with
present-day astronomical observations is possible only if the expansion is isotropized at
an extraordinarily early stage. In the type VII Bianchi models the isotropization of the
expansion is accompanied by an isotropization of the curvature also. In models of the
Bianchi type IX the solution becomes, in general, isotropic with respect to the deforma-
tion, but remains sharply anisotropic with respect to the curvature tensor of three-
dimensional space. The problem of isotropy of the background radiation is considered.

1. INTRODUCTION

Numerous recent articles have been devoted to the
analysis of the dynamics of the expansion of anisotropic
homogeneous cosmological models near their singularity
and to the consideration of the physical processes during
that stage of their development (cf., e.g.,"'*"’). Aniso-
tropic cosmological solutions have been considered as
possible models for the beginning of the expansion of the
universe. It is known that some of the anisotropic models
are ‘‘isotropized’’ in the course of their expansion, i.e.,
they tend to Friedmann’s isotropic solution. The most
important problem is the construction of a solution for
the anisotropic models valid throughout the whole time
interval, i.e., to be able to describe the whole process of
isotropization and to relate the initial data near the
singularity to parameters at a later stage of the expan-
sion. This will allow one to determine which of the
models with parameters specified near the singularity
agrees with the data from astronomical observations re-
garding the degree of isotropy of the cosmological
expansion, and thus, will allow to decide the question of
the generality of the class of initial conditions for aniso-
tropic models can lead to the picture of the universe
which is being observed now.

In resolving the problem of isotropization one must
keep in mind that, according to astronomical observa-
tions, if the real universe really was originally aniso-
tropic, the isotropization occurred sufficiently early:
at the stage when the linear dimensions were at least a
thousand times smaller than the present ones: zg ~ 10°
(from observations of the background radiation), and,
very likely, earlier zp ~ 10° (from data on the chemical
composition of matter-'?’; here z is the red shift).
Thus, the isotropization must occur at a stage when the
expansion takes place practically with parabolic speed
and the Friedmann model is described by a solution
corresponding to critical density. By isotropization we
mean that the solution approaches an asymptotic behavior
such that the expansion occurs uniformly in all directions
(up to small corrections) and is described by Hubble’s
law.

We note that in the literature one can find other defi-
nitions of isotropization. Thus, S. P. Novikov-'*? defines
isotropization for closed models of the Bianchi type IX
as closeness to each other of the principal values of the
curvature tensor at the instant of maximal volume of the
model. Such a definition of isotropization does not lead,
in particular, to isotropy of the temperature of the back-
ground radiation in the model, and is therefore insuffi-
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cient from an astronomical point of view. In other papers
(cf., e.g., the paper of Collins and Hawking"'*)) any ap-
proach to the Friedmann solution for t — < is considered
as an isotropization. Such a definition is-also insufficient
from an astronomical point of view, since a late iso-
tropization, when the model approaches the Friedmann
solution at a stage, since a late isotropization, where the
model approaches the Friedmann solution at a stage
where the gravitation of matter no longer influences the
dynamics (the Milne stage), is not compatible with the
observations.

In the present paper we investigate the process of iso-
tropization for models of the Bianchi types VII, VIII and
IX. These models are the most general ones in the class
of homogeneous anisotropic modelst*'* and are there-
fore of the greatest interest. For the simpler special
cases of the models of types V and I the process of iso-
tropization was considered before" ') | We note that
the model of type VII may approach asymptotically the
open or the flat Friedmann model; in the models of the
other types there may exist lengthy stages of evolution
when, with respect to many parameters, the solution
corresponds to the Friedmann solution (e.g., the expan-
sion is almost isotropic) and then it again deviates from
it.

In the sequel we shall assume that the matter is at
rest with respect to a homogeneous synchronous coordin-
ate system (1) and is described by the hydrodynamic
equation of state p = €/3 at the early stages and p = 0 at
the late stages of expansion.

The occurrence of directed flows of matter and free
particles in the homogeneous models"'®"'" is considered
separately. These phenomena which can appear at an
early stage of cosmological expansion, lead to such a
kinematics of expansion which leads to their damping out
and to appearance of isotropization at a later stage, as
described in this article (with small corrections).

2. ISOTROPIZATION OF MODELS OF TYPE ViI

The metric of the homogeneous model can be written
in the form (the Greek indices and the tetrad indices
take on the values 1, 2, 3)

8o =1, 8ou =0, Bap = *”{«&eieh (1)

the matrix y_ (t) determines the time dependence of the
metric. For eg = e%l(xﬁ ) we have (x%® denote the spatial
coordinates):

eteb (9pes — 0aeh) = Coup (2)
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For the metric of the Bianchi type VII only the following
structure constants are nonzero:

< C-l23=C~231: -1, Cly=Cly=0a>0. (3)

We assume that the matter is at rest in the synch-
ronous reference system (1) with space being homogene-
ous (the four-velocity is u* = (1, 0, 0, 0)). Then, without
loss of generality, one may set yi3 = y23 = 0. It is con-
venient to investigate the evolution of the model in a
coordinate system where the matrix y ab is diagonalized.
The transition to a new coordinate system is carried out
by means of a rotation in the 1—2 tetrad plane by a time-
dependent angle ¢ (t):

M@ O 0 cosg sing 0
Ivawl=S8] © 2@ 0 |87, §=|—sing cosp 0 (4)
0 0 X 0 0 1

(here the superscript T denotes transposition).

