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The possibility of observing resonance absorption of the energy of an electromagnetic field by 
vortex-ion complexes in a rotating He I1 is considered theoretically. It is shown that a t  tempera- 
tures T < 0.5"K such resonance may appear a t  frequencies - lou sec-'. The dependence of the 
resonance frequency on the ion and vortex-core radii and on the density of the superfluid com- 
ponent is derived. The deviation of the vortex ion spectrum from an equidistant one is estimated. 
Possible causes of the resonance line broadening-viscosity due to  the interaction of the ion with 
the vortex excitations and Coulomb interaction between the ions-are considered, and the relevant 
estimates a r e  presented. The absorption coefficient is computed. 

1. INTRODUCTION 

HALLEY and cheungrl1 have investigated theoretically 
the problem of the resonance perturbation by an alter-  
nating electric field of the motion of ions in rotating 
superfluid helium. It was discovered that the given 
resonance can appear a t  a definite relationship between 
the eigenfrequencies of the vortex oscillations and the 
frequency of the perturbing field. They showed also that 
this resonance can be detected by studying the mobility 
of the ions along the vortex filaments. It turns out that 
the resonance will manifest itself in a sharp decrease. 
of this mobility. 

In the present paper we undertake to study this 
phenomenon from a different point of view, namely, to 
investigate the problem a s  to how the absorption (or 
emission) of electromagnetic energy occurs in such a 
system, and to compute the intensity of these processes 
in the first  nonvanishing order.  In contrast to-the 
resonance a t  vortex oscillation frequencies W2km - l0~-10' sec-' studied inr1], we investigate the possi- 
bility of observing a resonance a t  frequencies 
o - loa  sec-' which characterize, a t  definite tempera- 
tures,  the oscillations of an ion on a vortex line. We , 

postulate that an experimental investigation of this 
resonance will enable u s  to  obtain additional informa- 
tion (and to determine more accurately the existing 
data) about the properties of the vortex motion of He 11, 
in particular, about vortex structure and intervortex 
and ion-vortex interactions. 

The fruitfulness of the various types of resonance 
methods in the physics of solids and ordinary liquids is 
well known, and we assume that the application of these 
methods to the investigation of liquid helium will be 
promising. In the present paper we concentrate mainly 
on the computation of the steady-state effects of the 
interaction between the electromagnetic field and the 
vortex ions. In this case, a s  can easily be shown, we 
can neglect the coherent properties of the system under 
consideration and consider the contributions from the 

f i rs t  step in the estimate of the magnitude of the sup- 
posed effects. Indeed, the correlations in the motion of 
the ions that determine the coherent properties largely 
depend on the interactions obtaining in helium, and 
ca r ry  a great deal of information about these interac- 
tions. Thus, practically the most interesting of the 
experiments of this so r t  would be those experiments in 
which the role of these correlations were more fully 
exhibited. As is well known['], such experiments in- 
volve the observation of nonstationary superradiant 
responses of the system: induction and echo. 

2. COMPUTATION OF THE SPECTRUM AND LINE 
WIDTHS 

In the presence of an electromagnetic field the ion- 
vortex system is described by the ~ a m i l t o n i a n ~ ' ]  

where HI is the Hamiltonian of a free vortex, Hz that 
of a f ree  ion, and H3 that of the free electromagnetic 
field; H; is the ion-vortex interaction potential energy 
which commutes with HI; H'; is the ion-vortex interac- 
tion potential energy which does not commute with HI 
and is responsible for the energy exchange between the 
ions and vortices (for more details in connection with 
the forms of the interactions HA and H';, 
Hz3 takes account of the ion-field (electromagnetic) 
interaction. 

