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An investigation is made of the four-particle correlation function which describes the behavior of a
simple liquid with a central pair interaction near its critical point and which refers to a configuration
of particles when two pairs of closely located particles are separated from each other by a large dis-
tance. The explicit form is determined of the terms responsible for contributions to this function which
fall off slowly at large distances, the behavior of the specific heat is analyzed and the results are com-

pared with the theory of critical indices.

1. INTRODUCTION

IN the paper of one of the authors(? exact estimates
were obtained for all the contributions which fall off
slowly with distance to the three-particle distribution
function for a classical liquid near its critical point ex-
pressed in terms of the two-particle distribution func-
tion. In the present paper the same problem is posed
for the more interesting four-particle distribution func-
tion. As inl!J, we consider the equilibrium classical
system with the Hamiltonian function:

H=;p5’/2m+ZK‘Z o (Ir—rf),

where &(r) falls off rapidly with increasing r, and we
assume as known the two-particle distribution function
for an unbounded system F:(r;, r:) = g(|r, — rz2|) normal-
ized by the condition g(») = 1. At the same time F,(r;)
= 1. We shall often refer to the known expressions for
the pressure, the average energy density and the iso-
thermal compressibility in such a system'?

(1)

p=nkT 2 [ (g (rya, ()
=23nkr+”72j ®(r)g(r)dr A3
kT (‘;—;) =1+nj (g(r)—1)dr, (4)

where all the notation is standard, and to the expressions
for the derivatives with respect to density

n(%)r —2p—nkT— J.TCD (r )0g(r) r, (5)
n(o2) =2e-Smr+ 2 [0 s (8)

and also
n* (—Z—nl) . =4n (gg) . —6p+2nkT—16‘-J' rd’ (r) azagrf:) dr, (7)

. 0% 4
n- =
( on* ) T "

At the critical point the integral in (4) diverges, the ex-
pressions (5) and (7) vanish, and the expressions (6)
and (8) remain finite. In connection with this we assume
everywhere in the following that g(r), ag(r)/on and
9%g(r)/on’ regarded as functions of r are continuous at

de nt o*g(r)
(E)T—68+3nkT+—2—jCD(r) Ll & (8)

small distances and integrable in all the states of the
system including the critical point.

Below we shall also require the estimates obtained
int¥ for the three-particle distribution function near
the critical point. With F3; represented in the form

9)

where r = |r; — ry|, R = |rs — ry|, ¢ is the angle between
(—r) and R, for the case R > r we have obtained

Fi(r,R)=g(r)+ Y\ A(r, R)P, (cos 0),

A(r,R) = o(r) (g(R) —1) + Qu(r, R), (10)
o(r) =2g(r) +ndg(r) | dn, (11)
[ 0r,RYaR = 3¢ (r) /0n (12)

and further
«(r, R) = "firo (1) g’ (R) +3Q4(r, B), (13)
Ax(r, R) = /o (r) (¢" (R) — &' (R) | R) +5Q(r, R), (14)
A(r,R) = (2L+1)Qi(r,R), 1=3. (15)

It was shown that all the functlons Q(r, R) fall off with
increasing R faster than R™.

In the present paper we restrict ourselves to the in-
vestigation of the most interesting configuration of four
particles when the latter constitute two pairs far re-
moved from each other. The distance between the par-
ticles in each pair is of the order of the range of the
intermolecular interaction, while the distance between
pairs is great, but smaller than the correlation radius
of critical fluctuations. We use the notation r,—r. = r,
rs—rs=p,rs—r:=Rand we assume that R > r, p.
As R — « the function F4(r, p, R) tends to g(r)g(p). Our
problem is to determine the asymptotic behavior of the
correlation function

Fi(r,p,R) —g(r)g(p) (16)

as R — « in the immediate neighborhood of the critical
point of the system.

The function F4(r, p, R) must be invariant with
respect to all possible rotations and reflections of the
system of the four points and with respect to permuta-
tions of pairs of particles compatible with the conditions
r, p K< R. Therefore it depends on six scalar arguments
which define the relative position of the four points in
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space and satisfies additional symmetry conditions. We
choose as independent arguments the lengths r, p, R,
the angles 4, 8’ between the vectors (—r), R and corre-
spondingly p, R and the difference ¢ of the azimuthal
angles of the vector r and p measured with respect to
the axis R. The symmetry with respect to reflection in
planes containing R leads to the even dependence of Fy
on ¢, and a general expression for the correlation func-
tion (16) will turn out to be the double series in spher-
ical harmonics of the form

F (r,p,R)—g(r)g(p)= ZZB:: r, p,R)P. (cos @) P™(cos B”) cos me.
a7
It is obvious that B ,(r, p, R) = lm,l(p, r, R), and for
1’ =1 the functions Bl /(r, p, R) are symmetric with
respect to r and p. As a result of the symmetry condi-
tions the functions Bll'(r p, R) are not independent of
one another.

