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Exchange interaction in magnetic substances containing ions with orbital degeneracy is
considered. It is shown that, among with spin ordering, superexchange also results in
cooperative ordering of Jahn-Teller ion orbitals, which, generally speaking, occurs at a
higher temperature and is accompanied by distortion of the lattice (which is a secondary
effect here). Concrete studies are performed for substances with a perovskite structure
(KCuF;, LaMnOj, MnF;). The effective spin Hamiltonian is obtained for these substances
and the properties of the ground state are investigated. The orbital and magnetic struc-
tures obtained in this way without taking into account interaction with the lattice are in
accord with the structures observed experimentally. The approach employed also permits
one to explain the strong anisotropy of the magnetic properties of these compounds and to
obtain a reasonable estimate for the critical temperatures.

1. INTRODUCTION

When considering magnetic and crystallographic
properties of transition-metal compounds, it is very
important to take into account the d-level degeneracy.

In the crystal field, the fivefold d-level splits (for exam-
ple, in a field of cubic symmetry it splits into a three-
fold level to, and a twofold level eg). A situation is then
possible, for example, for the ions d°—C?, d*~Mn*, and
Cr®" in an octahedral environment, the ground state turns
out to be degenerate with respect to the orbital angular
momentum if cubic symmetry is preserved’. The class
of compounds in which such a situation is encountered is
quite large. These are compounds with the structure of
perovskite (LaMnQO;, KCuFs;, KCrFs;, MnF;), rutile
(CrCl;, CrF;, CuF:), or spinel, containing the ions Mn®"
and Cu?, and a number of other types of substances[}.
The study of such compounds is of great interest, since
they usually undergo a lattice transition that leads to a
lowering of the symmetry; the magnetic properties turn
out to be more complicated and more interesting than in
analogous substances without orbital degeneracy (more
complicated magnetic structure, strong anisotropy); a
low-frequency branch of the exciton type, connected with
transitions between orbital states, can appear in the
elementary-excitation spectrum and can interact with
the magnons; this branch depends strongly on the tem-
perature.

The properties of such compounds, particularly lat-
tice transitions in them, are usually explained by start-
ing from the Jahn-Teller effect'**’. Accordingly, at
T = 0 the symmetrical arrangement of the ions, at which
the orbital degeneracy is preserved, is unstable, and the
lattice becomes deformed with the lowering of symme-
try, so as to lift the degeneracy of the electronic state.
Local deformations of the anion environment near the
given transition-metal ion appear first; it is the elastic
interaction of such local distortions which is assumed to
be responsible for the cooperative deformation of the
entire lattice, which occurs at T < Ty,. In this ap-
proach it is necessary to introduce many constants that
describe the interaction of the deformations of different
octahedra, and the values of these constants are usually
unknown and it is quite difficult to predict the concrete
type of the orbital ordering. In addition, the orbital
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ordering in this approach is not at all connected with
the magnetic ordering.

In this paper we propose a different approach to the
description of the properties of compounds containing
ions with orbital degeneracy, the so-called Jahn-Teller
ions (see also ts] ). Our analysis is based on a natural
generalization of ordinary superexchange, which is
responsible for the magnetic properties of magnetic
dielectrics, to include the case of orbital degeneracy.
The reason for the appearance of ordering of localized
spins in this approach is the fact that the reduction of
the energy as a result of the virtual transitions of the
d electron to a neighboring center depends on the mutual
orientation of the spins at these centers. In complete
analogy, in the case of orbital degeneracy the corre-
sponding contribution to the energy depends not only on
the magnetic structure, but also on the particular orbi-
tals that are occupied at the neighboring centers. Thus,
in our case the usual super-exchange leads in essence
not only to magnetic ordering, but also to orbital order-
ing, thus determining uniquely both the magnetic and the
orbital (and accordingly the crystal) structure of the
ground state. The magnetic and orbital orderings turn
out to be closely related in this case, although they occur
generally speaking at different temperatures.

