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The intensity, spectrum and angular distribution of the gravitational radiation emitted by a dumbbell
rotating with relativistic velocity are calculated. For masses rotating with velocities close to that of
light, it is important that the masses be of finite size. Conclusions are drawn regarding the emission

of gravitational waves by a packet of light waves.

IN recent years the various mechanisms of emission
of gravitational waves under astrophysical and labora-
tory conditions have been the subject of lively discus-
sions. This interest is related, in the first place, to the
experiments on detection of gravitational waves.

In the present paper the problem of emission of
gravitational waves by a rod and by a dumbbell, rotating
with relativistic velocities around the respective center
of mass, is discussed rigorously. The results obtained
show up an essential difference between gravitational,
electromagnetic[‘] and scalar #»*] synchrotron radia-
tions. The results of the paper also allow us to draw
some conclusions on the emission of gravitational waves
by light (or by other massless particles).

In relation to this set of problems we note the paper
of Peters(*) which considered the emission of gravita-
tional waves by a particle passing through a Schwarz-
schild field at distances much larger than the gravita-
tional radius, as well as the paper by Davis et al.[sj,
who considered the gravitational radiation for a particle
falling along a straight line in the Schwarzschild field.
We also recall the paper of Pustovoit and Gertsen-
shtefn[sj, which analyzes the gravitational radiation of
a charged relativistic particle which moves in a mag-
netic field.

In the present paper we consider a periodic motion
that gives rise to the characteristic peculiarities of
synchrotron radiation, and, what is most important, the
masses are not considered pointlike. The latter cir-
cumstance leads to important features of the radiation
for ultrarelativistic velocities and allows one to reach
conclusions about the radiation for the exact equality
v=c.

Finally, we note also the paper by Misner et a1.t%]
which considers the emission of scalar waves for mo-
tion with relativistic velocities in a Schwarzschild field.
Here also the source was assumed to be pointlike. The
properties of scalar synchrotron radiation (its spec-
trum and angular distribution) differ substantially from
those obtained by us for gravitational waves.

The solutions of the linearized Einstein equations for
a weak gravitational field in the wave zone, far from the
source, can be written in the form of retarded poten-
tials (1],

¢-“=—4g—j (T inyedV,
i C‘Hn J i /Jt—R/c ) (1)

where R, is the distance from the source to the obser-
vation point. The solution is written in a harmonic co-
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ordinate system; zpli‘ = hg‘ -2 oli{h, where hy, are the

small corrections to the Galilean metric g{i’ : g, = g}’

+ hjg. If the motion in the source of the gravitational
waves is not determined gy gravitational forces then Tj
are simgly the components of the energy-momentum
tensorttl,

For slow motions inside the source of gravitational

‘waves the retardation for all the points of the source is

the same and the integral of all components Ty can be
reduced to the second time derivative of integrals con-
taining only the component Tg (cf.[‘]). For velocities
comparable to the velocity of light, one must carry out
the calculations directly with Eq. (1).

The spectral density of the components ng in the
wave zone can be written in the form®
IR—rl

e @

For a periodic motion with period T and frequency

§ = 27/T the radiation decomposes into a Fourier ser-
ies, and the expression (2) can be rewritten for the
harmonics n = w/Q:

Po’ (0) = -nf‘iR fdt I T2 (r, t)exp[ io (t —

4G inQR,\ Q i
‘R, exp( c )?nldV_j;/ndt .

X T2 (r,t) exp [inQ (t—n%)] .

Vo (n) =

@)

Here n is a unit vector in the direction of the observer
(not to be confused with the label n of the harmonics).

As a source of waves we consider a rigid rod, with
arbitrary mass distribution along the rod, rotating
around its own center of mass. We introduce the spher-
ical coordinates r, 6, and ¢ centered in the rotation
center and with the equatorial plane coinciding with the
plane of rotation of the rod. Let the azimuth of the
direction of the observer be zero. Then

rm=rsin@sing, E=n/2+q.

In order to calculate the spatial components zpB
(which are the only ones of importance) only the spatial
components of the energy-momentum tensor of the
source are important. This part of the energy-momen-
tum tensor of the rotating rod consists of two compon-
ents. The first is related to the kinetic energy of rota-
tion of a given point of the body, and the second corre-

Dwe shall be interested only in the space components. Greek indices
take on the values 1, 2, 3; latin indices take the values 0, 1, 2, 3.
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sponds to elastic stresses directed along the radius:
Tap = Txpaps + Treaes.

