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The behavior of the spin system of a ferromagnet is investigated when a constant longitudinal magnetic
field of arbitrary magnitude is switched on. Formulas are obtained for the nonequilibrium magnetic
moment after switching on of the field. Kinetic equations are also derived; they describe the relaxa-
tion of the system to the new equilibrium state, corresponding to the switched-on field.

THE interaction of a ferrodielectric with a uniform al-
ternating magnetic field, directed along the preferred
axis, is described by the Zeeman energy

wt = llht Snl.

n

Here ht is the field intensity, p is the magneton, and SZ
is the operator of the projection of the spin on the n-th
site of the lattice along the preferred axis. In the spin-
wave approximation, which is valid at low temperatures,

6, = — uNSh, + ph, Zanak, (1)

where ag and ag are the Bose operators of creation and
annihilation of a spin wave with wave vector k, S is the
magnitude of the spin on the site, and N is the number
of atoms in the lattice. K the amplitude of the field h¢

is sufficiently small, the response of the system to such
a field can be described by a complex susceptibility,
which links the contribution to the magnetization with
the alternating field in the linear approximation.™’ At
fields exceeding a certain threshold value, so-called
parametric excitation of spin waves is possible,>™*

and the linear approximation ceases to be valid. Usu-
ally, in the case of a monochromatic field hy = h, cos wt,
after transformation to ‘‘true’’ spin waves with the

Hamiltonian (1) there remain only resonance terms,
corresponding to the conservation law hw = 2ei (ek is
the energy of a spin wave, including the dipole interac-
tion).") At sufficiently low frequencies (iw < 2€pip),
the neglected terms must make an appreciable contri-
bution. Therefore an exact treatment of the interaction
(1) becomes necessary. The present paper considers
the interaction of the spin system with a constant field,
of arbitrary magnitude h, which is switched on at the
instant t = 0.

1. The Hamiltonian of noninteracting spin waves,
which includes both exchange and relativistic interac-
tion in the spin system, has the form

6, = Z(Akak"‘ak + 1/, (Butia + Bt ay*) 3+ Eo, (2)
k

where E, is the energy of the classical ground state,
and the coefficients Ax and Bk are given, in the long-
wave approximation, by the expressions

Ax = Oc(ak)* + p(Ho + BM,) + pa=*-2msin® Gy,

By = p?a—*-2nsin® Ox exp (2ipx). ®)
Here Oc is the exchange energy, of the order of the
Curie temperature; a is the lattice constant; H, is the
constant external field, applied along the preferred
axis; B is the anisotropy constant; M, is the saturation
magnetization; and 6k and ¢k are the polar angles of the
wave vector k. The Hamiltonian (2) is transformed, by
means of the linear uv-transformation

a = b + by, as = ub_y + bt (4)
[me]® — |ve|* =1
to the diagonal form
#,— Eekbﬁbk, e = (4u? — | Bul?)™. (5)

k

Let the system, at the initial instant t = 0, be in ther-
modynamic equilibrium, which is described by a Gibbs
distribution p, with Hamiltonian 5, For t > 0 the sys-
tem is described by a density matrix p(t) that satisfies
the equation

7]
m-a‘%=[m+9@.,p] (6)

with the initial condition p (t = 0) = p,. Since in our case
there is no explicit dependence of the Hamiltonian #; on
time, the solution of equation (6) can be written in the
form

p(t) = exp [—i(36, + 8.)t | h]poexp [i(36 + )t/ h]. (7)

The density matrix (7) will have a simpler form if the
Hamiltonian 36, + 54 is reduced to diagonal form by
means of the uv-transformation

ax = @xcx + T*c—xt, @k = @xC_x + D't

@]t — |7t = 1. ®)
As a result we have (to within a constant term)
Ko+ .= Z‘Exck+ck, e =[ (4 + uh)z—lBklz]”’. (9)
k

The magnetization of the system is expressed in
terms of the correlators
{ax*ax) = Sp [p () ax*ac].

On transforming from the operators ay to the operators
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Ck, We have with the aid of (8) and (9),
Cartar) = |@x|? Cewtendo +1x]? Cemxeor Do + TuFu <CxC-i)o
) 2i
X exp (——ﬁ—gxt ) + #Bi” <extentD, exp (2igvt/h),

where (...)% = Sp(P...). On further expressing the
operators ck in terms of the operators bk and perform-
ing the averaging, we find the magnetic moment of the

system: A —er
M=M>=M,— ”Z(_"*+ o )
ph|B,|? 1 28,
+ — —
Z‘ exfi’ ( 2 ) ( ! cos h t) (10)
where M, = uNS is the nominal magnetic moment. The

first two terms in (10) correspond to the static magnet-
ization in field Hy; the third term is the contribution due
to the switching on of the field h. As is seen from (10),
it is positive; this is quite natural. But its dependence
on the value of the field h turns out to be nonmonotonic:
this contribution vanishes for h = 0 and for h = «. An
estimate at zero temperature gives for the field corre-
sponding to a maximum contribution a value of the order
of the magnitude of the gap in the spin-wave spectrum.
At small fields, one obtains from (10) a result agreeing
with the linear response.™?

By means of the distribution (7), we find for the en-
ergy of the system after switching on of the field h

E = Sp {p(¢) (56 + %z)} = Sp {po (56, + %1)} = (Hoyo — ph{M.>..
(11)

As is seen from (11), the energy of the ferromagnet
changes discontinuously by the amount ph (M ), when
the field is switched on, whereas the magnetization
changes smoothly. In particular, in the absence of mag-
netic dipole interaction the magnetization does not change
at all when the field is switched on.

