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An anisotropic model of the Bianchi type I is considered within the framework of general relativity,

assuming that the sources of the gravitational field are matter with the equation of state p = (y ~ 1)e
and free neutrinos. A covariant Dirac equation for four-component neutrinos is used to describe the

two fluxes of two-component neutrinos. A qualitative analysis of the Einstein equations is given for
the case of axial symmetry and different equations of state. Analytic expressions are obtained for
the case of the ultrarelativistic equation of state e = 3p, as well as for e = p. The influence of free

neutrino fluxes on the dynamics is discussed.
1. INTRODUCTION

RELATIVISTIC cosmology in the general theory of
relativity (GTR) studies homogeneous anisotropic
models, where during the early stages the dynamics of
the universe is substantially anisotropic, and which in
some cases become asymptotically isotropic. In these
models one has to consider as sources of the gravita-
tional field, in addition to matter with isotropic pres-
sure, also weakly interacting particles!?!, In this
paper we consider gravitational fields in a type I
anisotropic model according to the Bianchi classifica-
tion (with a three-dimensional Euclidean co-moving
space) with matter and neutrinos moving freely along
one of the axes. During the early stages of evolution
of the ‘‘hot’’ model of the Universe, dissipative proces-
ses with the participation of neutrinos are important;
for the description of such processes it is necessary
to take into account in the energy-momentum tensor
the contribution related to such processes!*®, In the
present paper this contribution is not considered and
the influence of the expansion of free neutrinos on the
dynamics is studied, free neutrinos which appear after
the neutrinos are separated from the matter, according
to the ideas developed in!*),

The metric in the type I Bianchi model has the form

ds* = (cdt)? — Ry (1) (dz')* — Ry* (1) (d2*)* — Ri (v) (d2)* (1.1)

(the notations are those of!™), ¢ is the velocity of light)
with functions Ry(7), @ =1, 2, 3 which have the repre-
sentation
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R.=Re*s, |R|=e"; B.=B, B+B.+p=0  (1.2)
We shall assume that the system (1.1) accompanies

the matter, so that the 4-velocity of the matter u! = 5L,

the expansion scalar is (the dot means differentiation

with respect to the time 1)
(1.3)

and the nonvanishing components of the displacement
tensor

6=R/R=—9Q,

Gin =27"c (Ui + un;) — O (g — uitta)

have the form

gt =B, ¢*=0s ¢ '=Ps C=giqa=p+p2+p% (1.4)
In the Einstein equations of GTR
R*= (8nk/ ¢*) [T*— 2T} (1.5)

the energy-momentum tensor is the sum of the appro-
priate tensors for matter with isotropic pressure and
for the neutrings (Tjk)N (Sec. 2):

T+ = (e+ p)uu* — pd + (TH)". (1.6)
We shall use an equation of state for matter in the
form
p=(y—1e, 1.7)

where p is the pressure and e is the energy density.
The constant y may have values in the interval from
vy =1 (matter in the form of dust, p =0) to y =2
(matter with an extremely rigid equation of state, with
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the velocity of sound equal to the velocity of light). For
1 = y < 2 the axially symmetric case is considered
qualitatively. This case corresponds to taking in (1.1),
(1.2), (1.4) the values

R, = Re®, (118.)

For the equation of state e = 3p we have been able to
obtain analytic solutions. For y = 2 the case of the
metric (1.1) is considered in Sec. 3.

R,=Ry=Re™? ¢*=38"/2.

2. SPINORS IN THE ANISOTROPIC MODEL

In order to describe simultaneously the two fluxes
of two-component neutrinos, we consider the bispinor
¥, ]formed by the two two-component spinors ¢ and

[8].

_ (5 _(¥ _(Mn
v=(,) E*(&*)’ n=(n) 2.1)
For ¥; we have the Dirac equation in its covariant
form!® 1],
7}
V'Vap=0; vi\ps_ll?_ T, Vi{ps-a_@‘-xripri (2.2)
iz ax

In an orthonormal frame with the Pfaffian forms
6P (p, q vary from 0 to 3; gpq = diag(+1, -1, -1, -1))
we have 1%

ds® = gadz'dz* = 2,007, dz*= a,*0%, 0° = byrdzt, (2 3)
V=0, ¥¥+ Y =287, T.='i(a,'9b7/ 02' — Tadyy™
We select for 4P the spinor representation with the

Pauli matrices 0,z 5"

017 \ 0 —os , 0—o. , (0 —o
v=(70) 7= (o o )3 =(oz 0 ) _(a o ){24)
Here n and ¢ satisfy the Weyl equations for the neu-
trino and antineutrino, respectively (or, more generally,
of two types).