The quantities T and Ty are defined below (cf. (6), (7)),
e is a unit vector directed along the radius and p is a
unit vector along the velocity.

For the calculation we select a Cartesian coordinate
system with one of the axes (denoted by X') directed
along n. Then, according tol? , the intensity of the
gravitational radiation per umt sol1d angle in the direc-
tion n for the n-th harmonic, equals

dl,.(0) Ric*n*Q?

2 1 2
30 &G (|1Pza(n)| +—Z|1|7n(n)—¢u(n)| ) . (4)

In the selected Cartesian coordinate system the com-
ponents of the unit vectors p and e, which are of interest
to us, have the form

ps=sink, ps=cosBcosk; e =cos§ e =—cosOsink.

If the rod is not infinitely thin, one can set for some
arbitrary point of the body £ = Qt, selecting an appro-
priate origin for the time variable. For any other point
£ = Qt + u, where p is the difference of the azimuths of
the two points.

We write the spatial components of the energy-
momentum tensor in the laboratory system. We write
Tk and Tp in the form of a product of quantities having
the dimension of energy density per unit length of the
rod, multiplied by functions taking into account the finite
width and thickness of the rod. This is, of course, not
the most general form, but is quite sufficient for our

purposes. Thus, o (1) Bien’®
.1 — ﬂz z) K

u——j o (n) B*c*n dn
ﬁ! 2) 'h
Here n = r/ro, where r, is the distance from the center
of mass the remotest point of the body, Bc is the veloc-
ity at that point and p is the linear mass density (i.e.,
mass per unit length of the rod). We note that p contains
the energy related to stresses in the rod. The functions
A, and A; are selected in such a manner that their in-
tegrals equal unity‘”. Taking into consideration that

Te= Ai (1) Ax(0),

Ai(p) A2 (8). ®)

Tu = — j-—TK dn ,
n
we obtain
4Gr, s
a2 () — s (n) | = |—R [ape[an (6)

X[T,‘ (_n_z 1+ccis 0
n

)—T,,]Jn(zn) | ™

) 1= | Gr"jdue"”“jdn—<ln( =) (-7 |,

D Concretely, for the validity of Eq. (4) it is necessary that at the
observation point only ,3 and Y,,—V 33 be nonzero among all the
components of Yjk; as was shown in [!] this can always be realized at
a given point by means of coordinate transformations which leave the
values of 53 and Y ,,—V 33 unchanged. The latter fact allows one to use
for calculations the values of the components of the gravitational wave
in the coordinate system considered in the text.

3)Here and in the sequel we set A, = §(0—m/2), since the extension
of the source in the radial direction is not of interest.
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where z = ng sin 6 and J;, is the Bessel function.

In order to estimate the integrals one can utilize the
asymptotic formulas for the Bessel functions (cf. 7])
As a result of the calculations we obtain for the flux
density of radiation per unit solid angle the following
expressions:

a) if n(cos® § + 1— f%)*% < 1, then

ar.(0) G Q’I(D(n)lz - s
o ¢ an {6 T ( ) [1

: R NEAY | T 8

— B+ 2cos G+—2(—;) +4cos®0 6’1"(3 )},

where ) .

O(m)=ry § dpein (2T (n, p) dn = O (1) D4 (), )
Dy (n) = S dpetmen, (), (10)
3 c*p (m)dn (11)

T =P %7
and 7 =1- ‘/2(3/n)2/8 It was assumed that

In Ty dn N_["]-szd'q,

b) if n(cos® 6 + 1- gy S 1, then an exponentially
small factor of the type

exp{—?/sn(cos* 0 + 1 — B?)¥:}

appears in the expression for the energy flux density,
and one may consider the energy flux density to be
negligibly small in this case.

We note that for relativistic rotation velocities there
are large stresses in the rod. According to the general
principles the energy density in the proper reference
frame at any point is not smaller than the stresses at
that point.

In the sequel we shall consider rods in which a con-
siderable fraction of the mass is concentrated at the
very ends, whereas at all other points the mass density
is taken to be the minimally necessary one, i.e., not to
be smaller than the stresses p; =—T ¢, We denote

P = p- pi1. The total energy of the rod consists of two
terms:
Bere (BN p Bdn 6 eu(m)dn
» (1—Bn%)" o (1—p™")" s (1—pH)™’

which can be shown to be approximately equal. There-
fore we have approximately

(P 1 g
! (1 — ﬁznz) s 2
Consider the simplest case of a dumbbell, consist-
ing of two identical pointlike masses, equal to M in their
own reference frames, and connected by a thin rod with

the density p = p; = — T /c®. In this case

Av="5[8(n) +8(u—m)],. p=Q2M/r)8(n—1),
@ (n) =~ WBE[1+ (—1)"].

