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Explicit expressions are obtained for the one-particle and two-particle electron Green's functions in 
the field of randomly distributed impurity centers. The case is considered when the electron wave­
length is much smaller than the characteristic dimensions of the potential of a single impurity. 

1. S~GLE-PARTICLE GREEN'S FUNCTION 

T HE present paper deals with the motion of an electron 
in a field of randomly-distributed impurities, in the 
case when the electron wavelength is much shorter than 
the characteristic dimensions of the potential of one 
impurity. It turns out that the problem can be solved in 
this case in general form, and closed expressions can 
be obtained for the single-particle and two-particle 
Green's functions of the electron. The obtained expres­
sions are the analog of the eikonal approximation in 
scattering theory, so that the present method of calcu­
lating the Green's function will also be called the eikonal 
approximation. 

We start with a calculation of the single-particle 
Green's function of one electron G(p, w) in the field of 
randomly distributed potentials U(r). We assume that 
U(r) decreases exponentially at infinity and, of course, 
at zero. For example, 

U(r) = V,e-"'. 

The question of the applicability of the formulas ob­
tained below to a screened Coulomb potential will be 
discussed separately at the end of this section. The 
fundamental small parameter of the present theory is 
the quantity 

a =xl p ~ 1, 

(1) 

(2) 

where p is the electron momentum. To calculate G(p, w) 
we employ the usual diagram technique for the electron 
Green's function in the field of random impurities (see, 
e.g.,[l,2J). The characteristic diagram is shown in 
Fig. 1. The straight line corresponds to the zeroth 
electron Green's function 

G,(p, (t») = (Ctl-p'/2m+ib)-', (3) 

the wavy line corresponds to the Fourier transform of 
the potential U(q), and the thick point, from which 
bundles of wavy lines emerge, corresponds to a factor 
equal to the impurity concentration n. 

We note for future reference that the Fourier trans­
form of the potential U(q) differs noticeably from zero 
in the region of small q < K. For example, the Fourier 
transform of the potential (1) is equal to 

U(q) =8:d',xl (q'+x'l'. (4) 

1198 

'I 

f\ ~. 
'I 'I, t z b t.T t. 

'I 

FIG. 1 

It is therefore clear that when the condition (2) is satis­
fied we can neglect in expressions of the type 

S dq U'(q) (5) 
(2n)' Ctl - p'/2m + pqlm - q'/2m + ill 

the term q2/2m in comparison with p2/2m and p' q/m. 
It is quite obvious that a similar operation can be per­
formed in all perturbation-theory diagrams, provided 
only that the condition (2) is satisfied. We assume this 
condition to be satisfied in the entire paper. 

We now show how to sum the entire perturbation­
theory series. We change over first to the time-depen­
dent representation. In this representation, the diagram 
of Fig. 1a is equal to (with account of the fact that we 
have discarded all the terms of the type qi . qj) 

t tt t2 fa 2 

n'S d(~n~~' U'(q,)U'(q,) (-i)' S dt, S dt, S dt, S dt.exp { -i :m (6) 
o 0 0 0 

+ i pq, (t, - t,)+ i. p(q, + q,) (t, - t,)+ i pq, (t, - t.) }. 
m m m 

In the derivation of (6) we took into account the fact that 

G.(p, t) =-i~(t) exp (-ip'tI2m) (7) 

and that the complete Green's function depends only on 
the time difference. 
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Let us examine in greater detail the expression in 
the exponential in (6). We see that most terms in the 
exponential were cancelled out; for example, from 
among the terms containing p . qi we are left only with 
the terms 

pq.(t. - t,) / m + pq,(I, - It) / m. 

We note now that t1 and t3 are the points of arrival and 
departure of the wavy line with momentum q1, while t2 
and t4 are the corresponding pOints for Cl2. It is easy to 
prove that the same holds true also in more complica­
ted diagrams. This makes it possible to integrate with 
respect to all qi' The diagram of Fig. la, e.g., is equal 
to 

n(-i)'Go(p,l) J dl.] dt, 1 dl, f dl, p, (~ I., ! t,) p,(~ t" ~ I,), (8) 
o 

where 

p.(r .... r.)= SdrU(r-r.)U(r-r,) ... U(r-r,). (9) 

We proceed now to summation of the diagrams. We 
sum first the diagrams corresponding to one bundle of 
wavy lines (see Fig. 2). Simple calculations yield the 
following contribution to the Green's function from one 
bundle: 

~G(p, t) =Go(p, t)nL(p, I); 
, 

L(p,I)= I, (-i)' J dl .... ,{dt,P' (! I .... ~ t,). 
k=l 0 0 

(10) 

(11) 

It is seen from (9) that Pk is a symmetrical function of 
all its arguments. Taking this into account, expression 
(11) can be represented in the form 