Our problem reduces to the determination of the
asymptotic properties of the functions "l‘,(r, p, R) as
R — « near the critical point of the system and to
specifying all the relationships significant for R > r
between the functions BM,. It will be shown that this
problem is to a significant extent soluble, and the long-
range contributions to the correlation of the fluctuations
of different physical quantities will be determined.

2. THE ASYMPTOTIC BEHAVIOR OF THE FUNCTION
Bo(r, p, R)

Of the greatest interest is the function By, with which
we begin our analysis. Let €(x) be the true energy
density at the point x which corresponds to the Hamil-
tonian function (1)

e(x)zz ,2—;;-}—1?2 O(Iri—ryl) |5(X—Y:‘),

and let Ae(X) = €(X) — €, where € is defined by (3). From
(18) and from the definition of the distribution function
Fg follows the general expression for the correlations
of the fluctuations of the energy density at two points of
the system:

(18)

{Ae(x)Ae(x+R)> ={§”(kT)2+3?n2ij O g(r)dr
+§£—j(D’(")g(")d"+%J.J.(D(")(D(O)Fa(r,p)dl‘dp}ﬁ(R)
+ %nsz(D (R)g(R) +% q;z(R)g(R)+'Z—3.[ O(r) D (IR—r|)Fy(r, R—1)dr

+n7J(D(R) j @ (r)Fs(r, R)dr+3?n3ij @ (r)[Fs(xr, R)—g(r) ldr

+2 kD) g @) — )+ [[ O () D (o) [Fu(r, 0. )~ £ ()& (p) Iar dp.

(19)
In this expression only the last three terms are sensi-
tive to the critical point. We integrate (19) with respect
to x and R twice within the limits of a certain large vol-
ume V within the system and we divide the result by V.
All the terms except for the last one are integrated and
an estimate of their value is made with the aid of ex-
pressions (3), (4), (6) and the identityt*»*:

2g(r)+nJ[F,(r,R)—g(r)]dR=kT(:—:) o(r) (20)
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with w(r) from (11). The last term in (19) after integra-
tion over R taking (17) into account leads to the corre-
sponding triple integral in which the expression in
square brackets is replaced by Bdy(r, o, R). We intro-
duce in place of B3, a new unknown function W by means
of the relation

Buw'(r, p, R) = o(r)o(p) (¢(R) — 1) + W(r,p, R). (21)

The substitution of this expression into the remaining
integral after computing the contributions of the first
term in (21) and after summing all the contributions
from the right hand side of (19) leads an exact estimate
of the quadratic fluctuations of the energy in the volume
V in the form

o= —a[(55), <o rur () (),
+7J (g dr+n* [[ O (D (o) Fyr, p)drdy

n&
T [[fom@@we,p, R)drdpar. (22)
The expression obtained above should be compared with
the general result for a grand canonical ensemble:

—< (AE)* = nkT?cy + nkT( - ) ( ﬁ‘-) r (23)

ap
where c,, is the specific heat for constant N and V
evaluated per particle. Comparing (22) and (23) we find
that

=k k [L(_ﬂe_)
2 kT \ on

+om [0 g+

o | CICLIB
(24)

2 ] kT?

I” O (r)D (p) W (r, p, R)dr dp dR.

4kT*

We note that the substitution of (21) guaranteed the exact
cancellation in cy of terms proportional to the iso-
thermal compressibility.

