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The influence of the thickness of a bismuth film and of the size of its crystallites on the 
thermal conductivity, electrical conductivity and thermoelectric power is studied theo­
retically and experimentally. The size effect of the thermal conductivity appears in 
thicker bismuth films than those required for the observation of ~he size effect of the 
electrical conductivity and thermal emf coefficients. The thermoelectric quality factor 
Q as a function of the film thickness reaches a maximum for a film thickness of 
1500 A, which is 2.2 times greater than the quality factor of bulky bismuth samples. 

It is well known that if the mean free path of charge 
and energy carriers is comparable with the thickness 
of a film, then it is possible to observe significant ano­
malies in its kinetic characteristics. The external sur­
faces act then as effective scattering surfaces and the 
mean free path of the carriers is determined essentially 
by the film thickness. Such a behavior of the phYSical 
properties as a function of the film thickness is known 
as the "c lassical size effect." Moreover, if the mean 
free path of the carriers is comparable with the dimen­
sions of the film crystallites, then it is necessary, in 
the study of the size effect, to take into account their 
scattering by the intercrystallite boundaries. [1J 

The calculation of the kinetic coefficients of poly­
crystalline bismuth films with arbitrary shape and 
orientation of the crystallites, with account of charge 
carriers of both signs and of the phonons, represents 
an extraordinarily complicated physical and mathemati­
cal problem. However, under certain simplifications 
based on the studied crystal structure of the films un­
der investigation, one can construct a simple film model 
which gives the correct description, in its basic charac­
teristics, of the process of scattering of the carriers by 
the boundaries of its crystallites. [2J The scattering by 
the external surfaces of the film can be taken into ac­
count by means of the boundary conditions imposed on 
the distribution function. [3-5] Such an approach allows 
us to take into account the real structure of the film in 
some apprOximation and to reduce appreciably the 
mathematical difficulties encountered in the solution of 
the problem. 

studies of the crystal structure of bismuth films have 
shown that its crystallites have a continuous lattice in 
directions normal to the plane of the substrate. In such 
a film, the intercrystallite boundaries can be approxi­
mated by two uncorrelated types of randomly arranged 
planes, parallel and perpendicular to the temperature 
gradient and the electric field. 

When the carrier wavelength is large in comparison 
with the layer in which the crystal structure cannot be 
regarded as ideal, the grain boundaries can be approxi­
mated by mathematical surfaces without thicknessY1 
Such a condition is satisfied in bismuth for electrons 
and holes as well as for phonons, owing to the low 
Fermi level and the low Debye temperature. [71 In this 
case, the planes parallel to the direction of the tempera­
ture gradient and the electric field, which reflect the 
carriers specularly, do not make a contribution to the 
kinetic coefficients and therefore can be eliminated 
from consideration. 

To take into account the contribution of the scattering 
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of charge carriers and phonons to the kinetic coeffic­
ients, we calculate the probability P~' of transition of 
the carriers from the state I k) to I k ), where I k) and 
I k') are the wave functions of the unperturbed problem 
(plane waves). For simplicity, the dispersion law is as­
sumed to be isotropiC, because qualitative ,results per­
taining to thin films are not generally sensitive to the 
shape of the equal-energy surfaces, since the basic role 
in the transition processes is played by a small group 
of carriers traveling almost parallel to the sur-
faces. [5,8-10] Here we take into account only the acoustic 
phonons with linear dispersion laws. 

We choose a set of coordinates such that the x axis 
lies in the plane of the film perpendicular to the scatter­
ing planes, the z axis coincides with the direction of the 
normal to the film, and the y axis completes the rec­
tangular system. In such a set of coordinates, the con­
tribution to the Hamiltonian of the unperturbed system 
of carriers takes the form 

u(x)=s1: 6(x-x n ), (1) 

where S is the "potential strength" (the product of the 
barrier width by its height), and xn is the location of 
the plane n. The quantities xn have a distribution of 
the form 

where Lx is the length of the film in the x direction, 
N is the number of scattering planes, a is the average 
size of the crystallites, and s is the dispersion. 

It is known that the probability Pkk' in the principal 
approximation in the interaction is proportional to the 
square of the modulus of the matrix element of the 
perturbation operator. Using the explicit form of the 
wave functions of the unperturbed problem (plane waves) 
and the perturbation operator with account of the dis­
tribution (2), we get in the limit of continuous values of 
k, 

(2n)'S' 
P •• , =~~(k%)II(e(k)- e(k'))II(k, - k,'), 

1'!(k.) = \ 1- exp(- 4k;s') 
1 + exp ( - 4k% 's') - 2 exp (- 2k. 's') cos 2k%a 

where kt is the projection of the wave vector on the 
plane of the film, V the volume of the film, and €(k) 
the carrier energy. 