Under the above assumptions the Einstein equations
reduce to the form (with the Einstein constant and the
speed of light set equal to one):

(In YAke) " — 4a%hda = y(e — p),

(nho)" — Ghidg sk - — dathihy = y(= — ),

i+ 4shp by — ) = 0, (cbshﬂ%) — 2o, she b,

Y A . ‘Y B
L A—a;\—l—“allh%‘[wh 7(’~17~2+¢)+4Y~v
/ A . . “
1 ’_) = 2¢psh*—;
* Ny ) — 203
dt A
dr= i AidaAa, =In x_

(the last two equations are first integrals of the equa-
tions (5)). The dots denote differentiation with respect
to the time 7.

The energy density € and the pressure p are related
via the equation of state. As is well known, for the equa-
tion of state p = ¢/3, € = Li/5? /,a.ndforp =0,€=1L,
€ = Ly/y"?. The constants L, and L, have the dimension
of length and are related to the instant up to which one
may neglect the gravitational influence of matter on the
evolution of the model. This early stage of expansion is
called the ‘‘vacuum’’ stage and is characteristic for all
homogeneous anisotropic models. We shall consider the
constants L. and L to be so large that the isotropization
process should occur sufficiently early. As was re-
marked above, only under these conditions are the
anisotropic models compatible with observations.

The constant a is the parameter of the model (3) and
determines the beginning of that stage of the evolution
when a principal role is played by the isotropic part of
the curvature of the corresponding three-dimensional
space: —4a®A 122 and the influence of the gravitation of
matter can be neglected. From observations it is known
that the term —4a®A, A, can become important only during
the contemporary epoch. The requirement that there ex-
ist an isotropic stage of evolution when gravitation of
matter plays an important role leads to the necessary
condition (with the exception of the degenerate case
A1 = Xp; cf. Appendix II):

a<1 (6)

Below we shall assume that this condition is satisfied.

Thus, the evolution of the model of type VII can be
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divided (by convention) into three large eras:

1. The vacuum stage, when matter gravitation and the
term 4a®*A; 2, do not have any influence.

2. The isotropization stage, when it is necessary to
take into account matter gravitation, but one may still
neglect the term 4a®x; ;.

3. The late stages of expansion, when the evolution is
determined by the term 4a®A, 4, aud matter does not
affect the metric. At this stage it is necessary to take
into account the rotation of the coordinate system which
is oriented along the principal axes of the matrix Yab-
We consider consecutively the character of the evolution
of the type VII model.

In the vacuum stage the solution of the system (5) is
well known. In the immediate vicinity of the singularity
the Kasner solutiont®"**) holds:

Ao~ %%, y1=Agt, p, <0,

here p, are the Kasner exponents:

2"“ =2p..‘ =1,

Then, under the influence of the anisotropic component
of the curvature tensor, A, and A; begin to oscillate and
A3 increases monotonically. This stage of evolution of
the model under consideration is similar to the evolution
of the ‘‘mixmaster universe’’ over one large period.
The amplitude of oscillations of the functions A; and A,
is in general large and decreases gradually with time.
In the intervals between the maxima of the largest func-
tion the evolution corresponds again with a high degree
of accuracy to the Kasner solution (the curvature terms
A% and A% are not essential), the Kasner epochs taking up
most of the evolution time.

A, = const.

In the most general case the amplitude of oscillations
of the functions A, and A; is large at the time t ~ t*
(7 ~ 7*) when the influence of the term y (e — p) in (5)
becomes essential. In this case the oscillations of A, and
Az (with large amplitudes) stop under the influence of
matter gravitation (cf. Appendices I and II). If the influ-
ence of matter begins to show up far from the maximum
of the functions A;, A, in the Kasner stage, there exists
a long enough stage when ye > A% AJ and in this stage
the equation of state p = €/3 leads to the following solu-
tion of the system (5)

Ao = A.,exp[ ZAr(p.; -3i) (t— 1) ] sh"%(r — o)

(7)
o atshs Ry,

For A(r — 7o) € —1 the solution (7) goes over into the
Kasner solution with exponent p,. The constants Ay, A,
To are determined by smooth matching with the Kasner
section of the vacuum solution which describes the os-
cillations of A; and A,;. The equations (7) describe an ex-
pansion which tends to isotropic expansion for A (T — 7o)
— 0. The tempo of the expansion is the same as in the
Friedmann solution with critical density:

ha~t~ (T— 1)t (Q=12y¢/(Iny)* =~ 1),

however, the quantities A; and A; are in general substan-
tially different from one another. (The relative magni-
tude of A; is not 1mportant smce Egs. (5) admit the
transformation X3 =nls;, € =n '€, n = const.)
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Any solution of (5) under the condition A; > A, at
T ~ 7* tends to"

hl:%ﬁ(‘h_f)_‘, Ae=B(1,— 1)1,
8)