£ (p, r, I) = j dt. U (r - ~ t. ). (13) 
o 

We now consider diagrams with two bundles, e.g., 
the diagrams shown in Fig. l. The contribution of dia­
gram 1a is written out in formula (8). The contribution 
of diagrams 1b and 1c differs from (8) only in the inte­
gration limits. Adding all three diagrams and taking 
into account the symmetry of P2 with respect to its 
arguments, we obtain 

~G(p,t)= nGo(p,l) (-2' S dr. dr,~'(p,r .. t)S'(p,r2,t). (14) 

We have succeeded in summing the diagrams of Fig. 1 
because, first, all the single- type diagrams (e.g., all 
the diagrams consisting of three bundles with definite 
numbers of lines in each bundle) differ only in the inte­
gration limits, and the integrands in them coincide; 
Second, all Pk are symmetrical with respect to their 
arguments. It is easy to see that these properties are 

• 
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FIG. 2 

retained in all perturbation-theory diagrams. USing 
this Circumstance, we obtain after straightforward 
calculations the following simple expression for the 
Green's function 

G(p, t) =Go(p, I) exp {nL(p, I)}, 
W (15) 

G (p, 00) = - i S dt exp {i (00 - p'/2m) t + nL (p, t) } . 

If we introduce the function 
1 .• 

cp(p,u)="'2; S dlcxp {iut + nL(p, I)}, (16) 

then we obtain the following spectral representation for 
G(p, w): 

G(p,(O)=Sw du cp(p,u) . 
_~ oo-p'12m-u+i6 (17) 

It is seen from (15), (12), and (13) that when 
Iw - p2/2ml »pK/m it is the small t that play an im­
portant role in (12), and then L(p, t) goes over into 

(18) 

On the other hand, it is well known that the function 
qJo(u) defined by formula (16) with L(p, t) replaced by 
Lo(t) gives the distribution of the potentials from ran­
domly'distributed impurities with potential U(r) and 
density n. The density of states 

p (00) = - ~ S ~ 1m G (p, (0), 
!t (2n)' . 

determined from (17) is transformed into the well­
known formula 

p(w) = S doo' 'P.(w - 00') Po(oo'), 

(19) 

(20) 

where po(w) is the density of states in the absence of 
impurities, equal to 

(21) 

We note now that if we expand (12) in powers of ~ up to e inclusive and neglect the first term of the expansion, 
we obtain the formula 

which was investigated earlier (see[3,4J ). 
We consider now the Green's function at Iw - p2/2ml 

«pK/m. This region corresponds to large times 
ptK/m » 1 in formulas (12) and (13). We represent 
L(pt) in the following form: 

L(p,I)= SdrJdl'U(I.)exp{-i~(r+Pt'/m,p,t)}-l; (23) 
• s(r+p/'/m,p,t) 

inasmuch as the integration with respect to r extends 
over a region of order K-t, and pKt/m »1, we have ap­
proximately 

(24) 

Introducing the notation 

mSW -h(p)=- dzU(l'p''+z'), 
p _00 

(25) 

we obtain 
L(p,t)= p~ Sdp[e- ih (P)-1l. (26) 
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The integral in (26) is the well-known eikonal expres­
sion for the forward scattering amplitude [5] • From (15) 
and (26) we get 

G(p, (i) =[oo-p'/2m-~(p)]-t, 

~ (p) = i;: fdp[e-"(O) - 1]. 
(27) 

Formula (27) is valid at Jw - p2/2mJ «pK/m. On the 
other hand, if Jw - p2/2mJ - pK/m, then G(p, w) must be 
calculated by numerical integration. 

We note that cases are frequently encountered when 
there are two types of scatterers. If condition (2) is 
then satisfied for both types of scatterers, then we can 
readily see that 

G (p, t) = Go (p, t) exp {n,L, (p, t) + n,L, (p, t)}, (28) 

where L.(p, t) are determined by formulas (12) and (13) 
for diffe~ent types of scatterers, and ni are their con­
centrations. 

We now discuss the question of the applicability of 
the obtained formulas for a screened Coulomb potential. 
We note first that our method of diagram summation is 
not applicable directly in thls case, since the diagrams 
containing bundles with many lines do not decrease 
rapidly enough at large q, this being a consequence of 
the singularity at r - O. However, as is easily seen 
from (12), (18) and (26), the integrals in the final ex­
pression for L(p, t) are determined by the regions of 
large r - 1/K, since L(p, t) - 00 as K - O. For example, 
Eq. (26) takes the form 

2ntp S~ { [2iPO ]} L(p,t)=-;;;- 0 pdp exp --p-Ko(xp) -1 , (29) 

U(r)=~e-" 
mr 

(Po is the reciprocal Bohr radius, and we assume that 
po »K), while formula (18) becomes 

Lo(t)= S dr{exp [ -i~~ e-"']-1}. (29a) 

It is seen from the formulas in (29) that the region 
of small r does not make an appreciable contribution to 
the integrals, but the exponential can still not be expan­
ded in a series, since, e.g. in (29a), the third term of 
the expansion already becomes infinite. Thus, our diffi­
culties are connected only with the divergence of the 
perturbation-theory series at short distances. Since 
we used in all our arguments only the fact that the in­
tegrals are in fact determined by the region of large 
r - K-\ it follows that our formulas can be applied also 
to a screened Coulomb potential, if, of course, the con­
dition (2) is satisfied. We note that all these arguments 
are valid only for a continuous spectrum, while in the 
region of negative energies they are generally speaking 
incorrect. 