The possibility of ordering orbitals by superexchange
was apparently first noted by Roth[%; this phenomenon
was subsequently investigated also by Pokrovskil and
Ufmin[™, They, however, considered only the simplest
symmetrical model, without taking into account the real
structure of the d-orbitals, and therefore no comparison
with real substances was made.

In addition to describing the ordering of orbitals, our
analysis ha's one more purpose. In the case of orbital
degeneracy, the theoretical definition of magnetic struc-
ture becomes indeterminate: the well known Goodenough-
Kanamori-Anderson rulest!’2’®] do not give an unam-
biguous answer in this case. From the generalized
superexchange Hamiltonian obtained in this paper we
can obtain the spin Hamiltonian given the type of orbital
ordering, regardless of the cause of the ordering, and
determine the magnetic structure. Conversely, knowl-
edge of the magnetic structure can help in some cases
to determine the concrete type of ordering of the orbitals.
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2. FORMULATION OF MODEL AND QUALITATIVE
STUDY :

From the theoretical point of view, the model consid-
ered is two-level variant of the Hubbard model®’ 1%,
with the intra-atomic exchange taken into account. We
consider a crystal with a fixed lattice and with a doubly~
degenerate level at each center with one electron per
center. We take the Hamiltonian for the d-electrons in
the form

. U
H= Z b?gaimljﬂo + - Z Rigontige’ (1 — 8apboor)

Sis ki (1)
—-J 2, “fmﬂim'a;:d'aiw =H +H,+ H,.
The subscript i denotes here the number of the site,
a and B8 are the numbers of the orbitals (« and 8 each
assume two values, 1 and 2). The first term in (1)
describes the transitions of the electron from center to
center (the symbol (i, j) denotes summation over the
nearest neighbors), the second term denotes Coulomb
repulsion of the electrons by one center, and the third
stands for the intra-atomic exchange (which leads, in
particular, to the Hund rule).

In magnetic dielectrics, the relation between the
parameters is usually b < J < U (U~ 5—10 eV,
J=~1leV, b~ 0.1-0.2 eV). The initial state can there-
fore be assumed to be one with electrons localized on
the centers, and the kinetic energy term H’' can be taken
into account by perturbation theory in terms of b/ U,
changing over to the effective Hamiltonian. We shall
frequently use also the ratio J/U < 1, although the re-
sults can be easily generalized to include all orders in
J/U.

The state of an electron localized at the center i can
be characterized in our case by two quantum numbers,
the spin 8 and the number of the occupied orbitals. In
the case of double degeneracy, it is convenient to des-
cribe the orbital state by means of the ""pseudospin
operator 7 with properties that are exactly analogous to
the properties of the usual spin operator 1/2. When a
value 75 = +1/2 corresponds to the occupied orbitals |1)
(for example, ]dzz)), and 7§ = —1/2 corresponds to the
orbital |2) = ]dxz_yz). It is convenient to plot the orbital

state on the (Tg, 77) plane. (In order not to confuse the
axes in T7-space with the real axes x, y, and z of the
crystal, they are designated n, &, ¢). The state charac-
terized by the angle 6 is

|8> = cos '/20]d.>> +sin 1/20|d.2- .

@)
The angles § =0, 7, n/3, and 27/3 correspond to the
orbitals d,z, dxz__yz, dzz__yz, and dyz, ete.

We shall explain the qualitative picture of the onset
of orbital ordering together with spin ordering for two
centers, using a simple model and taking in the Hamil-
tonian (1) the case b;; =bz, =b and by, = 0. For a pair of
ions and an undegenerate level, the two possible situa-
tions are indicated in Fig. 1, which shows the increments
to the energies of the corresponding states in second
order in b/U, due to the virtual transitions of the elec-
tron to the neighboring center. The energy gain in the
case of antiparallel spins (Fig. 1b) (jumps to the neigh-
boring center at parallel spins are forbidden by the
Pauli principle) is the cause of the antiferromagnetism
in this case, and the corresponding exchange interaction
is in fact the superexchange.
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FIG. 1. Possible configurations for
an ion pair in the degenerate case, and
the corresponding energy increment:
a—AE =0, b—AE =-b?/U.
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FIG. 2. Possible configurations for a pair of ions in the case of
double orbital degeneracy, and the corresponding energy increments:
a—AE =0, b—AE = - b? /U, ¢—AE = - b?/U, d—AE = - b? /(U - J).