For the solution (2.2) it is convenient to represent
the metric (1.1) in the form

ds* = R.*(n) [dn®* — (dz*)?] — Ra*(n) (dz*)* — R:*(n) (d2®)?, Rdn = cdr.

(2.5)
According to (2.3) we have for (2.5)

To=0, I'i=HyY, T.=HyY, Ts=H{Y, H.—=dlnR./2Rdn.

We shall assume that p does not depend on x* and
x°. With the notation

g =Avexp (i9°), na = Maexp (i), (2.6)

we obtain a solution of (2.2) for (2.5), taking (2.4) into
account, in the form
(AR =F(nF2'), ¢=0MmFa'),
MIR =x(mxa'), $a=V¥.lmxa'),

a=1, 2,

(2.7)

where the upper sign corresponds to a =1, and the
lower one to a = 2.

The energy-momentum tensor of the neutrino field
equals (p =*3°)0

(Ta)™ = 4ibrc[Fv:Vap + P Vop — (Vi) vy — (V) wol.  (2.8)

The condition that the components with i =0, 1; k =2
and i =0, 1; k = 3 in (2.8) vanish, condition which fol-
lows from (1.5) for (2.5), leads to the imposition of the
requirement

=F=0 or =F=0 (2.9)
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or xi =, F2=0 or Xz = F! = 0. The current four-vector
= Py'p for the solution (2.7) and the metric (2.5) has
the representation

j'=L(F*+ %) '+ (F*+ y,)m'] / R’R.Rs, (2.10)
ji]'i=4(F’+Xz)(Fz+Xl)/R.;
=08 +6/ m'=208'—8/ Ili=mm=0 (2.11)

with the isotropic four-vectors /1 and ml. In the case
(2.9) the current four-vector (2.10) formed as a super-
position of isotropic current four-vectors of the two
neutrino fluxes with antiparallel momenta along the
x'-direction is timelike. (The case y, = F* =0 or .

= F' =0 would correspond to fluxes with parallel
momenta and isotropic total four-current.)

Under these conditions we obtain an expression for
(2.8) in (1.6) for the metric (2.5) in the form (with the
isotropic vectors (2.11))

(T#)¥ =he[B(n — ) Ll*+ A(n + z')mm"] / R, *R:R;, (2.12)

B(n—2a') =—[F(D") +x.¥)], A(n+2') = —[F(D*) +y,¥/]
(2.12a)
(the differentiation is with respect to the arguments of
the appropriate functions).

For the type I Bianchi model Ry, =0 in (1.5), (1.6).
According to (2.12), (1.6) the condition y, = F* =0 or
xz = F! = 0 is then impossible. In the model under
consideration the case (2.9) is realized, corresponding
to the presence of two neutrino fluxes along x! with
timelike total four-current. We shall consider the case
of a type I Bianchi model, when the system with the
metric (1.1), (2.5) is accompanying. Then from R, =0
we have according to (2.12), (2.11), (2.12a)

(To)"=0, B(n—z') =A(n+z') =4, =const, (2.13)
o — Ao _ 4 nr_ Ao
((D) 7 W, " or (m) = [— v, _*r (2 133.)

The two possibilities in (2.9), (2.13a) correspond to two
opposite values of the projections of the neutrino mo-
mentum on the x! axis. The equation (2.6), (2.7), (2.9),
(2.13) give expressions for the spinors ¢, n. Accord-
ing to (2.13), (2.12) for nonvanishing components in
(1.6), we have?