We now note that in the absence of energy exchange 
between the three subsystems which make up the whole 
ion-vortex-field system (i.e., for = HZ3 = O), the 
energy of a vortex ion wi: be determined by the time- 
independent Hamiltonian Hz = HZ + V( r j  ) ( [H, Hz ]- = 0 
for Hlz = Hz3 = 0), where r j  is the distance of the 
center of the ion from the vortex line. The spectrum 
of this Hamiltonian is determined by the form of V( r j )  
- - Hhrll: 

V ( r j ) = -  drQ'Vz$; " J 
2p , 

(2) 

ions to the intensity to be independent of each other. It here  p is the mass  of the helium atom, 11, the wave 
is clear that such a simplification is justified only as a function of the unexcited condensate with a vortex, and 
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the symbol j indicates that the integral is evaluated ent can be &ssumed to be approximately equal to  the 
over the volume of the ion. total particle density in He II['] (no  - loz4), an ion on 

Generally speaking, the determination of the wave a vortex behaves like an oscillator of frequency 
function $ involves the solution of the nonlinear differ- w - 10" sec-'. More precisely, we may asse r t  that a t  
ential e q u a t i ~ n [ ~ ~ ~ ]  least the lower levels of an ion on a vortex will have an 

hZ - V2$ = V o ( n  - no)$, equidistant vibrational character (this follows from the 
2~ (3) large ratio of the depth of the potential well to fiw). 

where Vo is a constant describing the interaction be- 
tween helium atoms, n = n ( r )  = ) $ l 2  is the density of 
the superfluid component as a function of the distance 
from the vortex line, and no is the density of the 
superfluid component far  from the vortex (it is a con- 
stant and is assumed to be equal to the density in the 
absence of the vortex). This solution was found by 
numerical methods[5]; i ts  radial  part vanished on the 
vortex line and tended to some constant limit far from 
it. Subsequently, ~ e t t e r ~ ~ ]  proposed for the radial part 
of the wave function $ a simple analytical expression 
which behaved as the exact solution in the indicated 
limits 

f ( r )  = nihr (rz  + a2) (4 ) 

where. f ( r )  is the radial part of the wave function 
( $  = e18f(r)) and a =fi/(2mno~o)1'2 is the radius of the 
vortex core. Fetter also showed that the use of this 
approximation did not introduce significant changes 
into the results of the computation of the quantities 
characterizing the vortex (thus, the exact value of the 
energy per unit vortex length differs by only a small  
logarithmic constant from the value computed by the 
Fetter method). 

Let us, using (3) and (4), now transform (2). After a 
number of steps in the calculation we obtain 

where R is the effective radius of the ionZ3'. This po- 
tential has a sharp maximum at  r j  = 0, and in the 
vicinity of this point it may be written in the form 

Thus, for small oscillations near the vortex line the 
ion behaves like a harmonic oscillator. 

The results of the computation of the constants 
entering into (6) a r e  somewhat different for positive 
and negative ions, and this is connected with the dif- 
ference in the effective dimensions (&/a = 4.6; 
r - / a  10 [31). In the case of negative ions 

0 r M / ~ .  For  positive ions 

Thus, we see  that a t  sufficiently low temperatures 
T < 0.5"K, when the density of the superfluid compon- 

When the ion is in equilibrium in the indicated temper- 
ature range only the lowest level is preponderantly 
populated and, therefore, we can, in computing the ab- 
sorption ra te ,  neglect the deviation from equal spacing 
a t  the higher parts of the spectrum. Such situations 
can, however, a r i se  when many levels a r e  comparably 
populated. In that case the uneven spacing of the spec- 
trum will, if it is small  (the condition for smallness is 
the comparability of the difference between two fre- 
quencies of the spectrum with the homogeneous width 
of a line), manifest itself in a nonuniform broadening 
of the resonance line. It turns out that consideration of 
the next t e rm (-r?) results in a shift of the levels by 
the amount J 

The homogeneous width of a line may be estimated 
in the following way. We shall  consider an ion on a 
vortex as an oscillator immersed in a liquid of viscos- 
ity q . In that case the width of i t s  line 

y = q l M .  

The viscosity of helium with respect to an ion is easily 
estimated from mobility measurements[']. In the tem- 
perature range of interest to us, y - lo7 sec-', i.e., 
comparable with the frequency shifts (9). 