'(3 ) 

The transition probability for a specific form of the 
carriers is obtained if we take into conSideration the 
corresponding dispersion law. 
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For electrons and holes, it is possible to write down 
the relation in the form 

(2)' • S' P.'., = n m", "h lB(k )6(k _ k ')6(k + k ') 
Valilk.1 %" % %, (4) 

where the indices e and h denote electrons and holes, 
respecti vely, and m~ h their effective masses. , 

We obtain the following expression for the probability 
Pqq' of phonon scattering by the boundaries of film 
crystallites; 

(2n)'S,'q ') ( + ') 
p •• ' = VIi'calq%1 lB(q%)6(q,-q, 6 q% q% , (5) 

here q is the wave vector of the phonon, and c is the 
sound velocity in the material. 

ELECTRON THERMAL CONDUCTIVITY 

Let the temperature gradient 'VT be identical in 
direction with the x axis, and let the external electric 
and magnetic fields be absent. Then, assuming that the 
processes of scattering of carriers by the boundaries 
of the crystallites and inside them take place independ­
ently of one another, we write down the linearized 
Boltzmann equation for the electron distribution func­
tion in the form 

af' ago eE" af' ~ V S' , 
v%-+v,'----.-=-J,g.+-(2)3 P •• '(g.'-g.)dk, (6) 

ax 8z m'e avz . 1t v k 

where fO is the equilibrium value of the Fermi distribu­
tion function, gk the deviation of the distribution func­
tion from eqUilibrium, and EQ the electric field gener­
ated by the temperature gradient. The first term of the 
right side of Eq. (6) describes the scattering inside the 
crystallites, and the second the scattering by their 
boundaries. Integration is carried out over the volume 
of the first Brillouin zone. 

Equation (6) is a complicated integro-differential 
equation, which is impossible to solve in general form. 
However, as was mentioned earlier, the principal con­
tribution to the transport processes is made by groups 
of carriers which travel almost parallel to the surface 
of the film. Here ~ is a "sharp" function of the angle 
(J (the angle between the normal to the film and the 
wave vector of the carrier) and the relaxation time can 
be introduced.[5] Taking this into account, we can re­
write Eq. (6) in the following fashion: 

af' ago eE" af' g. 
v%-+v,--~-= --. , 

ax az m, av% 1:, (7) 

Here 

(7a) 

_1_=~+ 2m,'S,' lB(k%). 
1:: 1:, ali'lk%1 (7b) 

Scattering of the carriers by the external surfaces 
of the film is taken into account by the boundary condi­
tions imposed on the distribution function: 

E" = _ ~ ( I:,. _ ~ ) VT __ ~ a~" 
eT I:" e e iJx' 

In (9), we have introduced the following notation for 
convenience: 

00 1/21l 2:11: 

In'=S S S en1::F(e)sin'6cos'<p(1-a+)d<pd6de 
o 0 0 

+ S S S en1::F(e)sin'6cos'<p(1-a_)d<pd9de, 
o 'lin 0 

F(e) = [ exp ( e ~t ) + 1] -~xp ( e ~t ) , 
(1- p)s-' (1- e~l) 

a+ 
1- pe-' 

(1-p)6-'(1-e') 

1- pel 

(9) 

(10) 

Here T ~ is a function of the energy €, J1. e is the Fermi 
energy, k is the Boltzmann constant, and the index e 
denotes that all the quantities are taken for electrons. 
Then, with account of (9), the coefficient of the elec­
tronic component of the thermal conducti vity is written 
in the form 

A _ v;n; l:,.r~" - (/;;,)" 
, - y'2 n"n" (kT)" I':,. (11) 

The expression for the hole component of the thermal 
conductivity is obtained by replacement of the index e 
by h. 

LATTICE THERMAL CONDUCTIVITY 

As has been pOinted out above, we consider only 
acoustical phonons, since just these are responsible 
essentially for the heat transfer. [6] Using the above 
discussion, it is easy to write out the linearized kinetic 
equation for the phonons: 

(12) 

where nO is the equilibrium Planck distribution function, 
g the deviation of the phonon distribution function from 
equilibrium and 

1 1 2S,'q 
-=-+-,--IB(q%), 
1:; 1:q Ii calq%1 

(12a) 

Solving (12) with the boundary conditions (8), and 
substituting the resultant solution in the expression for 
the heat flOW, after averaging it over the film thickness 
we obtain a relation for the coefficient of lattice thermal 
conducti vity: 

3 (kT)' "D/T T]'e" ["/' '" 
Aq = ---S dT] S S1:;Ccos'<psin'6(1- p+)d<pd9 

(21tIi)'c'" (1- e")' 0 0 

+ 1 S 1:;Ccos'<psin'9(1- P_)d<pd6] , 
1'1/20 

(13) 

where 11 = fiW /kT, ®D the Debye temperature, 

(1- p)~-'(1- e') 
p-=- " 1-pe 

d 
~=-.-, 

't'q Vz 

g(v" 0) = pg( -v., 0) for v, > 0, 

g(V., d) = pg( -v., d) for v, < 0, 

(14) 
(8) We note that in (13) Tq is a power function of 11 and the 

prinCipal contribution in the integration is made by 
where p is the specularity parameter and d is the film 
thickness. 