21
As=Bs(t,—1)"",, ye= 8—(“1 —1)72

The constants Bz, B3, 7, are determined by matching the
solution to (7). At this stage (8) the volume changes like
in the Friedmann solution: ¥ ~ t*. This may turn out to
be important, e.g., for the synthesis of chemical ele-
ments, which depends on the speed with which the volume
changes. The stage (8) starts at the time when 2ye/7A%
becomes of the order of unity (cf. Appendices I, IT).
Therefore the duration of the period (7) is the longer, the
smaller the ratio A /A; for 7~ 7 (YaA (19— 7%) ~ 1). If
at the instant 7 ~ 7* the quantity A, is near its maximum,
then without the intermediate asymptotic behavior (7) the
solution goes over into the stage (8) (p = €/3)>’. The
quantities A; and A; increase with time substantially
faster than X,, and the stage (8) ends for A; ~ A, (u ~ 1).
Damped oscillations of A, and A, occur again, but now
with a smaller amplitude.

It is essential that the amplitude of the first oscilla-
tion 4 ..~ 0.36 depends weakly on the initial param-
eters of the model. At the same time the initial param-
eters of the model are practically forgotten and in the
most general case we have a single parameter depending
on the initial conditions, tF(TF) the instant where the
isotropic stage begins, stage which is properly speaking
the result of the isotropization. The evolution of the
model at this stage, for an equation of state p = €/3 is
described by the equations:

wa T .3 1
(d)* =N, eym[1-5 VO], ©)

> zT‘N-"'(-r), N(7)= n<t,
F

In(tge'/t) ’
where (u) denotes averaging over the oscillation period,
and the constant which determines the time shift in 7(7;)
has been set equal to zero.

The equation (9) is valid up to the change of the equa-
tion of state. Let us note several interesting peculiarities
of the solution (9).

1. The principal peculiarity of the solution (9) is the
friedmannian time dependence of the volume y ~ t*.
Thus, throughout the second stage of evolution of the
model, t > t*, when matter gravitation plays an essential
role, the density of matter changes according to the
Friedmann solution:

e~ 3/4(t +t,)*?
in the solution (7);
e ~ 21/32t*

in the solution (8) and

sz3[1—1/ln(%e“) ]/ 4

in the solution (9).

2. In the solution (9) the anisotropy of the deformation
tensor related to the oscillations of the quantity u, and
in the final count, to the anisotropy of curvature, de-
creases very slowly, proportionally to (In t)™. This
means that in the models under consideration the aniso-
tropy of the microwave background radiation related
directly to the anisotropy of the deformation will be a
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much more sensitive ‘‘test,’”’ than, for instance, the
chemical composition of prestellar matter.

During the late stages of expansion it is necessary to
go over to the equation of state p = 0. In Subsection 1
above we gave the solution for a mixture of radiation
(p = €/3) and nonrelativistic matter (p = 0). After the
instant t,(7,) determined by the equality of the densities
of matter and radiation, all deviations from an exact iso-
tropic expansion law are rapidly damped out according to
a power law and the model approaches the Friedmann
solution (2 = 1) for dust:
‘I..[’/a

T T -
A o F : ~ e e,
(Aihz) —Tc’/"[‘/’ N, {w> —TF N.;
No=N(z)=—13 ‘ 10

In(t.e*/tg)

The stage (10) continues up to the instant ty;(7y;) when
the term 4a®\;A; becomes of order €y, and is then fol-
lowed by the concluding third stage of evolution of the
model under consideration, determined by the isotropic
curvature 4a®A;X,. It is important that at the instant tm
the oscillations of u have already died out (cf. Subsec-
tion 2) and

M=o = a (:—e) I/.NZ' <a. (11)

During the final stage any solution of the system (5)
for t >ty approaches the solution (12) (for arbitrary
a>0):

At =a(1+ w0, (Mhs) " = P/ ed,
In¢
?= IETS) + @0 (12)
u=shZL/a=const<1,

# and @, are constants; the constant which determines
the shift of time has been omitted. In our case

2 tc 3y (1=x2)/ (14%3)
uzz p'ﬂz z(—) Nc<1, Q= ﬁ *
4a b ¢ '

(13)

The parameter a of the model determines the instant
(tp) up to which the gravitational influence of matter is
important, in particular, in order that there exist an
isotropic stage =~ 1 (9), (10), it is necessary that the
condition a < 1 be satisfied. However, after the transi-
tion to the concluding stage of the evolution (12) the value
of the quantity a loses its meaning (physical meaning is
possessed by the parameter k) and by means of a scale
transformation of the coordinates x® for a # 0 one can
always reduce a to a convenient form (e.g.,to a
a =1/(1 +«%). If a = 0, the stage (12) is absent and
u — 0 fory — «, cf. (10).

The quantity & carries information on the duration of
the isotropic stage (cf. (13)). If ty; ~ tg (the isotropic
stage is practically absent; a ~ 1) then k < 1. At the
stage when the expansion of the Universe is determined
by radiation (p = €/3), the quantity x decreases logarith-
mically and after the change of the equation of state
(p = 0) k decreases according to a power law (13). Thus,
the requirement of a sufficiently long isotropic stage (9),
(10) leads to the condition k < 1,

It is important to note that the solution (12) does not
tend to the Friedmann solution but rather represents a
‘‘frozen’’ perturbation of the Friedmann solution in the
Milne stage (k = 0). Indeed, both the perturbation of the
curvature, 1, and the relative difference of the Hubble
“‘constants’’ k® are constant in this case. It is true, that
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the ratio As/(A112)* increases without bound for t — =,
but the equations (5) admit a scale transformation of A3
and by itself an increase of this ratio does not yet mean
an increase of the deviations from the Friedmann solu-
tion. More precisely, at any instant of time t > t,, the
model is described by a Friedmann solution plus small
corrections®’. In Sec. 4 it will be shown that the aniso-
tropy Bf the microwave background radiation is also
small™’.