On the right hand side of (24) all the terms except
for the last one are insensitive to the critical point.
Therefore, the unbounded increase in the specific heat
cy as the critical point is approached, which is known
both experimentally and from the solution of model
problems, can be associated, according to (24), only
with the divergence of the integrals of W over R at large
distances. Therefore we separate out from W(r, p, R)
the part which asymptotically falls off slowly with in-
creasing R by setting

W(r, 0, R) = x(r)x(p)k(R) + Qu(r, 0, R),

where in the first term the required symmetry with
respect to r and p has been taken into account. Here
x(p) and h(R) are certain functions which are as yet un-
known. Near the critical point h(R) must fall off slowly
with increasing R, and with respect to Q) we assume
that

(25)

lanN,"(r, p,R)de <+, (26)

Substituting (25) into (24) we obtain for the specific heat

cvz%k_k[%‘(%)r_%] 2kT2.[ *(r)g(r)dr

= [ @O 0@ Fr o drdot [ @)D (0)0u' (0, R)dr dp aR
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ok [ZZ_TI (D(r)x(r)dr]z nf h(R)aR.

If (26) holds, then the divergence of the integral over R
in the last term of (27) is the only possible cause for
the anomaly of the specific heat cy at the critical point.
We do not have the means for a strictly analytic proof
of relation (26) in contrast, for example, to the rigorous
proof int*3 of relation (12) in the corresponding three-
particle problem. The assumption that W(r, p, R) has
only one contribution falling off slowly as R — « in ac-
cordance with (25) and (26) is apparently justified by all
the consequences from it which will be obtained below.
Thus, the function BYo(r, p, R) in accordance with (21)
and (25) has near the critical point two different contri-
butions falling off slowly as R — «

R) =.wv(r‘)f_ﬂ(p) (g(R) —1) +x(Nx(p) h(R) +Qu’(r,p, R).

(28)
These same functions g(R) — 1 and h(R) define in ac-
cordance with (19) and the estimates following it all fur-
ther contributions to the correlation function energy
density-energy density:

<As(x)Ae(x+R)>~(ngi) () —1)— ( _[a)(r (l)dr) h(R).
n

(29)
A comparison of (4) and (27) with the well-known ex-
perimental fact that the isothermal compressibility has
near the critical point a stronger singularity than the
specific heat cy; leads to the conclusion that the func-
tion h(R) must fall off with increasing R faster than
gR) - 1.

Additional information concerning the function x(r)
can be obtained in the following manner. Directly from
the definition of the distribution functlon Fg in a grand
canonical ensemble follows the 1dent1ty

2—jj oD’ (p) [F.(r, 0, R)— g(r)g(p) 1dp dR = — KTrg" (r)

By (r, 0,

+38nkT [ [Fs(r,R)— g (r) |dR — 2n [ p® (p) Fs(p, 1) dp — r®’ (Mg (r),
(30)
which is equivalent to the identity (ag(r)/aV)T’ u =0.
Substituting into (30) the series (17) and utilizing (20),
(28) and the expressions (2), (4) we obtain
og(r)
an

—X(r)]pm )x(p)dp [ (R)dR = 3n( 267 - (Zi))

op

—kTrg’ (r)+6(kT (
on

) )e@—2n fod (o) Fo(r, 0)dp

—rm'mg(r)—?jj 0D’ (p) Qs (r, p, R)dp dR. (31)
At the critical point of the system all the terms of the
right hand side of (31) remain finite under the assump-
tion (26) made above, while the left hand side’ contains

a divergent integral of h(R). It is therefore necessary
that at the critical point the following condition be satis-
fied

n | rd (r)x(r)de =0, (32)
which to a certain extent makes more precise the
properties of the function y(r) from (28). Below we
shall see that this condition is sufficient for making
almost all the required estimates.

Comparing (32) with (7) and taking into account the
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fact that at the critical point (3°p/on”) = 0, we see that
a possible solution of equation (32) is the function
02
1) = (g () = 20 )+ dn Py e TEOL - (39)

or, what is the same thing,

x(r) =o0(r) +non(r) /on. (39)
This is the only solution of (32) which depends only on
g(r) and which is linear with respect to g(r) and its
derivatives with respect to the density. In this case for
further contributions to the correlations of the fluctua-
tions of the energy density and the anomalous part of
the specific heat we obtain from (29) and (27) with the
aid of (8)

de \* d% \?
<AE(X)AE(x+R)>~(na—n)T (g(R)— 1)+ (nz m: )rh(ﬂ)’ (35)

n (0% z
o=tz 5),) » [raan
Unfortunately we can not prove the necessity of the

choice of this particular solution of equation (32)
although it appears to be quite plausible.