(12)

T

(13)

Integrating (8) over the angles we obtain the spectral
density of the total radiation. For estimates we make
use of the fact that Eq. (8) is valid for |cos 9] < /2,
and outside this angle interval we shall consider the
radiation to be negligible, owing to the exponential de-
cay of the Bessel function. As a result we obtain for
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n(1 — %2 < 1 for the spectral density of radiation,
integrated over all the directions,

GQ'E*

5

1, =.

: [ﬂl] —[C+ (1~ B) Drit+ (1 — §)Fnh]. (14)
The numerical coefficients C, D, F are of the order of
unlty Here we have retained the terms n2/3(1 — A and

n**(1 — %?, which are small for n(1 — g%)°*”# < 1, how-
ever they do not give a small contribution to the in-
tegral over the spectrum. For n(1 — f)*2 > 1 the
function I, vanishes exponentially and can be omitted.

With the help of (8) one can estimate also the angu-

lar distribution of the total intensity W, i.e., the inten-
sity summed over the harmonics. For this purpose we
take into account that for cos2 6 < 1— @ the integra-
tion’ over n goes up ton ~ np = (1 — g%)°”, and for
cos’9 <1-g,uptonw |cos 6. Thus, for cos® 6
L1-p

dW G QE?
W0 A R (15)
andfor1—32<<cos26<<1
w_Gc oF (16)
d0  ¢* lcos 0|

The total intensity is obtained either by integrating
(14) over n from 2 to ng = (1 - f)"/z (for n > ng the
quantity I, is exponentially small), or by mtegratmg
(15) with respect to cos 8 from — (1 — 8%)'” to (1 — g%)'".
QOutside this angle interval the radiation is small. The
results of both calculations coincide, of course, and the
total power of the gravitational radiation is

_G QF
T -
We recall that E is the total energy of the rod in the
coordinate system of the observer:

(17

1

E=r, [co(n) (1 — ) ~"dn.

The spectral characteristics of gravitational synch-
rotron radiation differ from the corresponding charac-
teristics of electromagnetic synchrotron radiation.
According to Eq. (14), for not too large-n < n, we have

» n"' whereas for the electromagnetic case
I, » n'”. However, although in the gravitational case
I, decreases with the growth of n, the decrease is slow,
and the integrated radiation is essentially accumulated
on high harmonics, near no = (1 — £°)*?, after which I,
becomes exponentially small.

In the expression for the total power of the gravita-
tional radiation, (17), the denominator contains 1 — .
We fix the quantity E and will take B to be closer to
unity, i.e., we let the velocity of rotation of the ex-
tremity of the rod tend to the speed of light. The ex-
pression (17) then becomes divergent. It would seem
that for v — c and finite energy E that the radiation be-
comes infinite in the frame of the observer. However,
the expression (17) stops being valid (as well as the ex-
pressions (13)—(16)) for sufficiently small 1 — 8%, owing
to the necessity of taking into account the finite size of
the emitting masses® .

4 The summation for large n can obviously be replaced by an inte-
gration.

9 A similar remark is valid not only for the gravitational, but also
for the electromagnetic and scalar radiations.
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Let us now take into account the finite dimensions of
the masses. We start with taking into account a finite
extension of the masses along the radius and neglect,
for the time being, the finite width of the rod. Let the
mass of the rod be concentrated in the interval 1 — «
< n <1, For simplicity we shall assume that the linear
density does not vary in this interval. Then

A =1[8(n) +8(p—m)],

2M/rx, 1—x<n<1i
po={* " T
Let ' n x
w1 B (18)

We consider the harmonics satisfying the inequality
nh2 (19)
Then (11) yields

" @u(n) = VoEB. (20)

The condition (18) leads to automatlc validity of (19) for
all harmonics up to ng = (1 — 8%)°/? after which the
radiation becomes exponentially small and negligible.
Therefore if the inequality (18) holds, all formulas for
the synchrotron radiation of point masses hold, and the
distribution of the density along the rod can be disre-
garded completely.

