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An expression for the superconducting transition temperature of thin films due to fluc­
tuations of the order parameter Do and electromagnetic field is derived. The effect of 
size quantization on Tc is considered. 

1. INTRODUCTION 

The properties of thin superconducting films have 
been widely investigated in recent years both experi­
mentally and theoretically. The superconducting transi­
tion temperature of thin films can be either higher or 
lower than Tc of the bulk sample[1,2J . One of the causes 
of the dependence of Tc on the film thickness is the pres­
ence of fluctuations of the order parameter Do and of the 
electromagnetic field [2, 3J. In addition to the fluctuations, 
there are also other factors leading to a dependence of 
Tc on the film thickness, such as the change of the 
phonon spectrum, the influence of the substrate, and 
quantization in the transverse direction[2 ,4 ,5J. These 
lead to a shift of Tc ' which in many cases is larger than 
the fluctuation correction to the transition temperature. 

We consider here the influence of the fluctuations and 
of the size quantization on the superconducting transi­
tion temperature of thin films. 

2. EFFECT OF FLUCTUATIONS ON Tc 

To calculate the fluctuation shift of the transition 
temperature we use a previously developed method[6J• 
It is meaningful to consider the fluctuation shift of the 
transition temperature only in the case of small free 
paths l « d (d is the film thickness), since in all re­
maining cases it is certainly smaller than the shift of 
Tc due, for example, to size quantization. In the case of 
much "dirt," the Gor'kov equation can be reduced to the 
equations for the Green's functions in coinciding 
points[6J : 
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where T~. is a Pauli matrix, T ~ is the path time of elec­
trons with spin flip, D = v ltr;3 is the diffusion coeffi­
cient' II = mp/21T2 is the density of states on the Fermi 
surface, and [ ... , ... J is a commutator. The time argu­
ments in (1) stand in the order in which the operators 
are written out, for example, 

I/T 

AG""A(T)G(T,T'), GG~ S G(';,T,)G(T"T')dT,. (3) 
• 
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The current density j and the charge density pare 
expressed in terms of the Green's function G in accord­
ance with the formula 

j(T)= nao{ - A(T)O(T-T') 

• tiT a 
+~SPT,r G(T,~,) (--ieA(,;,h,) G(T"T')d,;,} , (4) 

2e .. o 8r f'-=~ 

peT) = -ev {2e'!p (r) + in Sp G(T, T') }T~T" 

where ao = p2e2Ztr/31T2 is the residual conductivity of the 
normal metal. 

To find the fluctuation shift of the transition tempera­
ture it is necessary to find the function Fl(T, T) with 
allowance for the fluctuations. Without account of the 
fluctuations we have 

F,(",) = -i~1 1",1. (5) 

From formulas (2) and (5) we obtain for the fluctua­
tion shift of the transition temperature of a thin film 
(d« 0 

_ oT, = T,o-T, =-inT' ~ ~S~~<F(') ('" "'» (6) 
T, T,' L..; d (2n)' ~ , , ° , 

r.l,Wo 

where F~)(w, wo) is the second-order correction (in the 
fluctuations) to the function Fl. 

It is convenient to perform all the remaining calcula­
tions in the gauge div A = O. The function (Fi2 » is ob­
tained from the system (1) by simple perturbation-theory 
expansion up to second order in the fluctuation fields of 
Dol, Do2, cp, and A. Performing this expansion, we obtain 
after simple calculations 
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The correlation functions in (7) were calculated ear­
lier[6J. In the principal approximation in Do, their values 
are 
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---------------~ ~----~ 

With logarithmic accuracy we obtain from formulas 
(6)-(8) for thin films (d « ~) 

_~= 21W) In( 'I d) __ 1_[ln(~_)]3 
Te 2rt'p'l tcd p" 4p'l"d . d'T 

rte'v1tc { (1) 2 [( 1 )]"} +-- In - +.- In ---
12d Te'd 3rt' e'd'p'ltcT . 