2. The behavior of the magnetic system considered
above occurs only at times small in comparison with
the smallest relaxation time. Relaxation processes lead
to establishment of the equilibrium state. Thus after
switching on of the field h the system, which was origi-
nally in the equilibrium state corresponding to field H,,
changes to a new equilibrium state corresponding to
field H,+h. Here we shall present the derivation of a
kinetic equation that describes this process. We shall
take account only of exchange interaction between the
magnons, the Hamiltonian of which, to terms of the
fourth order in the Bose operators, has the form

HBine = E Yi2siaitatasa;,

explicit expressions for the real amplitudes ¥ are given,
for example, in the book of Akhiezer and others.™™ We
consider the case | Bk | < Ak (see ’)." In this case, in
the transformation from the operators ay to the oper-
ators ck it may be supposed that tx ~ 1 and Vi ~ 0.
Consequently the Hamiltonian 5;p,t preserves its form:
%{nt = \pl,z;:,4C|+Cz+csc;. (1 2 )
In the derivation of the kinetic equation, we shall use
Bogolyubov’s splitting method in the form given in

DThis inequality is always satisfied when the gap in the spin-wave
spectrum is sufficiently large or, if this is not the case, when the tem-
perature is not too low.

_and o.

385

In our case, in contrast to those usually treated, it is
necessary to take into account not only the one-particle
distribution function (cgcy ) but also the anomalous cor-
relators (ckc_i) and (cjc’y ). These correlators differ
from zero because of the initial condition, according to
which the system is in an equilibrium state until switch-
ing on of the field h. For the time derivatives of the cor-
relators in question we have

d
- ih:i—t- (exten) = 22 Yook ({esteeser) —c.c.),

1,2,3

d
lnz {exe—x?> = 2&{exe—x) +2 Z, Yok 1523

X<{eteesen) + 22
As usual, in order to obtain a closed system of equa-
tions, a splitting is performed in the right sides of the
equations for the correlators that appear in equation
(13). In the splitting, it is necessary to take into account
not only the normal but also the anomalous pair corre-
lators. As a result we get the system of equations

(13)

P 1;2.5€C;FC2C50 kD

dnk._ 32n 2 B .
== —TZ (hzakl (m 1) (n2 + 1) rane — nina (s + 1) (e + 1) 1

1,2,3

X 6(51,2;3,k)+ ‘lpx,z;a,k['lp—z.a;—kli (na - nl) (Uz'ck + 020k‘)6(51.k;z.3)

+‘lp..2 K;t,— a(nk —nl) (02‘03"'0203‘)6(81 3;2, k)])

dox 2igx 16n 14
7=——ﬁ— y{(‘l) nza+\bu 3) [(ny+ ) nons ( )

1,23

-_ny (n, + 1) (na + 1) ]Gka(ehk:lﬂl) + 2("1)—&1;2,1 \b:‘x;u,: + \vk,a;z,a ‘pz.—k;—u)
X [ (n, + 1)nznk —ny (nz + 1) (nk + 1) ]035(81,3;2}) - 2("])—1:.1;2.3 ‘b—l,z;-:,—k

+ Pres Po1,2-3.k) 01" 03068 (€4,2;3,6) — (Por.1;2.3 Yo tk;-2,-3

+ \Dk 12 alp—a.—kﬁz,-s) 0,°020508 (€1,x:2.3) 5 (15)

~

€),2;3,k = € 1+ ez 'Ek, with an analogous equation
for o*. In the derlvatlon of equations (14) and (15), use
has béen made of the fact that the correlator ¢  contains
an exponential factor that attenuates rapidly with time
and which, according to (13), is equal to exp (— 2i€yt/h).
The presence of this factor manifests itself, in particu-
lar, in the laws of conservation of energy in (14) and
(15).

Equations (14) and (15) describe completely the re-
laxation to the new equilibrium state; they constitute a
system of integrodifferential equations not only for the
distribution functions nk but also for the correlators ok
For times large in comparison with the charac-
teristic periods H/Ek, these equations simplify consider-
ably, because for such times those terms drop out that
contain rapidly oscillating factors of the type
exp [2i (ek — €,)t/h]. As a result, the equations are
significantly simplified:

dnx

32n
i Zilﬂuu[(nH—i) (n2+ 1) nsne — nyna(na + 1)

1,23

X (nk + 1) ]6(81.2;3,k)-

hﬂ GKZ (1[?:,1;“ + ‘P:,z;S,—k)

1,2,3

dox

dt

X[ (10 + 1) (raF 1) 10 = nana (ns + 1) 18 (e080), (16)
where Ok = ok exp (2i€kt/h) is a slowly changing function
of time. The first equation (16) is the usual kinetic equa-
tion for the distribution function ng. In the linear approx-
imation with respect to the nonequilibrium contribution,
it contains both departure and arrival terms in the col-
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lision integral. In the same approximation, the equation
for ok contains only a ‘‘departure’’ term, and this en-
ables us to introduce a relaxation time:

1 162

T h 12,3 (17)
Thus the spin system of a ferromagnet after switching
on of a constant field of arbitrary value is initially de-
scribed by the nonequilibrium moment (10). At times
large in comparison with the characteristic periods of
the system, the anomalous correlators attenuate expo-
nentially. The relaxation time for them is described by
equation (17). At times coinciding in order of magnitude
with (17), the distribution function becomes an equilib-
rium one, and the system is described by the Gibbs dis-
tribution corresponding to the total magnetic field.
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