The situation in the case of double degeneracy is
shown in Fig. 2. Obviously, the same superexchange
leads here, in addition to spin ordering, also to orbital
ordering. The most convenient here is the configuration,
d, i.e., the ordering is ferromagnetic in spin and "anti-
ferromagnetic" (more accurately, singlet for two cen-
ters) with respect to the occupation of the orbitals.

3. DERIVATION OF THE EFFECTIVE
HAMILTONIAN.

The qualitative arguments advanced above can be
rigorously proved by changing over from the Hamiltonian
(1) to an effective Hamiltonian that depends on s and 7
and acts on the subspace of functions with singly-occu-
pied centers. In this subspace, the operator a{ aoaiBo'
is set in correspondence, depending on the indices «, B
and o, ¢’, to the product 7s in accordance with the fol-
lowing rules:

(a=1,p=1) >+, (22)>"h—-1, (12 > (1) >1. @)
(6=1,0 =1) > ot+s, (§,¥) > o—s5 (1, 4) = st (4, 1) =5,

Thus, for example, ajq, aj9, = 7§ (Y + siz), aj1y 242,
=1{ s}, alg, 3j2, = (2 — 7%)s] etc. We lzave introduced
here the standard notation: 7% = 77 + ir5, s* = ¥ + isV.

The transition to the effective Hamiltonian is carried
out in the usual manner in second order in H'[®1, A
certain difficulty is raised here by allowance for the
term Hy, since a state with two electrons on a center,
characterized by a pseudospin and spin of individual
electrons, is not always an eigenstate for Hy. It is con-
venient to carry out expansion in terms of J/U; in this
case we obtain

1 1 1
Hyg——H ——— B ——H (1— H,
off Ho+H,—E, Ho—E, H—E ' (4)
1 1
$— H,— _H —...)H'.
Ho—E, 'H,—E, '

Substituting in (4) the expressions for H’, Ho, and H
from (1) we obtain, after performing the corresponding
commutations, an expression for Hggs, Which contains
products of groups of four and groups of eight Fermi
operators; expressing them in terms of s and 7 in ac-
cordance with the rules (3), we obtain ultimately for the
ion pair i, j, in the general case, at arbitrary values of
the transition integrals by, bz, by = bzy (Which we
choose to be real), the effective Hamiltonian in the form

g 21 1 J

H(el‘Jf> = {(—2— -+ 25i5;‘) I:T (B + bl + bez) (1 - 7)
1 1

- chel o + b — 208 (1 ) o (< ) e — )

, J
+27715 (bpabyy — bla) +277%] (Baobyy+32) + (87 4 ©7) bya (bry+bia) (1 —W)

J 1
+2 (TiﬂT;t' + TET?) bys (b1y — bys) (1 + W)] - [T (TS + TS) (bﬁ - bgz)
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J J
-+ (r:x + TI") bia (bix + bao) (1 - 2_U) - 2T1‘1’T? (brabae + bt-z) T
J

- " J
— 2056 (bubas — V) e — (575 + 7h]) s (o — ba) 3. (5)

The complete Hamiltonian of the crystal is a sum of
expressions (5) over all pairs (i, j) of the nearest
neighbors; generally speaking, the transition integrals
bi"{ﬁ can be different for different pairs (see Sec. 4).