Solving Eq. (7) with the boundary conditions (8) and 
substituting the resultant solution in the relation for the 
current density, averaging it over the film thickness, 
and equating it to zero, we obtain the expression for the 
field EQ: 
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11 ~ 1,lS] For this reason, all the values are taken to 
mean their "temperature" values taken at 11 ~ 1. In 
such an approximation, the thermal conductivity Aq is 
written in the form 

Aq = '/,.McZ;ff, 

where M is the speCific heat of the material and is 
given by 
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(15a) 

R is the number of atoms per unit volume, and D(x) 
the Debye function; l:ff can be interpreted as the mean 
free path of phonons in the film, the explicit form for 
which is given by 

where 

'11./2 2n 

leff~~l'[ S S cos'cpsin'8(1- ~+)dcpd8 
4n 0 0 

+ j SCos2 cpSin3 8(1- ~_)dcpd8]'. 
n/Z 0 

l' ~ t:;c. 

(16) 

Thus the expression for the coefficient of total 
thermal conductivity of the film, with account of two 
sorts of charge carriers and of phonons, takes the form 

(17) 

in which the first two terms are the thermal conductivi­
ties due to electrons and holes, respectively, the third 
term is the thermal conductivity due to bipolar thermal 
diffusion and the fourth term is the phonon component 
of the thermal conductivity; the quantities O'e, O'h, ae, 
Clh are the electron and hole components of the conduc­
tivity and thermal emf, respectively, which are deter­
mined below. 

ELECTRICAL CONDUCTIVITY AND THERMAL 
EMF 

The expression for the coefficient of the electronic 
component of the thermal emf is obtained directly from 
the relation (9) 

(18) 

The coefficient of the electronic component of the elec­
trical conductivity can be obtained by setting VT = 0 in 
Eq. (6) and by interpreting EC1 as the external field. The 
final expression is 

(19) 

Similar coefficients for the holes are obtained by re­
placement of the index e by h. The following well-known 
relations are valid for the total coefficients of thermal 
emf and electrical conductivity: 

( cr, ) / ( cr, ' a~ ~a,+a, -;;:-+1 

COMPARISON WITH EXPERIMENT 

(20) 

(21) 

We now carry out a comparison of the theoretical 
results with the experimental data at room temperature 
for bismuth films obtained by thermal vaporization of 
Bi in a vacuum of 10- 6 Torr with subsequent condensa­
tion on a polymer substrate at a rate of 22 A/sec and a 
substrate temperature 106°C.[1l] X-ray diffraction, elec­
tron diffraction, and electron microscopy studies showed 
that such films have a polycrystalline structure, and 
their crystallites are oriented in the (001) plane parallel 
to the substrate and have an arbitrary azimuthal orien­
tation. With decrease in the film thickness, the degree 
of perfection of its crystal structure remains unchanged 
up to 350-400 A while the mean size of its crystallites 
decreases (see Fig. 1). A method which allows one to 
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FIG. 1. Dependence of the mean dimen- 5 
sion a of the crystallites on the film thick-
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carry out simultaneously the measurement of the coef­
ficients of thermal conductivity, electrical conductivity 
and thermal emf on the same sample is set forth in[12]. 

To make a comparison of the theoretical and experi­
mental results, it is necessary to estimate a number of 
parameters that enter into the expression for the 
kinetic coefficients. For estimates of the effective 
masses and the relaxation times Te and Th, we make 
use of the experimental values of the electrical conduc­
tivity and the free path lengths of the electrons and 
holes, which were obtained for thick films neglecting 
scattering by the external surfaces and intercrystallite 
boundaries. Thus, for a film of thickness 8400 A at 
T = 300oK, the free path lengths of the electrons and 
holes amounted to 2000 A and 1300 A, respectivelf 
while the mean size of the crystallites was 8500 A. 