(36)

3. RELATION TO THE DERIVATIVES WITH RESPECT
TO TEMPERATURE

The four-particle distribution function F,(r, p, R) is
closely related to the derivative with respect to the
temperature of the two-particle distribution function
g(r). Directly from the definition of the functions Fg in
a grand canonical ensemble the general expression fol-
lows:

ag(r)

K= (DO + nj [®(p)+ D (Ir— pl) IF(r, p)dp

+%ﬁ ®(p) [Fe(r, o, R)— g(r) g () 1dp
—o(r) [n_[ D(p)g(p)dp +%H @ (p) [Fs(p,R)—g(p) 1dp dR] (37)

On the left hand side we have the derivative at constant
density, the last term on the right hand side corresponds
to a recalculation from (3g(r)/5T) WV in a grand canon-
ical ensemble to (8g(r)/s T),ina canonical ensemblel®.
With the aid of expressions (17), (20), (28) and (3), (6)
we can significantly simplify (37) and obtain near the
critical point

de
on

og(r)
T

2 [} 0@ 00, R dR+1(0) (5[ @)norap ) h(R)aR
(38)

Because of the last term the derivative (z)g(r)/aT)n in-
creases without limit as the system approaches the
critical point.

Thus, the short range two-particle correlations near
the critical point are ‘‘anomalous’’ in the sense that the
derivative with respect to the temperature (3g(r)/ T)p
increases without limit, but at the same time the func-
tions g(r), (8g(r)/on)y and (9°g(r)/6n*) remain bounded
and continuous. An analogous result for the Ising model
was obtained in*] . Expressions (30) and (38) explain
the seeming contradlctlon between the bounded nature of
(9p/dT),, and the unbounded nature of (8¢/6 T), at the

k20— ) g () + (2T~ (4=) o)+ 20 [ D@ p)do
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critical point which follows from the result of a direct
differentiation of (2) and (3):

( %) = nk —,é—zj rd’ (r) 052) dr, (39)
(‘Z_ET) :%nmgjm(r) ai(Tr) dr. (40)

As a result of (30) the divergent contribution to ag(r)/a T
according to (38) disappears when the integral in (39) is
calculated, but remains in the case of (40).

If we multiply (38) term by term by %n®$(r) and
integrate over all r then after simple manipulations we
again obtain the expression (27) for cy. Multiplication
by —n’r®’(r)/6 and integration over all r leads to the
identity for a canonical ensemble:

de\ ipy _
e=n(5),=7(37),
Both results confirm the consistency of our estimates
(26), (28) and (32).
In conclusion we carry out a comparative estimate
of the functions g(R) — 1 and h(R) utilizing considerations

of the theory of similarity of critical fluctuations[®3.
We set :

h (R) ~ R-3+b'

(41)

g(R) —1~R-"=, (42)

substitute into (4) and (27) and carry out the integration
over R indicated there within the limits of a sphere of
radius equal to the critical correlation radius R.
Setting R, ~ 7—H, 7= (T — T.)/T,, We obtain the
anomalous contributions to the isothermal compressi-
bility and the specific heat cy; on the critical isochore
which are respectively proportional to (2= )k angd
7 b, Equating this to the critical indices in standard
notation (a is the critical index for the specific heat,
2 — a — 28 is the critical index for the compressibility,
p = (2 — a)/3) we obtain

6p 3a

ta= b= :
t+a 2—a’ 2—aq

3—b 1-a
1+a B ’

With the estimates o =~ 0.1—0.2, g = 0.3—0.4 we obtain
b=~ 0.2—0.3, a ~ 0.0—0.3 and (3 — b)/(1 +a) ~ 2. Thus
the two long-range terms in (28) differ appreciably in
the rate of falling off with increasing R and the function
h(R) at large values of R is close to (g(R) — 1)°. The
same considerations of the similarity of critical fluc-
tuations together with the estimates given above for
3g(r)/o T lead to the estimate of the temperature depen-
dence of the function g(r) for small values of r on the
critical isochor:

. g(rt) =go(r,7) + Aty (r) +...,

(43)

(44)

where go(r, 7) is a regular function of 7, A is a constant
and y(r) is the same function as introduced above in
(28) with the possible value (34).