(9) 

The first term in (9) is connected with the fluctuations 
of the order parameter t::., and the last term is connec­
ted with fluctuations of the vector potential A. The sec­
ond term in this formula is the result of fluctuations of 
the scalar potential cp and of the crossing term (t::.cp). 
The main contribution to the second term is made by 
high frequencies Wo :::? T. The contribution of the zero 
frequency Wo = 0 to the second term, as follows from (7) 
and (8), is zero. The first term of (9) was obtained in 
the paper by Strongin et al. [2J 

For a film, the region To of smearing of the phase 
transition is given by 

'to = 3rt'/16p'Z"d 

and is logarithmically small (in comparison with the 
fluctuation shift aTc ITc determined by formula (9)). 

(10) 

The ratio of the coefficients of the logarithms of the 
first and third terms is equal to 2 K2, where K = A/~ is 
the parameter of the Ginzburg-Landau theory. For 
highly "dirty" superconductors we have K »1 and the 
third term can be neglected in comparison with the first. 
Using expression (10) for To and omitting the last term 
of (9), we obtain for the fluctuation shift aTc 

_ 6Te = 56(;(3) 'to In (~) -~[In(~)]'. (11) 
Te ,,' 'to 3,,' d'T 

For granules and filaments, the fluctuation shift 
aTc/Tc of the transition temperature in the region of 
smearing of the phase transition turns out to be of the 
same order, namely for a filament 

I)T, ( ,,' ) 'I. (12a) 
- T, - 'to = 2" (mpS)'DT . ' 

where S is the filament cross section area, and for a 
granule 

_ 6T, _ 'to = ,,(~)tl' 
T, TVp" 

(12b) 

where V is the volume of the granule. 

3. EFFECT OF QUANTIZATION ON THE SHIFT T c 

The effect of the finite dimensions of a superconduc­
tor on the transition temperature was considered by a 
number of workers [2,4 ,5J , but their results do not agree. 
Parmenter[5J considered the rise of Tc due to the dis­
crete character of the spectra in a small-sized sample. 
It turned out to be very small and proportional to 
(PRf2 ~ o/R. The reason was that Parmenter used in [5J 
periodic boundary conditions. More realistic boundary 
conditions leads to a much larger shift Tc' In the other 
studies [2, 4J, the signs of the shift Tc were opposite. It 
is therefore meaningful to return once more to this ques­
tion. 

We consider the Simplest model of a pure film with 
zero boundary conditions. It can be shown that both limi­
tations' namely the addition of impurities and the re-
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placement of a zero boundary condition by a more real­
istic one, i.e., a potential jump of finite height, are 
negligible and do not change the picture qualitatively. 
The equation for determining Tc is[7J 

00 d'k 
~(z)=IAIT 1: 1: J (2,,)' 'Pn(Z)<jln,(Z) 

w n,"1=1 
(13) 

where CPn are normalized functions satisfying the equa­
tion 

1 (j' 
[ - ~-+ V(z)] 'Pn = lin<jln 

2m (}z' 

with boundary conditions cp(O) = cp(d) = 0 and ~ n = JJ. 
- k2/2m - E • The potential V(z) includes the electric 
field due to lhe separation of the charges and connected 
with the size quantization. 

We seek the solution of (13) in the form 

(14) 

The correction t::.1(Z) is small only over distances on the 
order of p-1 from the boundary. By calculating t::.1(Z) by 
perturbation theory and averaging Eq. (13) over the co­
ordinates, we obtain 

~ m [ ~ ( 2 Il-En)] 1 = IAIT ..:::... 41wld 1 +..:::... 1 +-;-arctg - Iw- I- . 
n=l 

Substituting /J. and En in (15) in the form 

E =_1_(~)'+E(') 
n 2m d n , 

where JJ. 0 is the value of the chemical potential as 
d ~ 00, we obtain 

(15) 

(16) 

l=IAIT ~ m(2mllo) 'I. +~ Il(l)-E~~ (17) 
~ 2"lwl 2 Il ' 

where E~~ is the correction to the energy at n = pd/1T. 