Expression (5) has been out accurate to terms of order
J/U; it can be derived also exactly, in all orders of J/u.
The corresponding result is given below for the symme-
trical model (b;; = bg2 =b, by = 0). The complete effec-
tive Hamiltonian for this model is

s b 1 1 JiU .t
Hegr = 7;} {(7 + zsisi) (—2— + 21&'1') + W[Z (Tt — TET0)
1.0

= 20— 2088 )|+ g - (5 - 2) ©

+2 (% + ZSiSj) (viwj - TE'T;’)]}-

In the lowest order in J/U, this Hamiltonian was presen-
ted in'®) (formula (2) of'® contains the wrong sign, and
the second line of (2) should contain (7 * 7; + Jutrf -rj§ )

The properties of such a system at J = 0 were inves-
tigated in detail int™, In the self-consistent-field ap-
proximation (or for a corresponding Ising Hamiltonian),
the ground state turns out to be strongly degenerate; if
the quantum character is taken into account, however, it
is more convenient to use complicated structures that
are maximally "antiferromagnetic' both with respect to
s and with respect to 7. The interatomic exchange (the
terms with J in (6)) lifts the degeneracy even in the self-
consistent field approximation, and leads, as can be
easily verified, to a ground state that is ferromagnetic
in the spin and antiferromagnetic in the pseudospints] .
Such a state may turn out to be more convenient than
the states considered inm, at least at not too small
J/U. Assuming that this ground state is realized, we
can analyze in the self-consistent-field approximation
all the properties of such a system, obtain the spectrum
of the elementary excitations (spin waves, pseudospin
excitations—in fact the exciton band, and also their pos-
sible bound states). R is also possible to investigate in
this approximation the thermodynamic properties of the
system; in particular, it turns out that when the tem-
perature is increased, the spin ordering vanishes first
(at Tg ~ b?J/U?), and then the orbital ordering, at Ty,
~ b?/U. In view of the nonrealistic nature of the sym-
metrical model, and also because the properties of the
ground state (6) for arbitrary J/U are not clear, we
shall not present here these results, and proceed to
study the real case of perovskites.

4. PROPERTIES OF PEROVSKITES WITH
JAHN-TELLER IONS

In real cases, the transition integrals bgﬁ depend

both on the type of the orbitals @ and 8 and on the mutual
placement of the corresponding centers i and j. By way
of a concrete application of the proposed general scheme,
we consider compounds with perovskite structure. In
these compounds (in the cubic phase), the magnetic ions
form a simple cubic lattice, and the anions are located
at the centers of the edges, so that only the 180° super-
exchange is significant. Choosing as the basis functions
[1) and |2) the orbitals |d,z) and Idx2_yz), we can, by

727 Sov. Phys.JJETP, Vol. 37, No. 4, October 1973

starting from the explicit form of these d-functionsm,
find the corresponding transition integrals beéB.

For the functions |d,2) and [dg2_ 2) themselves, the
corresponding values are listed in Table 2 of 4], In the
general case, for all the poles characterized by angles 6
and 6’ (see (2)), we have

beor = 2b cos /20 cos /.0,
bior = '/2b[cos 1/,0 cos /,0" + 3 sin V/,0 sin */,8” — ¥3sin /. (8 +6") ], )
BYer = 1/2b[cos /.0 cos /.0 + 3 sin'/,0 sin /,0" + ¥3sin /. (8 +0') ].

The superscript denotes here the relative placement of
the centers with respect to the axes z, x, and y, respec-
tively; b = (1/6)A, where A is the distance between the
levels eg and tg, in the cubic field. In particular, in ac-

cord with'®!, we obtain from (7)

bipdn = 20, Bia,_ =0, bite,, =1hb,...

Using the explicit form of the quantities bf!ﬁ , We can ob-

tain from (5) the effective Hamiltonian for perovskites.
1t takes the form

5% ol 7)1+ -7

D,

s e R W R e

<033 g <iddy

T
1 [ 1

Hefr =

ol 2

In (8), the symbols (i, j)yx, (i, j)y, and (i, j), de-
note summation over the nearest neighbors located
along the corresponding axis; in the second sum, the
upper sign corresponds to the pairs along the x axis and
the lower to the pairs along the y axis. For the sake of
brevity, the individual terms in (8) have been written out
asymmetrically with respect to i and j, and the symme-
try is restored upon summation.