(T®)™ = — (T})™ = 2hcAy/ RiRaR,. (2.14)

We note that the general properties of the neutrino
field in curved space have been considered by a series
of authors* %],

3. INVESTIGATION OF THE EINSTEIN EQUATIONS
IN THE BIANCHI TYPE I MODEL

In the present section we shall use expressions for
the metric in the form (1.1)—(1.4). According to the
conservation laws!*®!

u (e+p)

u(T’l)k B()

. =0, B(p)=exp( ej_—pp)

DThe expression (2.14), which determines the gravitational field, is
in general valid in the presence of two fluxes, each of which may consist
of neutrinos and antineutrinos of both kinds with spins parallel or antipar-
allel to the x! axis, so that for one of the fluxes the spinors depend on
n + x!, and for the other on n—x".
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we have for the equation of state (1.7)

e=K/[R*, K=Dc'/8nk=const. (3.1)

From the Einstein equations we use those corre-
sponding to RY, Ri - (7:)Ry and R§, which, with the
aid of (1.2), (1.3), (2.14) and (3.1), can be reduced to
the form

Ne-* = — 38R d(R’8) — 3D@2—v) R, N=-ﬁ~2hcm=const,
@ 2 ¢ (3.2)
3 __d dp
-+ — > Re—(R® - 3.3
New=— RO (Redg), (3.3)
L8 [ 9B\, (dB2\*, (dBs\'1 . D(4—3v) _
o~ -0'[(55) +(G) (@) | == 3.4)

In the case when R # Rj it also follows from RZ — R
that

Bs = —(B+ Bz), @ = const. (3.5)

iQ R 240
For 1 < < 2 in (1.7) we shall consider the axially
symmetric case R; = Rs with a, =0 in (3.5). We in-
troduce the variables'"]
D 8nk\ e ,_ap
e*mv’( )67’ B =

. (3.6)
aQ
According to (1.1a) and (1.4) we have

2

h:
C

¢* =3p"6/ 2 =3p"D/ 2AR™,

which clarifies the physical meaning of the variable g’
as the ratio of the invariant of the displacement tensor
q to the dilation scalar @.

T}le) system (3.2)—(3.4) yields (a, =0, 82 =83
=-B/2

Ne~* = DR'~*"(—4\+12—38") / 4h, (3.7)

A/ dQ = 1[2(4 — 3y) (b — 3) — 36”1, (3.82)

dp’ /dQ =1/ {—8\ + 24+ p'[12 +2(4—3y)A — 3p” —6p’1}.
P { (3.8b)

The equation for dB’/da can be investigated quali-
tatively; the fields of integral curves of (3.8a), (3.8b)
for A = 0 are illustrated in Fig. 1 for 1 <y < %, and
on Fig. 2 for %5 < y < 2. The arrows indicate the direc-
tion of increasing §. To the singular state R = 0 cor-
responds £ = + o, andto R = © corresponds § = — =,
From the meaning of (3.6) we have x = 0 for e > 0.

i

(“ﬁ
[M

FIG. 2

S

~

FIG. 1

FIG. 1. The field of integral curves of the equation for dg'/dX (3.8a),
(3.8b) for 1 <y <4/3.

FIG. 2. The field of integral curves of the equation for dg’'/d\ (3.8a),
(3.8b) for 4/3<y<2.
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To the case of the absence of neutrinos (N = 0) for
e # 0 according to (3.7) corresponds (for any y) the
following solution of (3.8a) and (3.8Db):

4 =12—3p"7 3—A=kiexp[—3(2—y)RQ], k =const. (3.9)

In this case the singular point with A =3, 8’ =0 (the
point A in Figs. 1 and 2) corresponds to the isotropic
Friedman solution in the flat model: 8 = D/3R%,

B = const. The singular points B and C correspond to
the two Kasner anisotropic solutions in vacuum

(e =0, N =0)["), For the solution corresponding to the
point B with x» =0, 8’ = 2, taking into account (3.3), we
have

(3.10)

In this case in the singular state R — 0 the geometry
has the configuration of a ““filament’’ (‘‘cigar’’ [!%1),
For the solution corresponding to the point C with
A =0, g’ = -2, the geometry in the singular state has
the configuration of a ‘‘pancake’’ (& = ko/R®,

= -2( - Ro)). The portions of (3.9) with 38’ > 0 and
B’ < 0 correspond to two types of axially symmetric
solutions for N =0, e > 0, which near the singularity
have different asymptotic behavior, corresponding to
the ““filament’’ type (3.10), and the ‘‘pancake’’ type,
respectively.

To the presence of a neutrino field with positive
energy density correspond values A, > 0, N > 0, ac-
cording to (2.14). In the (x, B8’) plane one should then
consider the interior of the region bounded by the inte-
gral curves A =0 and the parabola (3.9). The picture
of the integral curves is different for 1 < y < %; (Fig.
1) and for ¥%s <y < 2 (Fig. 2).