3. THE ISOTROPIZATION OF MODELS OF
TYPES IX AND Vilil

Let us consider the Bianchi models of type IX and
VIII. In this case the following structure constants (2)
are different from zero:

Clo=Cly=—1, ChH=—238 (14)

(6 = 1 for the type IX model and 6 =—1 for the type VIII
model). We retain the same conventions regarding mat-
ter as in Section 2 (W® = 0). Then, without loss of gen-
erality, one may set ¥12 = ¥23 = Y13 = 0. The equations of
gravity have the form

(In A" 4 A2 — (A — B)s)2 = (e — p),

(InA2)" + A — (b — 8h0)% = y(e — p),

(InRe) " + A — (A — Aa)® = y(e — p), (15)
T‘%+ Ja ‘3 + ﬁ By R A A 2y — 2004 (hy 4 Ay .

In the early ‘‘vacuum’’ state, when matter gravitation
is unimportant, the expansion exhibits an oscillatory
character, described in detail in refs.t?®

In the general case the term y (€ — p) starts influenc-
ing the solution at the instant when all A, are different.
We relabel them in order of their magnitude at that in-
stant (t ~ t*):

AM> A > As. (1 6)

It can be seen from (15) that as long as A; is sufficiently
small:

wf g2 L2 a17)

o < (hika) (s >/ch2 ,

the whole process of isotropization takes place exactly
in the same way as in the model of type VII (a = 0) (
(7)—(10). If (16) is valid the condition (17) can be viola-
ted only during the isotropic stage (9), (10) for |u| < 1.
In this case, after the following condition is satisfied

Ao/ (Md2) ™ ~ <p?) <1,

there appears a solution which is a perturbation of the
axially symmetric solution of the system (15), A; = A,
> As.

For the equation of state p = €/3 under the condition
A1 = Ay = A > Ag, the solution of Eq. (15) has the form

Ms ., e A" ate-—6e’ 1
E—E}cm(a+m Sw?), (K) _0_—0 » (18)
where ¢ > 0, @,Q > 1 are integration constants and the
function w = w(r) > 0 is determined from the equation

(19)

A characteristic peculiarity of this solution is the pres-
ence of a long stage of evolution (for |a| < 1) where the
expansion takes place according to Friedmann laws but
the ratio A3/A; < 1 and is approximately constant®’ o
the most general conditions at the instant when matter
gravitation becomes important, t ~ t* (cf. (16)), do not

ey =

(In 0) ' =c(a+ 0 —6a°).
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lead to a special equalization of all three principal values
of the curvature tensor in the models of types IX and
VIII.

In the general case there appears an isotropic stage
with A3 < A; ® XA, the duration of which is determined
by only one constant—the ratio (A;x;)*"?/xs = Q% at the
instant when the isotropic stage starts t ~ tp (t (FM is the
instant when the isotropic stage ends (w~ 1); p = €/3):
(%) =lrf~%‘;F>1, Oszg—M lal< (1nQp )~ < 1. (20)

In the model of type IX the instant ty; coincides with
the time of maximum volume®’. As can be seen from the
solutions (18) and (19), the maximum of the volume is
followed immediately by the vacuum stage and the solu-
tion goes over into the Kasner solution with exponents

Pr=p2=—ls, py="s

This solution is applicable up to the maximum of As, as
long as the curvature related to As; does not affect the
solution (cf. Fig. 1). At the instant of maximal A3 we
have:

As ( Qp 1)

”

*a)" \Taep ) >t
After that the function As decreases, becomes smaller
than A;, Az and a stage of small-amplitude oscillations
of X1, Az starts, as described in“*'. The number of
oscillations of A;, Az during the first large cycle, while
A3 decreases monotonically, is

~ (Qg*/In" Qg)" > 1.

In the sequel, as it approaches the singularity, the
solution becomes oscillatory with large amplitudes, like
in the vicinity of the first singularity. For the equation
of state p = 0 the solution of Eqs. (14) for the condition
A1 = Az > A3 has a more complicated form, however the
qualitative peculiarities of the solution are s1m1lar to
those described above (cf. for more detailst*®?%), It is
easy to estimate the path followed by light along the prin-
cipal directions of the deformation tensor during the iso-

tropic stage (@ = 0):
¢ 3 for IX type
L1=‘z J'I, =32 _ 2\ =" j— _ R ~
x f 0 de /j, (=80 do={, " o for vVIN type

L=/ hdt= Q"L (22)
(We recall that in the closed Friedmann model (A = Ag;

= 1) up to the maximum of y the light traverses a path
L@ = 1T/2.)