It is seen that the Hamiltonian (8) is strongly aniso-
tropic, both in the sense of the explicit dependence on
r¢ and 77, and from the point of view that even for the
operators s, which enter in (8) in the form of a scalar
product, the values of the exchange integrals depend on
the mutual placement of the corresponding pair of cen-
ters, namely, the exchange interaction along the ¢ axis
(in the [001] direction) differs from the corresponding
value in a plane perpendicular to c. In addition, Eq. (8)
contains terms of the "external field' type (linear in
7€ and 77).

The Hamiltonian (8) describes superexchange inter-
action in perovskites with Jahn-Teller ions. If the de-
generate orbitals are ordered in a definite manner (by
some arbitrary mechanism, say by the usual Jahn-
Teller interaction with the lattice), then, substituting in
(8) the corresponding mean values of the operators 7,
we obtain the effective spin Hamiltonian, which deter-
mines the magnetic structure. We see, however, that the
Hamiltonian (8) itself contains terms that lead to orbital
ordering besides the spin ordering. We investigate the
ground state of the system in the self-consistent-field
approximation. Unlike in the symmetrical model consid-
ered in Sec. 3 and in[™, the Hamiltonian (8) exhibits,
with respect to 7, not a Heisenberg-Hamiltonian behavior
but an Ising behavior, even at J = 0. This is obvious for

K. I. Kugel’ and D. I. Khomski¥ 727



pairs of centers along the z axis; it is easy to verify
that the terms corresponding to the interactions along
the x and y axes are obtained from the corresponding
terms along the z axis by rotation in 7-space through an
angle 9 = +27/3, so that in the xy plane the interaction
with respect to 7 is of the Ising type. The self-consis-
tent-field approximation is therefore satisfactory, at
least for the determination of the pseudo-spin structure
of the ground state.

We consider first the one-dimensional case. It is
easy to verify by starting from (8), that the orbital
structure at T = 0 corresponds to ' r-ferromagnetism,"
with all Tf = +1/2 (the orbitals d,z are occupied); the

spin Hamiltonian is in this case antiferromagnetic. This
result can be applied to an analysis of the properties of
one-dimensional antiferromagnets containing Cu®"
ions[H,

We shall seek the structure of the ground state of the
perovskites in the following manner: we consider four
very simple spin structures: 1) ferromagnetic, 2) two-
sublattice antiferromagnetic, 3) a structure consisting
of ferromagnetic filaments parallel to the ¢ axis that are
coupled with one another antiferromagnetically, and 4) a
structure of ferromagnetic planes (001) that are anti-
ferromagnetically coupled in the direction of the ¢ axis.
In each of these structures we consider the following
type of 7-ordering: we assume that in the plane perpen-
dicular to the c axis there are two 7 sublattices charac-
terized by the angles 6, and 0., and characterized in the
neighboring plane by the angles 6; and 4. This is a
rather general assumption, which includes, in particular,
complete 7-ferromagnetism with angle 9 =0, =0, =63
= 04, two-sublattice 7-antiferromagnetism (9, =7 + 6,
03 = 02, 04 = 6,), ferromagnetic filaments (6, = 63, 6> = 64),
etc., and also canted structures. (The inclusion of struc-
tures that are canted in 7 is necessary because (8) con-
tains terms that are linear in 7). We do not consider
here the more complicated types of s and 7 ordering
(helical structures etc.), since they arise in the Heisen-
berg model, as is well known, when account is taken of
the interaction with the non-nearest neighbors, and the
Hamiltonian (8) includes only the nearest interactions,
albeit strongly anisotropic ones.