We have left out from (17) a term that oscillates with 
thickness at distances on the order of p-1. When averag­
ing over interatomic distances through the thickness, the 
contribution of this term to the right-hand side of (17) 
is smaller than or equal to (pdf2. 

From (17) we obtain for the shift of Tc 

oT, =(,,'tl-E~'»)~lnT,. (18) 
1'e r • Oil 

The expression for the correction to the chemical 
potential JJ. (1) can be obtained from the condition that the 
average electron denSity be conserved[7] 

d'k ~ !; +. 
<n(z» = - 21'( 1: J (2,,)'.E <jln'(z) s.~, + :~ e'wo). (19) 

(oJ n=l 

Summing over w in (19) and omitting the oscillating 
increments, we obtain from (16) and (19) 

J (ll'I)-E;1l)dY=fA /2 . 
o 

(20) 

If the Coulomb interaction is not taken into account 
or if KD ~ p, the integrand in (20) is independent of y at 
y ~ pd, and in this case we obtain for the size-effect 
transition-temperature shift the expression 

6T, " oInT, 
r:='2pdIla;-' (21) 

In real superconductors with KD ~ p, the jump of the po­
tential on the boundary is finite. All this leads to the 
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appearance of a numerical factor a ~ 1 in the right-hand 
side of (21). When d-1 is replaced by the ratio slv, where 
S is the particle area and V is its volume, formula (21) 
holds, in order of magnitude, for a particle of arbitrary 
shape. 

In the BCS model we have 

fl oInT, =~In 2YWD (22) 
iJfl 2 nT, 

and formula (21) coincides with the results obtained by 
Shapoval [4J . 

In real superconductors the quantity JJ. (a In Tc la JJ.) 
can differ strongly from the model value (22). A correc­
tion of the order of (podfl appears also in the right­
hand side of (17) as a result of the change in the phonon 
spectrum. Comparing formulas (9) and (21) we see that 
the fluctuation shift Tc contains an additional small 
factor (pltrf1 and can become larger than expression 
(21) only if the quantity JJ.(a In Tc/aJJ.) is anomalously 
small in comparison with its value (22) as given by the 
BCS theory. 

It follows from (12) and (21) that when the granule 
dimension or the transverse dimension of the filament 
is decreased, the region of the smearing of the phase 
transition becomes larger than the size-effect shift of 
Tc (formula (21)), if the condition 

(_~)'I' >lfliJlnT, I 
2"pRI"T iJfl 

(23) 

is satisfied for the filament and the condition 

( :R )'" > I fl iJ I;:, I 
for the granule. 

Naugle and Glover obtained the dependence of the 
transition temperature on the thickness for amorphous 
Bi and Ge films. Using expression (4) for conductivity, 
we can represent the experimental results of[lJ in the 
form 

_ oT,=tiJA =~ for Bi 
T, d p'l"d ' 

(24) 

368 SOy. Phys . .JETP, Vol. 37, No.2 August 1973 

From (9) we obtain for the shift of Tc 

bT, 1,3 0.25 [ (VI" )]' --""--In(p'l"d)--- In ~ . 
T, p'l"d . p'l"d. d'T 

(25) 

Substituting under the logarithm of (25) the mean value 
of the film thickness (103 and 3 x 103 A for Bi and Ga, 
respectively), we obtain 

_ (jT,=~_ 0.25 [In(~)]' for Bi, 
T, p'l"d p'l"d d'T 

(26) 

bT, _ 12 0.25 [ ( VI,,')] 3 f G -------- In ~ or a. 
T, p'l"d p'Z".d d'T 

If the second term is disregarded, expressions (24) and 
(26) are equal with good accuracy. Unfortunately, it is 
impossible to estimate the second term of (25), since we 
do not know the effective mass and the velocity on the 
Fermi surface. 

In conclUSion, I am grateful to A. I. Larkin for useful 
discussions and valuable remarks. I also thank E. A. 
Shapoval for a discussion of the results. 
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