Assume now that the opposite inequality is satisfied

(21)

We consider again the harmonics satisfying the inequal-
ity (19). Expression (2) holds as before, and the form-
ulas for the spectral resolution of the radiation do not
differ in any way from the formulas for the point masses.
However, now in the transition to higher harmonics the
inequality (19) is violated before the value no is reached.
We denote n, = k™’ Then, for n situated in the interval

(22)

"n>1—5'.

n.<n<n,,

we obtain

. (r) = 1B (m) =", (23)
Consequently, we have in the interval (22) for the spec-
tral density of the radiation

(249

I, on',

This power-law decay of I,, with the increase of n is

still slow, the integral with respect to n of I, accumu-

lates (logarithmically) near no, as before, and we can

write down the following expression for the total power

of the radiation, if (21) is true:

wa S EE x| (25)
AN 1—-p*

For the interval of angles where most of the radiation

is emitted we obtain, nevertheless, the same expression

as for point masses:

lcos 8] < (1 — B?)™. (26)

From a physical point of view taking into account the
radial distribution of masses can be reduced to the fol-
lowing. The higher the number labeling the harmonic,
the larger must the ratio 1/(1 — v*/c?) be for the moving
masses which contribute to the radiation in this har-
monic. But such high velocities will be exhibited only
by masses situated closer and closer to the end points
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of the rod. For large n, when n > K‘°/2, only a small
part of the mass ~ (kn®*”®)™/ will contribute to the radia-
tion on this harmonic.

Of particular interest is the consideration of the fin-
ite sizes of the emitting masses in the direction of the
velocity, since in this case one can pass to the limit
when the whole emitting mass moves with the velocity
of light. We consider a finite extension of the masses
along the direction of motion, neglecting the extension
in the radial direction. In this case

2M
ﬁ(n)=—r76(n —1), 2nA,=f(n).

Here the function f(u) which describes the finite dimen-
sions of the masses in the direction of motion is selec-
ted to be different from zero only in the intervals |u|
< At and |p — 7| < Aw; its integral over each of these
intervals equals m; otherwise the function f(u) is arbi-
trary.

According to (10)

1+(=1)" 1
2 n

J dp e™f(n); 27

—An

Du(n)=
with

% {f(u)du -1
according to the normalization we have selected. It can
be seen from (27) that for nA < 1 the formulas for the
radiation are the same as for A = 0, i.e., pointlike
masses. Thus, if A < ng' = (1 — f°)°%, the radiation on
all harmonics, up to n, coincides with the radiation of
point masses and one can set A = 0.

For nA > 1 the integral (27) is small, since the
integrand contains a product of the slowly varying func-
tion f(u) with a rapidly oscillating exponential function.
The Parseval identity yields

Y10 < [ o~ o,

ne=2 —Ax

therefore forn >n,, = A™}

[@a(n) |* e =,

(28)

and the integral over the spectrum accumulates near
n~ n,,. The concrete value of q depends on the form
of the function f(n). Thus, e.g., for f(u) in the form of
astep,q=1.

Assuming continuity and vanishing at the endpoints
of the segment [-7A, 7A] of all the derivatives for
harmonics with index n >n,_, one obtains an exponen-
tial fall-off. In addition, the spectrum for n >n_, may
be nonmonotonic: the expression (28) may be modula-
ted by some bounded function. Thus, for the same step
function, such a function may be sin® n7A.

Thus, if the condition

I, =1 (g>0)

A> (1— B (29)

is satisfied, harmonics with n = n__ give the main con-

tribution to the integral synchrotron radiation and the
radiated power becomes

(30)
remains finite for 8 — 1. The radiation is essentially

concentrated in the equatorial plane, within the angle
interval

819

[cosB] < A", (31)

The change of the spectrum for n > n_, owing to taking
into account the finite size of the masses is related to
interference of the radiation from different portions of
the rod.

Taking into account the finite size of both dimensions
of the rod leads to the following: if k >A*® >1— g
first there appears a kink for n~ n_ = .‘c'm, and for
n, <n<n,, we will have I = n”'. The total intensity
is determined by

_ G QE %
VE T

For 1— f* < k < A*® there appears a kink first for
n~n,, =A andfor n,, <n<n, we have I » n**"%
the total intensity is determined by Eq. (30). For the
case when A > (1 — %)/ the difference between the
velocities of the ends of the rod and ¢ becomes insig-
nificant. The angle interval in which the fundamental
radiation is concentrated is determined by Eq. (31).