‘Under the assumptions made, we can write for each
type of spin ordering the mean value of the Hamiltonian
(Hegp) as a function of the angles 6,, 62, 65, and 6,
minimize it with respect to the angles, and then com-
pare the energies of the corresponding most convenient
states. The energies actually depend in this case on only
one parameter J/U. This calculation yields the following
results: out of all the possible structures, the most
favored is the structure of type 4), consisting of planes
perpendicular to the ¢ axis that are ferromagnetic in the
spin and are coupled antiferromagnetically (antiferro-
magnetic ordering of type A).

For this structure, the energy as a function of the
angles 6; takes the form

b 1 J
B— B =V -Gt ettt —(14) (@)

J
% (Tube + Esbe + 3nume + 3nsma) + (1_7)} ’
where 7; = sin 6, and {; = cos 6;. Minimization of (9)

with respect to 6 leads to the following result: for all i
we have cos 6j = 1/2(1 + J/U), 0, = —8,, 63 = —04. Thus,
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FIG. 3. Two equivalent types of ordering of singly-occupied orbitals
in perovskites, obtained in the superexchange model. The figure shows
the anion displacements produced for a hole orbital (Cu?* ion).

in the plane perpendicular to the ¢ axis, the orbital
structure is characterized by an alternation of the
angles + 6 =+ (1/3 + JA/3U), i.e., the occupied orbitals
djz_x? and dy2_ g2 actually alternate at small J/U. In
the direction of the c axis, two equivalent structures
corresponding to the same energy are possible: either
two orbitals d,2_,2 one on top of the other, as in Fig. 3b
(i.e., we obtain chains that are ferromagnetic with
respect to 7), or else we have d,2_ .2 on top of d,2_ .2,
as in Fig. 3a (i.e., we obtain a two-sublattice canted
antiferromagnetism with respect to the orbital state).
The two equivalent types of orbital structures are shown
in Fig. 3. The arrows in the figure show the displace-
ments of the anions, if we are dealing with a hole orbital
as in the ion Cu?**(d°) in KCuFs. Such a displacement of
the negative ions must be the result of a secondary
effect from the electrostatic interactions at the indicated
ordering of the hole orbitals.

The orbital and magnetic structures described above
and shown in Fig. 3 were obtained by us without using the
concepts of elastic interactions. This type of structure
arises naturally as a result of superexchange when con-
crete account is taken of the characteristics of the
d-orbitals, and subject to the only condition that J/U be
small; it gives way to a pure ferromagnetic structure
only at J/U = 0.7.

The obtained structure agrees well with that observed
experimentally in MnFs, LaMnOs, KCuF; and KCrFs[%,
The best agreement is observed in KCuFs, a thoroughly
investigated substance[“], in which the simplest situa-
tion is realized with completely occupied t2g levels that
make no contribution to the superexchange. The type of
orbital ordering agrees exactly with that obtained theor-
etically. In addition, the presence of two types of crys-
talline and orbital structures, corresponding to the
equivalent 7 structures described above (Fig. 3), has
been established in KCuF;. Below Tg ~ 20—40°K, the
magnetic structure also agrees with the calculated one
(ordering of type A). At higher temperatures (up to T,
= 243°), considerable antiferromagnetic spin correla-
tions along the z axis are preserved in KCuF;, so that
this substance is regarded as a good example of a one-
dimensional antiferromagnet. Such a strong anisotropy -
of the magnetic properties is also explained by our ap-
proach.

1t is clear from Fig. 3 that at the obtained type of
orbital ordering the overlap of the occupied orbitals (of
the hole type for Cu®") along the z axis is large, and this
leads to a strong (~b?/U) antiferromagnetic interaction
in this direction; in the xy plane, on the other hand, the
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overlap of the occupied orbitals is zero, there are only
transitions between occupied and empty orbitals, and
this, in accordance with the Goodenough-Kanamori-
Anderson rulest72%] leads to a weak (~b?J/U?) ferro-
magnetic interaction.