We have not taken into account in the theory devel- 
oped here the Coulomb repulsion between ions. In other 
words, we have neglected in the ion gas the relaxation 
processes caused by an interaction of the form 
q2/rjk, where rjk is the distance between a pair of 
ions. It turns out that such neglect is justified a t  ion 
densities -1015 ~ m - ~ .  Indeed, let us consider two 
charged linear oscillators a t  a distance ro from each 
other. It turns out that i f  in the beginning one of the 
oscillators was displaced from the equilibrium position 
while the other remained unexcited, then in the pres- 
ence of the Coulomb interaction the difference between 
the energies of the oscillators will decrease with the 
time, and in the limit of long intervals of time this 
difference executes small  oscillations about zero.  The 

. t ime T required for the establishment of such an 
equilibrium is given by the formula T = q-2nw~r :  (o 
is the frequency of the oscillator, M is i t s  mass,  and 
q i ts  charge). If we take this time a s  the characteris-  
t ic time for the establishment of equilibrium in a sys-  
tem of oscillators with a mean distance ro between 
them, then in the case of interest to us T - sec  
for the indicated ion density. We see  that the contribu- 
tion to  the line width due t o  this mechansim is much 
smaller than the previously computed width resulting 
from viscous friction. 

The Coulomb repulsion will manifest itself again 
in the motion of the ions along the vortex tubes, and 
this will result in a continuous decrease of the num- 
ber of absorbing ions. It can, however, be shown that 
for a linear ion density X - lo3 cm-' on a vortex the 
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distribution of the ions is practically constant. Indeed, 
it is sufficient if this distribution changed little during 
times comparable with the relaxation time, which we 
estimated above to be sec.  During this time 
the distance ro - lo-' cm between the ions increases, 
owing to the Coulomb repulsion, by an amount -lo-' cm 
(for a mobility p = 10' cm2 x V-' x sec-'['I), i.e. by an 
extremely small  amount. Thus, for vortex densities of 
-10" cm-' and a linear ion density on a vortex of 
-lo5 cm-', the Coulomb repulsion will not have any 
effect on the resonance pattern. 

The data obtained a r e  quite sufficient for an esti-  
mate of the absorption coefficient. Since the above- 
considered temperatures T << k-'hw (where k is the 
Boltzmann constant), the overwhelming majority of the 
ions a r e  in the lowest energy state. In this case the 
absorption will be determined, in the main, by transi-  
tions to the first  excited state. The rate of absorption 
by a layer dl will therefore be determined by the 
formula dl = - ( ~ c M ) - ~ I ~ ' N ~ ( w ) ~ L ,  where I is the 
intensity of the incident wave, N the concentration of 
ions entrapped by the vortices, c the velocity of light, 
f ( o )  a function of the form of a line, and the absorption 
coefficient in the resonance 

Generally speaking, the absorption coefficient de- 
pends on the angular velocity of the container with the 
helium. Indeed, the concentration of the entrapped ions 
can be expressed in t e rms  of the vortex density v and 
the linear ion density A along a vortex: N = vA. Owing 
to the Coulomb repulsion (see above), A has a tendency 
to attain the saturation value, butr7] v = ~ Q / K ,  where 
61 is the angular velocity of the helium container, and 
K = lo-' cm2/sec is the circulation quantum, Then we 
obtain finally 

and in the case of saturation ( A  = const), the absorp- 
tion coefficient depends only on the angular velocity Q. 
If we assume A = 10' cm-' and y = l o 7  sec-', then 

At low angular velocities -1 rpm the absorption coef- 
ficient becomes a quite measurable quantity. 

Thus, we have established that a t  temperatures 
T < 0 5 ° K  there exists in the absorption spectrum of a 
rotating liquid helium with ions a reasonably narrow 
line of frequency -lo* sec", due to oscillations of 
ions on the vortex lines in He 11. 

The frequency a t  which absorption occurs depends on 
the structure constant of the vortex-ion complex, as 
well as on the density of the superfluid component. 

At angular velocities of the He-I1 container up to 
lo7 sec-' and a t  linear ion densities along a vortex line 
up to 10' cm-', the various types of interaction between 
an ion and the vortex excitations which lead to the ap- 
pearance in He I1 of viscous friction with respect to the 
ion constitute the predominant mechanism of the broad- 

The absorption coefficient depends decisively on the 
angular velocity of the He-I1 container if the linear ion 
density along the vortex tubes has reached the satura- 
tion point as a result of the Coulomb repulsion between 
the ions. 
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