For 1 < y < 75 (in particular for dustlike matter)
all integral curves (as Q increases) go out of A and
arrive in B. In the case under consideration, for N > 0,
all solutions have near the singularity an asymptotic
behavior of the ‘‘filament’’ type (3.10); in the axially
symmetric case, for N > 0, a singular state of the
‘‘pancake’’ type is not realized. For all solutions in
Fig. 1 for N > 0 the function B’ vanishes, except at the
point A, also in the intermediate state for x < 3, cor-
responding to the vanishing of the invariant q® (1.1a),
(1.4). Asymptotically, for R —« and for 1<y < %
the solutions tend to the Friedman solutions according
to the relations

A~3—exp[(4—3y) (Q—Q0)],

® =k, /R ko,=const, B=2(R—Q,).

RY ~ 3/4'y’D'r’, B~ BR™-. (311)

A comparison of (3.11) with (3.9) shows that for dust-

like matter (and in general, for 1 < Y < %) for fixed

A(i.e., 8°R®) the quantity ¥ (i.e., ¢°/®2) tends to

zero for N> 0 and R —« faster than for N =0 (at

the same time ef — 1) so that the presence of free

neutrinos for 1 = y < Y5 accelerates the isotropization.
For %s < y < 2 (Fig. 2) the picture of the integral

curves changes. For N > 0 there is a solution corre-

sponding to the singular point DZ:

A=2ip="/2(2—1y), B =Pp" =43y,

R =D (2—3y)*(t—1,)*/ 18(2 — v). (3.12)

2 An analogous situation for 4/3 <~ < 2 occurs for the homoge-
neous Bianchi type I model with matter and a magnetic field [ '#-2°].
For the analysis one can also use the variables (3.6).
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Near the singularity (7 — 7,) the solution (3.12) does
not exhibit Kasner asymptotic behavior: R, — 0, R:
— 0, and we have a point singularity. (3.12) does not
become isotropic as 7 — =, For N > 0 there is also a
solution corresponding to the curve D starting from
A, having near the singularity (A) the asymptotic be-
havior (3.11) for £ — +=, 7 — 0 (a point singularity
with Friedman behavior of R(7)), and for R — « it
has the asymptotic behavior (3.12). The other integral
curves in the region N start at D and end in B and the
corresponding solutions for R — 0 have ‘‘filament”’
singularities (3.10), and for R — = have the asymp-
totic behavior (3.12) and do not become isotropized.

Let us consider the ultrarelativistic equation of
state e = 3p, y = ¥s, which describes matter near the
singularity with e = . In this case the singular points
D and A coincide, and thus A takes on a more com-
plicated character. For y = ¥ it is possible to obtain
analytic solutions. We introduce the new variables &
and ¢ by means of the relations (N #0)

& 3(E+1)—NEL

N EEE T P e G19)
Then (3.7), together with (3.1), (2.14) and (3.2) yields
e?*=DE/N, (T,°)"/e=t, (3.14a)

whereas (3.8a) and (3.8b) with N = 0 lead to the linear
equation

dg/ dg = [§(3— M) +3] /3¢, (3.15)
from which we obtain (¢, = const)
t = Lexp(— N§'/6) jt-' exp (Nt¥/6)dt. (3.15a)
From (3.8a) and (3.8b) it als; follows that
R=e"=R,exp (Nt?/6) [t]", Ro,=-const, (3.14b)

dv = xR***d{ = +R,R.d}.

Equations (3.14a), (3.14b), (3.14c), (3.15a) and (3.1)
determine the solution in parametric form for y = %.
For N> 0, £ = 0 in (3.14a) and the variable ¢ in
(3.15a) varies from ¢ =£o>0 (¢ = 0) to £ — +» or from

£ =1t0<0 (L =0)tof — - (¢—0). The value £ = o
corresponds to the singular state with the ‘‘filament’’
asymptotic behavior (3.10). Near the singularity the
asymptotic formulas have the expression (to an accu-
racy better than the Kasnerian; ¢ = £o(1 +h), h «< 1)
R ~ K"(1+ Y,NGh),
T— T~ B (1 + uNGh),  Em (1 — YNLlh).