4, RELATIONS BETWEEN THE FUNCTIONS Bl“;‘,

In order to determine the asymptotic properties of
the leading functions B, from (17) it is necessary be-
forehand to establish the relations existing between
them due to the symmetry requirements on the function
F4(r, p, R). This can be done rigorously analytically by
a method_analogous to the one utilized for the same pur-
pose inl!), Since we are interested only in a small
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4, b
b4 5 ""’
5 Ry : \n
AZ¢
VH R \/é
7

The relative position of four particles. The segments AB and BC lie
on the intersections of the planes 1-2-3, 2-3-4 with the plane perpendic-
ular to the axis R; the segments A'B’ and B'C’ lie on the intersections of
the planes 1-5-6, 5-6-4 with the plane perpendicular to the axis R,.

number of functions B;?, with small indices we can
proceed in a simpler and more graphic manner. We
introduce in addition to the relative coordinates of the
particles r, p, R, 8, 8', ¢ into (17) the symmetric co-
ordinates r, p, Ro, $0, 0, @0, Where R, is the distance
between the midpoints of the segments r and p, while
the angles g0, 80, @o are analogous to the angles s, §', ¢,
but are measured with reference to R, in place of R
(cf., diagram). We have

(45)

from where one can easily obtain the formulas for the
transition from one set of coordinates to the other. It
is obvious geometrically that all the symmetry require-
ments reduce in terms of the new coordinates to the in-
variance of Fy4(r, p, Ro, d0, d0, @0o) With respect to the
replacements r ——r, p ——p, carried out separately
and together, reflections in planes passing through Ro
and reflections in the plane normal to Ro and passing
through the midpoint of the segment R,. All these con-
ditions are satisfied by the double series

Fi(r, p, Ro, @0, 0", 90) — g (r) g (p)
= Z ECJ,' 2 (7, 0, Ro) P (cos Bo) Parv (cos @) cos mepo,  (46)

Wwom

Ro=R+'.(p —r), rp=inv,

which contains in each term only even lower indices and
in which C[f! ,/(r, p, Ro) = C:‘l’, ,(Ts P» Ro). All the co-
b b

efficients CJ' ;» with 7 > I’ must be regarded as being’
b

independent of one another.

The series (17) is obtained from the series (46) by a
term by term transition to the old coordinates, by an
expansion in terms of spherical harmonics in terms of
the old coordinates and by a regrouping of terms. For
R > r, p all the calculations are carried out in an
elementary manner but turn out to be awkward. As a
result all the functions BIY, turn out to be expressed in
terms of the functions C[}! ,,/. Since there are many
more functions of the former kind than of the latter
kind, then, by eliminating C;?’ ,]’» We obtain the com-
plete set of relations between the functions Blr?,. In the
course of elimination of Cg" ol it is found automatically

that each of these functions in terms of the new argu-
ments can be expressed in terms of the combinations of
the functions Blr?, (and of their derivatives) with only
even lower indices, for example:

e By B =L (28 2 2

o’ (ry 0, R)=Bo' (1, 0, % IR R R (47)
Cy’ R)=B,,° R r* (0°By’ 1 aRunn)
02 (T,p, )_ 02 (rqu )“E(O—Rz R oR
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etc. On the right hand side in each line we have not
shown terms of higher orders of smallness with respect
to r/R and p/R. Substitution into the remaining equa-
tions for the case R > r, p leads to an explicit expres-
sion for all the Bl'?, (with at least one odd lower index)
in terms of B{‘ll, with two even lower indices, including
zero. For example, we have

”+ aBx® | 3 _ .
=gl T s {2 )
BT 0By (48)
VAN YT

etc. Here AR is the Laplacian operator in the space of
R, and terms of higher orders of smallness have again
been omitted. More complete formulas in somewhat
different form will be given below. Thus, in the series
(17) we should regard only the coefficients of the form
B;? o' 28 independent, while all the remaining ones can
be éxpressed in terms of them.

In connection with the result obtained above concern-
ing the long-range contributions to the function BS, near
the critical point it is useful to separate from the
earlier functions B!, terms which are directly connec-
ted to the function g(R), h(R) and to their lower order
derivatives. From (47) and (48) it can be seen that such
contributions from Bj, appear in the case of BY, inde-
pendently of the parity of the lower indices. Together
with BJ, there are in all seven such functions containing
gR), g'(R), g”(R) and h(R), h’'(R) or terms of the type
g(R)/R etc. which are equivalent to them in order of
smallness. Such functions with an explicit indication of
the terms separated out are

By’ =0 (r)o(p) (g(R) — 1) + x(r)x(p) R (R) + Qu’,
B = ar{0(r) o (0)8'(R) + x()1(0) ¥ (B)} + 30"

Bo’(r, 0, R) =By’ (p,1, R), Bu'="'/rpw(r)o(p)g”(R) +9Q.",
B,'= ——rpm(r)m(p)g’(R) /4R + '/AQH‘,
By' ='[ur'o(r)w(p) (¢”(R) — ¢'(R) | R) +5Qx",
qu"(r, pvR) =B200(pv T, R) (49)

These expressions are analogous to expressions (10),
(13), (14) in the three-particle problem. In order to
make the notation for all the remaining functions Blnlﬂ’
uniform we set

—m)1(l’ —m)!