We note in conclusion of this section, that, since the 
energy w in our diagrams is a parameter, all the re­
sults are valid also for Matsubara Green's functions. 
To this end it is necessary only to replace w by iW n in 
(17). 

2. TWO-PARTICLE GREEN'S FUNCTION 

We now consider the two-particle Green's function 
K(p, p', W, w'), which depends on .two energies and two 
momenta. The determination of this function is clear 

pl,~1 p',w l ,'+II. W ' 

+ , + 

• ,.'" p.'" p+~,w 

FIG. 3 
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FIG. 4 

from the Simplest diagrams shown in Fig. 3. Integra­
tion is carried out here over all the 'Ii. We assume that 
wand w' are arbitrary complex quantities. For con­
creteness, we put 1m W > 0 and 1m w' < O. This means 
that in the t-representation the upper electron line 
corresponds to advanced Green's functions 

G(p/, t') = itt(-t') exp (-ip"t' 12m), (30) 

and the lower to retarded functions (see (7». 
Going through exactly the same steps as in the 

derivation of (17) for the single-particle Green's func­
tions, we easily obtain the following expression for K 

, , S~ S~' <p, (u, u', p, p') 
K(p,p,oo,oo)=_~ d~oo du «u-p'/2m-u)(oo'-p"/2m-u') , (31) 

1 ~ ~ (32) 
!p, (u, u', p, p') = (2n)~I dtJ dt' exp {iut + iu't' + ilL, (t, t', p, p') J 

L, (t, t', p, p') = S dr{exp[ - i6(p, r, t)+ i6(p', r, - t')]- 1l. 
(33) 

It is easy to show that formulas (31)-(33) are valid for 
all complex wand w'. 

We now proceed to a concrete consideration of a re­
tarded two-particle electron Green's function KR(q, w), 
which is the Fourier transform of the two-particle elec­
tron Green's function of coinciding arguments. KR(q, w) 
is an analytic continuation of the Matsubara function 
K(q, iwn), the Simplest diagrams for which are shown 
in Fig. 4. It is quite clear that it is precisely such a 
function which enters, e.g., in the expression for the 
conductivity or determines the polarization operator in 
the phonon Green's function (the dashed line in Fig. 4 
represents the phonon Green's function). It is clear 
from the diagrams of Fig. 4 that 

K(q,iOOn)=-r.ES (::)3 K (P+; ,p-~ ,iOOn+i8m ,iem ). (34) 
'". 

Substituting (31) in (34) and changing the variables in f/Jh 
we obtain 

d 00 00 

KR(q, w)=S-P- S dv S dw!p,(w, v,p,q) 
(2n) 3_ 00 _00 

,.(35) n (£o+q;, + w + v!2) - n (£0_0;' + w - v/2) x , 
w-pqlm-v+i6 

!p,(w, v, p, q) =!pt(w+v/2, w- v12, p+q/2, p-q/2),(36) 

where ~ = p2/2m - /J., n(w) is the Fermi distribution 
function~ and /J. is the chemical potential. It is easily 
seen that 

1 ~ 00 

<p,(w, v, p,q) = (2n)' J d't'J dtexp (iw't' + ivt + nL,('t', t, p, q», (37) 
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L, (T, t, p, q) = L. (T 12 + t, T 12 - t, P + q 12, P - q I 21. (38) 

We note first that inasmuch as we have assumed 
throughout in the derivation of (33) that p, p' ~ K and, 
as will be seen subsequently, our answer will contain 
the momentum q = p - p', this means that (35) is valid 
only when 

g;;p x. (39) 

We now consider the physical meaning of the result. 
We introduce to this end the function T(r, t), which is 
the Fourier transform of the function 

T( ) = K(q,w)-K(q,O) 
q,w . ' . (40) 

!w 

As we shall see below, the function T(r, t) determines 
the probability that an electron will move through a dis­
tance r after a time t. We consider T(r, t) in the class­
icallimit, which is obtained in our formulas at q « p 
and T « t, since T is connected with the energy and t 
with the classical frequency, q is a quantity inverse to 
the distance, and p is the momentum. Expanding L:! in 
terms of T and q, and n(~p±q/2 + w ± v/2) in p . q/2m 