In the model of type VIII the gravity of matter be-
comes inessential after the time tyy, (18),” and the model
evolves asymptotically to the solution (23) (p = €/3):

~Int. (2 3)

(Alkz)lh ~ lzv As

For the equation of state p = 0 the matter gravitation
(t > tyr) has a ““logarithmic’’ influence on the metric:
! (117\2)% =L A~ (24)

The most important conclusions are the following.

In*t, e~ (£Int)-".

First, for arbitrary initial conditions the gravitation
of matter does not automatically lead to an isotropization
of the solution where all A, are practically equal to
each other for a lengthy time. For such an isotropiza-
tion a special selection of initial conditions is necessary.

Secondly, for arbitrary initial conditions (within a
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FIG. 1. The evolution of a model of type IX (p = €/3).

wide range) the solution exhibits a lengthy period where
the expansion is practically isotropic (with small cor-
rections) and is well described by the Friedmann solu-
tion for critical density. However, the values of the
curvature tensor remain different and A, = A, > As.

4. THE ANISOTROPY OF THE BACKGROUND
RADIATION

We now turn to the anisotropy of the background
radiation during the late stages of expansion. We discuss
this problem in detail int? , here we list only the main
conclusions. Starting from some instant of time t;

t, > tc) matter becomes transparent for the microwave
background radiation and the photons propagate freely.
The different velocities of expansion in different direc-
tions leads, after matter has become transparent, to an
anisotropy of the temperature of the background radia-
tion for an observer at rest with respect to the matter.

As was shown above, the anisotropy of deformation of
the model during the late stages practically does not de-
pend on the initial conditions. Therefore the amplitude
of anisotropy of the background radiation depends only
on the instant t when the anisotropic stage (9) begins, on
the instant t, when the equation of state changes and on
to. The amplitude of anisotropy of the temperature of the
background radiation in the isotropic stage for @ = 1is
related to the anisotropy of the deformation tensor and is
determined by the formula

ATIT = (t/t))"N.. (25)

A peculiarity of this formula is its extremely weak de-
pendence on the time tg of isotropization of the model.
It follows from (25) that if one adopts for the instant of
matter becoming transparent the same value as the time
of recombination and assumes that AT/T ~ 107, then the
instant of isotropization will be close to the quantum
theory limit of validity of the general theory of relativity

tg ~ 107 sec

The angular distribution of the intensity of the back-
ground radiation on the celestial sphere depends on the
anisotropy of deformation along null-geodesics 2] and
varies strongly from model to model. In the models con-
sidered by us the simplest structure of the anisotropy of
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the background is found in the model of type IX (VIII). In
this model light propagates along the principal directions
of the deformation tensor, and therefore the background
anisotropy has a quadrupole character.

An interesting peculiarity of the model discussed
above (Sec. 3) is the condition A3 < X; ® A near the
maximum of expansion. This allows the light during the
late stages of expansion to manage to go a round the
Universe many times along the direction A;. The number
of times the light goes around is determined by the equa-
tion

Nom (M/As)" = Q"> 1.

The astronomical consequences of this will be dis-
cussed separately.

In models of type VII the distribution of anisotropy of
the background is much more complicated. If the obser-
vations are carried out at a density which is close to the
critical value, when the equations (10) are still applica-
ble, the angular dependence of the background anisotropy
is close to quadrupolar. In the sequel, if a # 0, the quad-
rupole character of the background anisotropy is
destroyed, and similar to the case of the model of type
vE5) 3 spot begins to form.

In distinction from the models of the type V, in the
case under consideration the anisotropy possesses an
axial symmetry with respect to As. At the stage (12) the
temperature anisotropy of the background radiation re-
lated to the differences in expansion velocities along the
axes A1,z and Az is given by the equation

sin® §

T 2{1+cos¢> thln(t/to)}hln (26)

where ¢ is the angle between the ray of vision and the
direction of the minimum of T. In Eq. (26) it is assumed
that at the stage (12), at the time to > tp; the ratio AT/T
=0. For t > to, as can be seen from (26), the size of the
spot is Agp ~ to/t K 1. At this stage the maximal aniso-
tropy (owing to different speeds of expansion along the
axes As and \,,;) is of the order k*

In the general case two effects contribute to the
anisotropy of the background radiation: AT/T in the
stage 2 =~ 1 (25) and AT/T ~ «° in the stage (12) since
t1 <ty the maximal anisotropy is determined by Eq.
(25) with the angular distribution from (26), to ~ tpg (up
to the time tpg the angular distribution has a quadrupolar
character):

AT oy [ SO =
= e e
—_—, >
1 + cos @ th1n(¢/tx)
We stress that AT/T — const < 1 for t — «; this con-
clusion differs from the conclusion of Collins and
Hawking[13 , who have considered that the anisotropy of

the background radiation tends to infinity.

APPENDIX |

We consider the Eq. (5) with the condition a = 0. In
this case ¢ = 0, and by means of a rotation of the tetrad
(2) in the 1—2 plane one can always select ¢ = 0.

In the most general case at the instant 7 ~ 7*, when
the gravitation of matter begins to affect the metric,

M, (1.1)
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The system (5) with the condition (I.1) reduces to the-
form (p = €/3):

(Inz)"=z+y, (lny)"=2z—6y; (1.2)

where
z=1v(e—p) ="ley, y=»r/3.