These qualitative considerations can be easily con-
firmed by replacing in (8) the values of the operators 7
by the mean values corresponding to the obtained type
of 7-ordering. We obtain the spin Hamiltonian

9 b J 15 b*J
H=g g (1) Ko gam Lo
Usually J/U ~ 0.1—0.2; this value agrees well with
the ratio Tg/T, of KCuFs. Thus, it is precisely the des-
cribed orbital ordering that causes the KCuF; crystal,
the structure of which is close to cubic, to behave like a
quasi-one-dimensional magnet.

(10)

A free analysis of the behavior of the system at T # 0
calls for a more detailed investigation, with simultane-
ous allowance for the variation of both {s) and {7),
since, according to (8), the 7-ordering also vanishes at
Torp = b*/U. Accordingly, Tg/Top, ~ J/U ~ 0.1
Actually, for example in LaMnOs, we have Tg = 100°K
and Ty, = 900° K, which again is in good agreement
with the theoretical estimate.

5. ALLOWANCE FOR THE LOCAL JAHN-TELLER
EFFECT :

We now discuss the connection between the proposed
superexchange orbital-ordering mechanism and the usual
Jahn-Teller effect. The Jahn-Teller effect becomes
manifest primarily in a local distortion of the anion en-
vironment of a given ior. which is possible also at low
concentration of such ions (transition-element impuri-
ties in a nonmagnetic matrix{**J). In concentrated com-
pounds, on the other hand, there can occur a cooperative
ordering of the orbitals, which is usually attributed to
the elastic interaction of the local deformations at differ-
ent centers. The former effect (local deformations) is
characterized by a rather large constant, and it is also
possible that the local distortions due to the Jahn-Teller
effect exist also above T, 4, t*!, and the superexchange
considered above makes an appreciable contribution to
the cooperative ordering; in this case, these two ap-
proaches complement rather than contradict each other.

From this point of view, we can understand also the
properties of substances with Mn®" and Cr**. The calcu-
lations of the local distortions near Jahn-Teller ions
usually indicate’*! that both near Cu®* and near Mn**
the anion octahedron becomes elongated (one long axis
and two short ones). It was found above that from the
point of view of superexchange, the favored orbitals in
perovskites are the singly-occupied ones of the type
d,2_y2(6 = n/3). For the Cu®" ion (hole orbital), the
local octahedron then becomes elongated; thus, the two
factors, superexchange, and the local Jahn-Teller effect
act in the same direction in this case. Indeed, in
KCuF; we actually have 6 ~ £60° [**J, On the other hand,
for ions with d* structure (Mn®*, Cr®"), an orbital d,z_2
occupied by an electron would lead to a local oblate
octahedron and to a pseudotetragonal deformation of the
crystal with ¢/a > 1; in actual fact, however, c/a < 1in
LaMnOs and KCrFs. The local Jahn-Teller effect, how-
ever, calls for the electron to occupy an orbital of the
type & (0 =+120°); the simultaneous action and compe-
tition of these two effects, the local Jahn-Teller effect
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and superexchange, can indeed explain the intermediate
type of occupied orbital with 8 ~ 90°.

Mathematically, the local Jahn-Teller effect can be
taken into account by adding to the energy, for each cen-
ter, the quantity [

AE; =%gcos 36.. 11)
As a result of this factor, angles 6 equal to +7/3 and =
become more convenient at g > 0, and angles 6 equal to
+27/3 and 0 become more convenient at g < 0 (corre-
sponding to the ions Mn** and Cr?"). By adding (11) to
expression (9) and minimizing with respect to 6;, we now
obtain for all values of i

c0s 0, = — {(1+—é)+ [(1+%)z—1+(3g+1)2]%}/ 6g, 2

91 = —92 = ies = :FO‘,

Thus, as before, the orbital structure (at least at not
very small values of g) is of the type obtained in Sec. 4
above (canted antiferromagnetism in the (001) plane,
equivalence of two structures in the c-axis direction),
but the corresponding value of the angle 6 at small J/U
turns out to be as follows: when g > —1/3, as before,

6 ~ +7/3; when g < —1/3, the angle 6 begins to decrease
in larger negative g we obtain 6 — +27/3. This calcula-
tion confirms the qualitative picture considered above,
and demonstrates that this effect indeed can explain the
situation in Mn®* compounds. In MnF; we actually have
6 ~ 97° 21 corresponding to g = —0.88.