+ v/2, we obtain at low temperatures, after simple 
transformations 

T(r t)= tr(t) SdPdq S- dT 
, 2n (2n) ' __ 

xexp{iq(r-! t)+i(ll- :~)r+nL20(T,t'P,q)}, (41) 

L,,(T, t, p, q) = S dr{exp[ - i\;(T, t, p, q, r)]- 1), (42) 

\;(T, t, p,q, r)= TU(r)+ ~- j dt.(t - t.)F (r +~t.), 
mo m 

where 

F(r) = -VU(r). (43) 

Let now ptK/m «1. We can then neglect pt1/m in 
comparison with r in the expression for " and we ob­
tain 

\;(T, t, p, q, r) =.,;U(r) -hJF(r)t2 /2m. (44) 

Then T(r, t) is given by 

dp - . ( p' ) 
T(r,t)=tr(t)S--SduSdFC f-l--- U 

(2n)'_00 2m (45) 

( P Ft') xc r--;;;t- 2m !lJ(u,F), 

where +(u, f) is the distribution function with respect 
to the potentials and forces in the field of randomly dis­
tributed impurities: 

1 -
Il>(u, F) = (21t),J dT S dp exp{iwr + ipF + nL,(" p»), (46) 

L,(" p) = S drlexp[ - iso(', p, r) ]-1J, 

\;o(T, p, r) =TU(r) + pF(r). 

The meaning of expression (45) is perfectly clear: It 
gives the probability that a particle situated at the ini­
tial instant of time at some point with potential u will 
be moved by a force F, after a short time (during which 
the potential and force remain essentially unchanged), 
through a distance r averaged over the distribution of u 
and F. The initial expression for T(r, t) also deter­
mines a probability of this kind, but under more general 

conditions, and in particular, the quantum- mechanical 
uncertainty is taken into account. 

In conclusion we consider by way of an application 
the imaginary part of KR(q, w), which determines, e.g., 
the phonon damping. We shall assume for Simplicity a 
zero temperature and that the classical description is 
applicable, Le., the phonon energy is much lower than 
the characteristic energies of the electron. In this case 
we easily obtain from (35) 

(47) 

Since q ~ K, it follows that p K/m « 1 w - pq/m I. In this 
case we can use formula (44). We assume for Simplicity 
that the number of impurities is large, meaning that L 20 

in (42) must be expanded in powers of ,. Recognizing 
that the integrals of F(r) and U(r)F(r) with respect to r 
are equal to zero, we obtain, shifting the energy origin 
by a .constant quantity 

Then 

<P2(W, v, p, q) = <po (w)<p. (v, q), 

qJo(w) = (2npo)-"'exp {-w'/2p.}, 

<P. (v, q) = _1_ S- dt exp {ivt _ P.g't' } ; 
2n_~ 24m' 

po=nSdrU'(r), p.=nSdrF'(rl. 

If the momentum transfers are small, Le. Iw 1 

~ Ip· q/ml, then 
ImKR(q, (0) = oon-'p (1l)<P. (00, q), 

(48) 

(49) 

(50) 

(51) 

where p(/J.) is the density of states on the Fermi sur­
face. Formula (51) is simple enough for practical 
utilization. On the other hand, in more complicated 
cases a numerical calculation with the aid of the corre­
sponding formulas is necessary, using (35) in the most 
general case and particular cases of this formula in 
simpler situations (e.g., formula (50) can be used at 
high impurity density and low phonon energy. 

We note also the following. The condition (39) seems 
to impose Significant limitations on the use of the pres­
ent results to calculate the conductivity, since the wave 
vector is always very small. It can be shown, however, 
that in the case of high-frequency conductivity, when 
the electron can advance within the period w -1 only a 
distance much shorter than the radius of the potential, 
i.e., when the condition pOK/mw « 1 is satisfied, where 
po is the characteristic momentum of the electron, our 
formulas can also be used to calculate the conductivity, 
by setting, naturally, q equal to zero in these formulas. 

We now consider the question of physical applica­
tions of the results of the article. Condition (2) is 
satisfied in many cases. Foremost among them are 
doped semiconductors in which, as is well known, the 
electrons behave like classical particles, since the 
Debye screening radius is many times larger than the 
wavelength. Another possibly more interesting applica­
tion of the present theory concerns the motion of the 
electron in the field of critical fluctuations. We assume 
that a certain phase transition takes place in a sub­
stance in which thp"'-: are free electrons; e.g., we have 
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a binary alloy of two metals, which can become or­
dered. Then large-scale critical fluctuations set in nea 
the ordering temperature. The parameter CJ in (2) can 
then be of the order of 10-3 • 

In conclusion the author thanks S. V. Maleev for 
numerous discussions of the present work. 
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