For z >y, i.e., in the case when the gravitation of
matter becomes substantial far from the maximum of -
the function A,, the solution of (I.2) (cf. (7)) is
. 2A? Y- A_,’ exp[4A (p. — /) (T— o) ]
9sh? /At — 1) | 3 sh* '/;A (T — To) :
After the conclusion of the vacuum stage (/sA (7* — 7o)
~ —1) we have the isotropic Friedmann stage (Q = 1):
~—2 -~ A 313 .
V4 (‘[—-rn)” y~(r_Ta)‘, ) A=TZ3A1- (I 4)
We shall show that every solution of (I.2) approaches
the asymptotic behavior (cf. (9):

(1.3)

7 1
N S — 1.5
z 4(1_11)1, y 4(1_11)1, T const ( )
We introduce the notations
t=In(7y/z), dt=1z"dx. (1.6)

Then (a dash denotes the derivative with respect to &)
t”+ o (In2')g’ + (£ —1) =0,

(1.7)
E(L, 1) =" +(ef — &)= const — Vs J'c'=(1n z)’ dt.

Further, the condition (ln z)** >z, (1.2) yields

z z
gy=te P o 1.8
Ina) =7 > T zayan 2 (1.8)
Thus, the equation (I.7) describes damped oscillations
with amplitude tending to zero. Indeed, E({, ¢’) > 0 de-
creases monotonically to zero with the increase of §.
Hence { — 0, ¢’ — 0 for § — =,

We now show that any solution of (I.2) manages to get
close to (I.5). For this we estimate the amplitude of the
first oscillation {p 5% after the conclusion of the stage
of anisotropic expansion (I.4). In the phase plane (¢;¢’)
the solutions of the equation (I.7) are represented by
converging spirals (Fig. 2). The zero-derivative line
d(¢')/d¢ =0 is:

et
21 e)< 2

Co (§,§)=W (nz)’ < (1.9)
At the instant 7 ~ 7* we have from (I.3)
L<—1; |t/ ~ V2] —1+6p,| <3V2. (1.10)

A point in the phase plane with coordinates in the region
(1.10) will obviously move in the sequel along the line
Lo(¢, &) (the spirals a, b); this is the Friedmann portion
2 =1 (from (I.4) we have ¢’ ~ 2'/%). Since the zero-
derivative line is situated below the level ¢’ = 2'” we
have ¢’ < 22 at the point § = 0. Hence we obtain from
(1.7)

E(Cmax, 0) = exP (Emax) — Emax < E(0, T')

(1.11)
="+ 1<2, Tma<1,15.

Thus, in the most general case, the oscillations around

the solution (I.4) will start with the amplitude ¢, <1
and will be damped out rapidly according to the law

t=to(r— s (Ym0} gen,
TI—T sm(V n 1:) tl<t .12

2 T —
z=4(rzn)2(1_%)’
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FIG. 2. The phase plane ({, {') of the equation (I.7). The spirals
(a, b, ¢, d) correspond to different solutions of the (I.7). The point
¢’ = 0 corresponds to the solutions (I.5). The spiral b corresponds to the
solution represented in Fig. 1 (up to the instant tg).

where o, Ao are constants. The value of 7, is deter-
mined by matching the solution to (I.4) at & ~ —1.
Obviously, the closer 7* is to the point of maximum of
the function A;, the shorter will be the duration of the
isotropic expansion (I.4). If at the time 7~ 7%,z ~ y
(the gravitation of matter is switched on in the region of
the maximum of A,), the amplitude of the first oscillation
is ¢ < 2—2.5 (the spirals c, d) and the amplitude of
the second oscillation is already much smaller than 1.
In this case the vacuum stage is followed immediately by
the solution (I.5), omitting the stage (I.4). If for 7 ~ T*,
AL = Azand z >y, the period of isotropic expansion
(I1.4) bypasses (1.5) and is directly replaced by the solu-
tion (I.14). And finally, if & <1 in the vacuum stage, the
stage (I.14) follows immediately after the instant 7 ~ 7*.

Such a character of the evolution of (I.5) is typical
for all homogeneous models (with the exception of those
of types I and V). The solutions of the type (1.5}, (8)
where the gravitation of matter is essential, can be con-
tinued up to the singularity, however, they are explicitly
unstable for t — 0 (7 — —«)—small perturbations grow
near the singularity and lead to the general vacuum
(Kasner or oscillating) asymptotic behavior.

The solution (I.5) is applicable up to the time when
p ~ 1, after which follows the solution (9) with small
amplitudes || < 1. In order to estimate the amplitude
of the first oscillation, {4, it suffices to note that

Mhap? /32~y 2z~ <1

for u & 1. Therefore one may assume that over the first

few oscillations of (u)z, and consequently also XAz, do

not have time to change much (cf. (9)). Then we have

for u <1
2Y3B,

(n—17)"

where Z-;/3(7) is a cylindrical (Bessel) function. Match-
ing (I.5) and (I.13) at 4 = 1 we obtain for the amplitude
of the first oscillation®’ n ~ 0.36. This estimate is
approximate but agrees wleﬂf‘){vith a computer calculation.

e w=0, p=71,—1Z,(2"3~"B; (1.~ 1)), (1.13)