The value ¢ — +» for £ >0 or ¢ — ~o for £,<0
corresponds to R — =, | 7| — ., Then according to
(3.15), (3.14a) we have ¢ ~ 3/N¢2, e™B — 0, so that
the solution under consideration does not become
asymptotically isotropic. The quantity g8’ vanishes, in
addition to the asymptotic state, also in the intermedi-
ate state for A < 3 (with q® also vanishing). The ratio
of the energy density of the neutrino field and matter
tends to zero for R — 0, according to (3.14a) ((TO)N
— ) as well as for R — .

The equations (3.13)—(3.15), obtained for N = 0 lose
their applicability for N = 0. For N =0 the solution for
Y = ’/3 in the form with the parameter (with asymptotic

S. SHIKIN

behavior (3.10)?!), has, according to (3.14a), the form

R* =R¢*{exp [2K, (T — &) ] — exp [Ko (5 — &) 1},
e =K {1—exp[—Ko(t—)]}, Ko=-const.

For N = 0 the function 8’ does not change sign and does
not vanish for A < 3.

We consider the problem of the angular dependence
of the temperature of the background radiation in the
presence of a directed neutrino flux in the anisotropic
model. The instant when the matter becomes trans-
parent for radiation is denoted by the index s. This
instant is realized after the neutrinos are separated
from matter and corresponds to a state of ultrarela-
tivistic plasma (e = 3p) with temperature Tg (con-
stant in the angles) and free neutrinos; for this state
the exact solution (3.14), (3.15) is valid. At the instant
of observation, denoted by the index 0, the background
radiation has a Planck spectrum corresponding to
temperature T,, for which the dependence on the ob-
servation angle is given by a general formula derivable
from the Bianchi type I model!'®*??] taking (1.2) into
account, in the form

T(8) = T.(R./ Ry) {cos* O exp [2(Bs — B.) ] +sin0 exp (B, — Bo)}~"

( 6 is the angle formed with the x* axis). The ratio be-
tween the difference of the longitudinal (6 = 0) and
transverse (9 = n/2) temperatures to the temperature
for 6 =0, taking (3.14a) into account, has the form

AT /T =1—[E (eb)D/ N]"-.

By appropriate selection of the parameters of the
exact solution (3.15) the quantity AT/T can be made
arbitrarily small, so that the presence of a directed
flux of free neutrinos in the Bianchi type I model does
not contradict the observed high degree of isotropy of
the background radiation. Numerical estimates have
been given by Doroshkevich, Zel’dovich and Novikov!*],

For the equation of state e = p (y = 2) one can ob-
tain an exact solution in the general case of the metric
(1.1). Making use of (2.5), we obtain from (3.2)—(3.4)
(here L,, Lz, b are scale constants)

Ri=L(n—mno)%e"™, Ry=L:(n—mn0)% Rs=(n—mo)*/ L,

a=—1y+a*+ctD, a:=!/r—a, (3-16)
a=const=>0, b(n—mn) =0.
Near the singularity n = n, (3.16) has the asymp-
totic behavior

Ri' ~'(1.' —_— To) |+'n'

as = l/2+a1

R:' ~ (1.' —_— To) H‘”, R;’ ~ (T —_ “[o) i"”',

vity:t+ v =0;
_ 20,—1 3a;—a,—1 vi& t vt et _ _ 3b%*c*D
wW=aF " o+l 6 (m+D*’

which coincides with the solution for matter with
e = p in the absence of neutrinos (N = 0)?!) so that
the singularity may have a point character with R,
—0,R,— 0, Rs —0 (a;, > 0, o, > 0), the character of
a ‘“filament’’ (‘‘cigar’’) (a,az < 0) or the character of
a ‘pbarrel’” (a, =0 with R, = const, R, — 0, Rg — 0
or a; = 0)*»!®] For by — + = (N > 0) we have R — =,
7 — = in (3.16). For D =0 (3.16) goes over into the
solution for neutrinos in vacuo (e = p = 0)!4,

For R: =R; and e =p, N# 0, according to (3.8a),
(3.8b), y = const (8’ +2)° and the points 4x =12 - 3g’°
correspond to singularities.
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The analysis which we have carried out shows the
influence of a directed flux of neutrinos on the dynam-
ics of the anisotropic model, and its dependence on the
equation of state of the matter.
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