It can be verified that with such an occupation of the
orbitals the spin interaction in a plane perpendicular to
¢ will be ferromagnetic at J/U 2 1/4; this can be en-
sured by increasing the effective value of J through ex-
change with tpg electrons.

6. CONCLUSION

It is clear from the foregoing analysis that the pro-
posed superexchange mechanism of ordering of the orbi-
tals describes well the structure and many properties of
magnetic perovskites with Jahn-Teller ions, and, in
particular, gives a reasonable estimate for the transi-
tion temperatures. On this basis, we can conclude that
the superexchange is an appreciable part of the thermal
interaction responsible for the orbital ordering. In any
case, however, even if other factors play an important
role, for example, the ordinary cooperative Jahn-Teller
ordering, the magnetic structure is determined by the
Hamiltonians (5) and (8) derived above, and the spin ex-
citations are coupled with the orbital ones via the cross-
ing terms in (8).

The foregoing analysis dealt specifically with perov-
skites; the scheme developed here can evidently be used
to consider the properties of other classes of compounds,
such as spinelst¥, and also compounds of rare-earth

‘metals (DyVOs, TbVO, ™), Dysb[*7),

In conclusion, we are grateful to V. L. Ginzburg and
the participants in his seminar, and also to Yu. M.
Gufan, V. L. Pokrovskii and G. V. Uimin for useful
discussions.

DWe consider henceforth the doubly degenerate level eg: for which the
spin-orbit interaction is of no importance.

1J. B. Goodenough, Magnetism and the Chemical Bond,

N.Y.—London, 1963.

K. I. Kugel’ and D. I. Khomskii 729



2
3

5

6
7

J. Kanamori, J. Appl. Phys. Suppl. 31, 14s, 1960,
P. J. Wojtowicz, Phys. Rev. 116, 32, 1959,

‘R. Englman and B. Halperin, Phys. Rev. B2, 75, 1970,

K. I. Kugel’ and D. I. Khomskii, ZhETF Pis. Red. 15,
629 (1972) [JETP Lett. 15, 446 (1972)].

L. M. Roth, Phys. Rev. 149, 306, 1966.

V. L. Pokrovskii and G. V. Uimin, Zh. Eksp. Teor.
Fiz. 61, 859 (1971) [Sov. Phys.-JETP 34, 457 (1972)].

®P. W. Anderson, Phys. Rev. 115, 2, 1959,

°J. Hubbard, Proc. Roy. Soc., London, A276, 238, 1963,

'°D. I Khomskif, Fiz. Met. Metallov. 29, 31 (1970)].
"' M. Date, H. Yamazaki, M. Motokawa, and S. Tazawa,

730

Sov. Phys.-JETP, Vol. 37, No. 4, October 1973

Progr. Theor. Phys. (Suppl.), 46, 194, 1970.

2 K. Hirakawa and Y. Kurogi, Progr. Theor. Phys.
(Suppl.), 46, 147, 1970,

M. D. Sturge, in: Solid State Physics 20, N.Y.—London,
1967,

* A. H. Cooke, C. J. Ellis, K. A. Gehring, M. L. M.
Leask, D. M. Martin, B. M. Wanklyn, M. R. Wells, and
W. L. White, Sol. St. Commun., 8, 689, 1970.

®F. Lévy, Phys. Kondens. Mater., 10, 86, 1969,

Translated by J. G. Adashko
159

K. 1. Kugel’ and D. I. Khomskif 730