The stage of small oscillations |u| < 1 is, properly
speaking, the result of the isotropization. We shall call
this stage ‘‘isotropic’’ (not to be confused with the stage
(I.4)). It is important that if the condition (I.1) holds we
have a single parameter depending on the initial condi-
tions—the instant of beginning of the isotropic stage (9)
Tg(u ~ 1) (in the sequel the constant 7, will be set equal
to zero, since it has no physical meaning in the isotropic
stage).
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There remains to investigate the behavior of the solu-
tion of the system (5) in the asymptotic region |u| < 1.
This case is discussed in detail in refs.[**"*°), Here we
list only the result. For the equation of state p = €/3 the
solution has the form

z=%[1—6(1)], 0<B(m<1,  (h)"=—4hEp(r),
ho T je(T)

— (1.14)

2

p="2" g-%sin8hto dt+o('_e—vx), =1
2 1 T T _2V2h

The functions B(7) and 6 (1) are represented as series in
the powers of 1/v (v = In(D/7) > 1):

1 Dy+1'/. lnwv 1
L AL +o(X
B 2\7[ v 2v O(VZ)]'

tp D \
o= [1 D _lnv +0(i)] ;

v v 2v v:

(1.15)

D, Do, and h are constants. (The oscillatory part has an
exponentially small factor e~ 2V for B(r) and e~ 4¥ for
6(7).) Matching this solution with (7) yields the orders of
magnitude o

Vg ~ 4, D~17Fe‘, h~A1.

For a mixture of radiation (p = €¢/3) and nonrelativis-
tic matter (p = 0) the solution has the form

) 2 1 , g0 ()

/o — o o —

V= [t-5sw]. o<pw<t () e
(1.16)

he T . To ¢ 0(}) T
=_2 2 g-"gh? i  p-Y2qht
n 2 T sh®*{ sin 16k . dw.p-f—O(TFz 6-"2sh w),

(1.17)

where

Yosh 2y —p=—1/ 7.

is the solution of the, Friedmann model 2 =1 (8 =0,
0 = const); 7, =—38"%/ciL, determines the instant when
the density of radiation and the density of matter are
equal (|7¢] < |7Rl), & = LI/L; (cf. (5)).
Up to first order in v (v = In[ (D/7,)sinh®y] > 1):
= 1/26(3sh~*p + 1 — 3y sh psh=yp),
67" = —*/npch ¢ sh=* ¢+ In (4De* / 1.) — €™ + %/, sh~2 1. (1.18)

In the two limiting cases we have from (I.18):

1

D
<_1’ z'__—' _‘z - . . .
v B 21n(D/7) = ~In—, (see. 1.15) (1.19)
1 3T\ D 9 ,3t\%
[pl<1, ~—_— -t 9
Y ST (z) + o= P (_Zn) :

After the changeover of the equation of state all devia-
tions from the exact Friedmann solution die out quickly:

4h1 TF
In (tge'/v.) gl

el " TE
w=h, (—ln(—Fe‘)) sin{—,+ﬂ.,},
ww \4 Te T/

@ = const, hy = (*/s)""h ~1, h:= (°[2)"*ho ~ 1.

(Aeha) = = (1.20)

APPENDIX Il

We consider (5) with the condition a > 0. In this case
the isotropic stage (1.16), (I.18) continues up to the in-
stant 7y, after which follows the third era of evolution
(cf. supra), when the gravitation of matter is inessential.
The duration of the isotropic stage is

2 Tn K TF *a
7 (—) = ( ) aN. <1
T TF Te

(a <1; fora~1, 7y /7p ~ 1). It is easy to show that
the first and second stages in the open model of type VII

4o\, = (II-I)
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(a #0) occur in the same manner as in the case a =0,
i.e. effects related to rotations of the tetrad oriented
along the principal axes of the matrix y,;, must be taken
into account only during the third stage.

Int? it was shown that the rotation of the principal
axes of v, leads to an effect of reflection of A; and Az,
i.e., u can have only one sign (1 > 0). In the most gen-
eral case in the ‘‘vacuum’’ stage we have W .+ > Umin
and the condition (I.1) has the form

2a |3ps — 1|
T
If (II.2) holds, all conclusions regarding the stage (I.5)
are valid. Further, we obtain from (5)

. 123 As " 3a
2psh? - —a(1 -
P “( RTWAE ) i)

[T max{i, Pomin = 2 arsh (11.2)

for

3a ER a(Mho) " € (MA2) ™.

RTC (11.3)

B~ 1, (P

Consequently, all conclusions relative to the transition
to a stage of small oscillations of u remain in force, and
the solution (5) goes over into the isotropic stage (I1.18)
with a minimal gap K min much smaller than the oscilla-
tion amplitude W, .- In this case the solutions for wu(71)
in the region of u__ . coincide with those determined
int9 in the vicinity of the point pt. .

m

a mirror reflection of the function ul(l'})
level u = 0.