By =(Q2l+1) @ + l)m

Qu , LU>2 (50)
and regard all the Q7, as new unknown funct1ons instead

of Bll Here we have Qll,(r,p, R) = Ql l(p, r, R). Sub-
stitution of (49), (50) into the complete set of equations
of the type (48) leads to an explicit expression for the
asymptotic values for R — « of the functions Q™, with
odd lower indices in terms of the asymptotic values of

the ‘“‘even’’ functions an?" For the lower functions Q™,

11
we obtain in this way the relations required later
— 9Q0’ rtp o 8Q2° 4
Q= { 2% T o) (ang (R)) 42 (e 4 2 0,) 4
o_ T 3Q02° . 9Q2° 3,
0= { Gp a2 (G e+ )
6022|

3 1 1 2
Fo Ot )t Ot
(51)
etc. (The expressions for Q2 and Q}, are omitted be-
cause of their awkward form). One should add to this

1 2
ot = _ 0o p 2 0 _(
Q r{ T T AT T
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the expressions analogous to (51) for Qf;, @, Qz; which
differ from those written out above by permutations of
the lower indices and the letters r and p. In (51) in the
function QJ, we have retained as an example the term
with the third derivative of g(R). Analogous terms with
higher order derivatives of g(R) and h(R) occur in (51)
and in all the subsequent functions. Moreover, we have
not written out the terms with derivatives of higher
orders than indicated of the different ‘‘even’’ functions.

5. ASYMPTOTIC BEHAVIOR OF THE FUNCTIONS Q;?,

For all the functions Q™ withl=1or !’ =1, m=0,1,
one can obtain explicit asymptotic estimates for R — «
if one utilizes the equation from the chain of
Bogolyubov["] equations relating the distribution func-
tions F3 and Fg:

OF;(ry,1s,15) U, (xy, s, T5)

kT—an—‘+ Fs(rh I, l‘,) 01'1 (52)
+nj 6(D(|l‘1—h|) F‘(l‘h ty, Tay n)dl‘"—‘o,
ar,
where
Us(ry, ro,15) =@ (|1 —r2|) + @ ([, — 15]) + O(|rs — r2|).

In terms of the coordinates r, p, R, ¢, ', ¢ the projec-
tions of the vector equation (52) along the direction of R
and on the plane normal to R yield

dF,(r,R)

n [ (@)F.(r, 0. Rycos o dp — k7“2

+Fs(r,R) (0'(R)+—:F¢<m—r|)),

sin @
R
dFs(r,R) OO (IR—rl)
Y+ ‘3 ’ o oy
X{ g 9 (cos ) Fi(r,R) 9 (cos¥)
Substituting into this the series (9) and (17) we obtain
the equations

n J‘(D’(p)F‘(r, p,R)sin® cospdp = —

(53)

0A,(r,R
2{ _[ @’ (p) By’ (r,p, R)dp — kT——%—)— @’ (R) (g(r) 8w
+ 4,0, 10) Y putcos 9= 22UR 1) p e gy,

kT
Y {50 @B mde+ dtrm) | pieos )
sin® D (|R—r|)

R d(cos )
Expansion of the right hand sides in series in terms of
P;(cos ¥) and P;(cos #) leads to two infinite systems of
equations for B;l and B;l.
In order to obtain asymptotic estimates for R — «
one can neglect in (54) all terms containing the factors

®(R), &(|R — r|) and their derivatives. We then obtain
the simple relations:

Fi(r,R). (54)

nf @’ (p) B (r, p, R)dp = 3kTai”a(;}i+ s
. 3kT (59)
n [ O (0)Bu'(r,p, RVdp = — 2ok 4, (r, R) + ...