Thus, the fundamental results of this paper are the
following. The spectrum of gravitational synchrotron
radiation is decreasing and proportional to nA up to
a critical harmonic number, equal to

(32)

T = min{(1 — B?)="2, x5, A-1}, (33)
where k and A determine the size of the sources in the
radial and angular directions. For n > n,. the spectral
density decreases faster. The integrated intensity of
radiation is

1 for ne<xh

G
W QEnglh - {
c® o In(x7#:) for ng=x""

) (34)
where T = min{(1 - %%, A"'}. The radiation is con-
centrated near the equator in an angle interval
|cos O] < 7" (35)

We have not carried out a rigorous analysis of the
emission of gravitational waves by a wave packet moving
along a circle in a waveguide. However, the equations
for the case A # 0 allow one to carry out the limit
vV — c¢; in this case the total radiation must be deter-
mined by Eq. (30). At the same time, as stressed by
Ya. B. Zel’dovich, the detailed picture of emission of
gravitational waves, with a detailed determination of the
influence of this radiation on the intensity and frequency
of waves which make up the emitting packet, can be ob-
tained only by explicitly taking into account the wave
nature of the emitter and the eigenfunction expansion of
the motion of the packet in the waveguide.

In order to estimate the emission by a wave packet
in a waveguide having the shape of a torus, we rewrite
the Equation (30) in the form
G ¢
¢ R (cn)’
where R is the radius of the torus and c7 is the width
of the wave packet. For R ~ 100 cm and ¢7 ~ 10 em
we obtain

W= (30"

W~ 10-“E* [erg /sec].
In order to compare the electromagnetic and gravita-
tional radiations of an electron we note, e.g., that
ez EZQZ

elz_

m? 1_ﬁzy

so thatl®]
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Wer / Wer = Gm?/ e* ~ 10-*,

The listed examples show that under laboratory con-
ditions the gravitational synchrotron radiation is small.

During the preparation of the manuscript of the pres-
ent paper for the press there appeared the preprint of
M. Davis, R. Ruffini, J. Tiomno and F. Zerilil®] , where
it is asserted that no gravitational synchrotron radiation
appears in a periodic motion of a free probe particle in
a Schwarzschild potential with velocity close to ¢, on
unstable orbits close to r = (3/2)r,. The absence of
synchrotron radiation is in this caSe related to the
strong curvature of the null geodesics in the Schwarz-
schild field for r ~ (3/2)r .

The authors are extremely grateful to V. B. Bragin-
skil who posed the problem of emission of gravitational
waves by a wave packet, and to Ya. B. Zel’dovich for
numerous discussions.

APPENDIX

In the main text we have considered the case of a
symmetric dumbbell. What is the character of the
radiation for an asymmetric mass distribution?

For slow rotation, when the velocities are small, the
radiation is emitted in the second harmonic, indepen-
dently of the ratio of the masses. As was shown in the
present paper, for equal masses and relativistic rota-
tion with v of the order of c, the emission occurs in
high, but even-order, harmonics.

We consider the case of a dumbbell consisting of two
pointlike but unequal masses M; < M. connected by a
rigid rod, and rotating around the center-of-mass. We
denote by E, and E. the kinetic energies (including rest
energies) of these two masses. We introduce g; = vi/c
and B = vz /c, where v, and v, are the velocities of the
masses. Obviously, the larger mass will have the
smaller velocity. Therefore, for high enough harmonics,
for

n®> (1—Bd)~" but'n < (1 — p.2)-*, (A.1)

the contribution to the radiation from the larger mass
is exponentially small, of the order of

exp(- (2/3)n(1 — &)**?), whereas the contribution from
the smaller mass is quite finite. This has the effect
that if (A.1) holds, the emission occurs not only in even
harmonics, as is true for M; = M, but also equally on
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odd harmonics; moreover the radiation is caused totally
by the smaller of the masses. We consider the lower
harmonics, where

(A.2)

In this case the ratio of the radiation intensities in two
neighboring odd and even harmonics is

P (l—pt)"

Todd / Teven~ (1 —a) / (1 +a), (A.3)

where a = E;/E,. The quantity o is expressed in terms
of the mass ratio and 8:

_E2 1‘1l | 2+ 1‘!l 24 ="
-G lien ()]

2

(A.4)

For My/M; > (1— 8%)"2 (but possibly M, /M, < 1) we
obtain o ~ 1 and the emission in the harmonics (A.2) is
indistinguishable from the case M; ~ M,. Finally, for
M;/M: < (1 - %2 we have & < 1 and B; < 1, i.e., the
motion of the larger mass is nonrelativistic. The emis-
sion in the high n is determined only by the smaller
mass and even and odd harmonics are present in equal
amounts.
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