<< 1 there occurs
relative to the

Thus, the maximal amplitude of cscillations coincides
with (1.17) and the solution (I.18) is valid:

(11.4)

The size of the gap u i, varies according to the law

(p = €/3):
=

(I1.4) is valid as long as [T
we have from a(§)

Kmax = (szxl}uz) -,

(11.5)

> B min In the case
Mmax ® *min

e~ (M) p = (TFAM) " exp {aj (Mda) ™ dr}, p<1. (I1.6)
F
We estimate the integral (II.6) at the end of the iso-
tropic stage®’:

T
M

; 27" if el < lwd
. I’d ~ ’ c N
afoarra~{o o Y
Consequently, the solution (I.18) is valid up to a time of
the order of 1p;. We show that towards the end of the
isotropic stage we always have (II.6)

(11.7)

¢~ % [ Mahapt de ~ (Aia) {a | o) d-r} ~(d)™ (11.8)
A

(cf. (I1.7)).
Thus, towards the beginning of the third period”’

" % T\t (11.9)
wmwem (2) e () T
From (5) it follows that during the third stage
(MA2)" =—1/2a(t — 1), 7. = const = 0,141, (I.10)

It is important that (I1.10) is the asymptotic behavior for
all the solutions of the system (5). (The corrections to
(I1.10) related to the presence of matter decrease ac-
cording to a power law.) It is easy to show that any solu-
tion of the equations (5) tends asymptotically (for y — =)
to (II, 11) (for any a > 0):
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p=const, @= (Ads)™ (Im.11)

Let us denote

& =(Aha)" (1 — {/4sh Zi) . dn =) " dr. (I.12)

Then it follows from Eq. (5) (the accent means derivative
with respect to 7

(FHun) == [ (F+w) " (nVaa) dn
y . (11.13)
+4'[(—Fmsh7 {(1n YA,h;)” - 2a} dn + const.
Further, it follows from (5) that (cf. (II.10)):
2a < (InYAks)’ = 22, 7 — . (II.14)

During the third era, when the evolution of the metric is
determined by }he isotropic curvature 4a®x;x 2, the quan-
tity {(n(x112)'"®)" — 2a} tends to zero exponentially with
respect to 7, (5) (I1.10). Consequently, for 7 — « the
corresponding integral in (II.13) converges exponentially
(with respect to 7). Thus, we obtain from (II.13)

n—> ®,

(fP+wn?)"~0, f>0,u" =0, p—>po=const

(If a = 0, then f = 4 sinh(u/2) (cf. (II.12)) and it follows
from (II.13) that @ — 0.) Since towards the beginning of
the third period the oscillations of u are already damped
out (II.6)'*’, we have immediately after the time Ty
(II.11) with & = wo from (IL.9).

YSuch an evolution is characteristic for all anisotropic models except
those of typesI and V.

ISolutions of the type (8) have been investigated in detail by Ruban [!8]
for the axially symmetric case (A, = A3).

IThe conclusion that u — const for t = oo was derived by Collins and
Hawking [ 3].from their analysis of the first-order deviations from the
Friedmann solution. In the present paper this is an exact statement, fol-
lowing from the general solution (12) (without assuming the smallness
of Ay -A)/Ay).

“YWe note that, in principle, an experiment is possible to detect the effect
of unbounded growth of the ratio As/(AAp)"2 ~ t2X2 for t > o, Indeed,
a sphere of particles at rest or moving slowly in the synchronous coordi-
nate system (1) will, in the course of time, become an ellipsoid with pro-
lateness increasing without bound. However, such an experiment is not
practically realizable.

$A more detailed investigation of the solutions (18), (19) can be found
in [19:20].

©We recall that in the model of type IX the volume of the model increases
monotonically from zero at the singularity up to some maximal value
and then decreases monotonically to the second singularity. In all
other models under consideration the quantity vy increases monotoni-
cally from zero to infinity.

Mt should be noted that two completely different types of evolution are
possible for models of type VIII, depending on the relation between the
functions A, A,, and A3 at the moment t ~ t* when the gravitation of
matter is ‘“‘switched on”. The most interesting case is A;, A, > A3, which
we consider. If at the time t ~ t* we have A;, \; > A, , the model evolves
in agreement with the ideas developed above, up to the time t ~ t,,

[In (\;/A3)| ~ 1; after that starts a stage where A1~ A; =~ -\/3/2r,
A~ 774, ye =~ 3/27% for
forp=0.

It is important that the volume here varies according to the Friedmann
law, however the expansion along the axes is anisotropic. This stage
goes on until A, & A, 3. After this the A; axis slows down its expansion,
and the solution approaches one of the asymptotic forms (23), (24) de-
pending on the equation of state.

®The amplitude Mmax ©f the first oscillation depends weakly on the
degree of decrease of A,A,. ‘
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9271 can be interpreted as the number of oscillations in the isotropic

stage (cf. (IL.7)).

19If at the instant 7 ~ 7%, u ~ Mmin > 1, the solution of (5) misses (1.5)
and goes over into the stage ¢ ~ (AA2)Y2, sinh u =~ const A \) V4 exp
{a f (\;\p)Y2d7). The estimates for the integral agree with (I1.7).

D[t js important to note that this conclusion does not depend on the
presence of matter. One can show that in an open model of type VII
(a> 0) always after the stage of “vacuum” oscillations, towards the
time tpf(7)f) the oscillations of u are damped out, therefore directly
after the time 7)1 any solution of the system (5) goes over into the
stage (I1.11). for details, cf. [1°].
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