R
Forl =0 and ! = 1 with the aid of (4), (5), (10), (12),
(14), (32), (49) we obtain after some manipulations the
integral estimates

5 ] @ (0)RQu(r, p, 1) dp R
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= %(IT (Zi)‘) m(r)—— kTaB;(r:) +...,

n2 ’ 2, 1]
?jj ®" (p) R*Qu,°(r, p, R)dp dR

- (kT~ (%) ) ro(r)— 2T [RQ,(r, R)AR+ ...,

nTz_” @’ (p) R*Qy* (r, p, R)dp dR

(kT ( a’;) ) rm(r)—%nij‘RQi(r, R)dR+.... (56)
According to estimates from{*’ the function Qi(r, R)
falls off with increasing R faster than R™. Therefore
the right hand sides of (56) remain finite at the critical
pomt and we conclude that the pair of funct1ons Q5 and
QYo falls off with 1ncreas1ng R faster than R™ , While the
pair of functions Qf, and Q}, falls off faster than R
For I = 2 we obtain in an analogous manner the integral
estimates:

nZ
5 JJ @ 0 RQu 0, R)dp aR

9 ) g(R)—1
—~%nkTrm(r)j T

aR— kT [Qu(r, )R+ ...
= ] R0, 0, RYdp aR

:_%nm o R

dR— snij Qu(r, R)dR + ... (57)
In accordance with!!J) the function Q:(r, R) falls off with
increasing R faster than R, If, moreover, in (42)

a > 0, then the right hand sides of (57) remain finite at
the critical point, and we conclude that the four functions
Q1, Q%:, Q; and Ql; fall off with increasing R faster than
R™. But ifin (42) a = 0 and g(R) — 1 ~ 1/R, then these
functions fall off at the critical point like R™®.

Formulas (31), (32) give an exact integral estimate
for Qg from which it follows that at the critical point
this function falls off with increasing R faster than R,
Finally from (50) and (55) for I > 2 one can obtain the
estimates

ﬁ” @ (p)RQ.°(r, p, R)dp dR = —T3nkT jo,(r,R)dRJr e, 1>2,
= [[ o (0 RQu (.0, RYdp dR = — 101+ )k [ Qu(r, R)dR+..., 1>2.
(58)

In accordance with the estimates for Q; from ') it fol-
lows from here that at the critical point all the functions
QL Qs Qs Qél with I > 2 fall off with increasing R not
slower than R~
Although we do not have at our disposal exact integ-
ral equations for the next coefficients in the expansion
(17) we can obtain some information concerning the
functions Q, Q%, Q%2, Qiz, and QZ, from the following
considerations. If in expressions (51) and analogous
ones for the coefficients Q}; and Q}, we restrict our-
selves to contributions of the second order in r/R and
p/R we obtain a closed system of five differential equa-
tions with respect to the functions indicated above. Since
the order of smallness of the right hand side and the
left hand side of the equations must coincide, the order
of each of these functions must be lower by not more
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than unity than in the case of QF; and Q}, estimates for
which are given in (57); in other words, the functions
indicated above fall off with increasing R faster than
R™.

6. DISCUSSION OF RESULTS

We have carried out all the possible estimates for
the first several coefficients of the series (17) in which
we have taken into account distant and moderately dis-
tant contributions to the four-point distribution function
for a classical liquid near its critical point. It is diffi-
cult to obtain estimates for the remaining coefficients.
However, if one assumes that in a homogeneous and
isotropic liquid there are no dominant angular correla-
tions for two pairs of particles as the separation of the
pairs from one another is made infinite, then, appar-
ently, all the essential singularities of the function F,
at the critical point have been taken into account in this
paper.

The estimates obtained in Sec. 5 for the remainders
of the functions Blnll’ are directly applicable to the study
of the correlators energy density-stress tensor and
stress tensor-stress tensor. Considering individually
the correlators containing a diagonal part and a deviator
of the stress tensor one can easily verify that none of
them contain near the critical point contributions falling
off slowly with distance.

We note that contributions responsible for the behav-
ior of the function Fy in the critical region are obtained
from exact integral equations and in their form differ
appreciably from many approximations frequently util-
ized for this function, among them Kirkwood’s super-
position approximation. If in the series (17) we restrict
ourselves to the principal terms which do not contain
any angular dependence, the function F, satisfies the
hypothesis of conformal invariancel™ and the hypothe-
sis concernmg the ‘‘coalescence of correlations’’
(cf.,t%).
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