Setting Te = T eOer and Th = ThOer from the expres­
sions for the electrical conductivity and the mean free 
path lengths of the charge carriers under the assump­
tion r = % (since precisely this value gives the best 
agreement of the experimental and theoretical results, 
which is in accord with[13]), we obtain 

m: "" m; "" 0.5 mo, 't" ~ 1.45.10' erg -3/2 sec 
'thO ~ 0..6 ·10' erg -3/2 sec 

where mo is the mass of the free electron. 

The free path length of phonons in Bi at a tempera­
ture of 300"K amounts to 5000 A. 

In order to estimate the order of magnitude of S, we 
use the following considerations. The scattering of the 
carriers at the boundaries of the crystallites of the 
film makes a significant contribution to the kinetic co­
efficients only when the quantity 2Tm*s2/akF ~ 1, 
where kF is the Fermi momentum. We then have for s 

s, "" S, ~ 10.-21 erg-sec 

which is of the same order of magnitude as the result 
for S in films of aluminum and copper, [2] which were 
obtained from low-temperature measurements. 

The specularity parameter p was chosen from the 
condition of best agreement of the computed and ex­
perimental curves, and had the value p = 0.6 for 
charged carriers and p = 0.5 for phonons. Calculation 
of the integrals I~,h and the expression l:ff was per­
formed by numerical methods on a high-speed computer. 

Comparison of the results is most conveniently begun 
with the coefficient of electrical conductivity. Figure 2 
shows the conductivity curves of bismuth films as a 
function of thickness. Curve 1 corresponds to the Fuchs 
theory[3] for le = 2000 A, lh = 1300 A and p = O. Curve 
2 corresponds to the case p = 1, Le., it shows how the' 
conductivity of the film changes with the mean dimen­
sion of the crystallites. As follows from Fig. 2, the 
best agreement of the theoretical results with the ex-
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FIG. 2. Dependence of the coefficient of electrical conductivity a of 
a bismuth film on its thickness for T = 3000 K: I-theoretical Fuchs 
curve for Ie = 2000)\ and In = 1300)\, p = 0; 2-theoretical curve for p = 
I and Se, h = 1()"21 erg-cm; 3-theoretical curve for p = 0.6 and Se, h = 
10-21 erg-cm; 4-experimental curve. 

FIG. 3. Dependence of the coefficient of thermal conductivity A of 
a bismuth film on its thickness for T = 300° K: 1-theoretical curve of 
the thermal conductivity, due to charge carriers and bipolar diffusion; 2-
theoretical curve of the thermal conductivity corresponding to the pho­
non component, for p = 0.5 and Sq = 0; 3-phonon thermal conductivity 
for p = 0.5 and Sq = 10-22 erg-cm; 4-theoretical curve of the total thermal 
conductivity; 5-experimental curve of the total thermal conductivity . 
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FIG. 4. Dependence of the thermal-emf coefficient IX of a bismuth 
film on its thickness for T = 3000 K: I-theoretical curve of the electron 
thermal emf; 2-theoretical curve of the hole thermal emf; 3-theoretical 
curve of the total thermal emf; 4-experimental curve. 

FIG. 5. Dependence of the thermoelectn,' quality factor Z of a bis­
muth film on its thickness for T = 3000 K: I-t. 'loretical curve; 2-ex­
perimental curve. 

peri mental data is observed with account of both mecha­
nisms of scattering for p = 0.6, S RllO-ai erg-cm and 
r = % (curve 3). 

The experimental and computed curves of the thermal 
conductivity are shown in Fig. 3. The behavior of the 
thermal conductivity, which is due to electrons and 
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holes, is represented by the curve 1. A barely notice­
able decrease in the coefficients Ue, Uh, ae, U\1, begin­
ning with 4000 'A, leads to a significant decrease in the 
bipolar term of the thermal conductivity (Ae h ~ a2a), 
which is very large in absolute value. As a result, the 
thermal conductivity due to the charge carriers falls 
off, beginning with 4000 'A. Curve 2 takes into account 
the scattering of the phonons only On the surface of the 
film (p = 0.5, Sq = 0). Curve 3 represents the depend­
ence of the phonon component of the thermal conductiv­
ity for p = 0.5 and Sq = 10-22 erg-cm. Curve 4 corre­
sponds to the total thermal conductivity. Curve 5 is the 
experimental curve. 

Figure 5 shows the calculated and experimental de­
pendences of the thermal emf coefficient on the film 
thickness (p = 0.6, Se h = 1022 erg-cm). The dependence 
of the thermoelectric quality factor of the bismuth film 
on its thickness is shown in Fig. 5. Curve 1 was com­
puted from the experimental data. Curve 2 is calculated. 
As follows from the drawing, there is excellent agree­
ment between the experimental and theoretical curves. 

The excellent agreement of the theoretical and ex­
perimental results allow us to confirm the validity of 
the premises that form the basis of the calculation. 
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