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Nonlinear effects in the problem of anomalous plasma resistance is investigated under asymptotic con-
ditions. It is shown that the self-similar solution obtained in the quasilinear approximation formally
leads to an explosive instability with characteristic time constants which are significantly smaller
than the fundamental time scale in the self-similar problem. Allowance for the nonlinear effects

leads to a definition of rigid limits of applicability for the quasilinear approximation.

V EKSHTEIN et a1.1"7 have investigated the anomal-
ous resistance and turbulent heating of plasma by a
current under asymptotic conditions, i.e., when the
thermal energy density in the plasma is substantially
greater than the initial density, so that the particle dis-
tribution function and the noise spectrum do not depend
on the initial plasma parameters. These workers con-
sider the three-dimensional (for H = 0) and one-dimen-
sional (for wy; > “’pi) problems. The solution of the

latter leads to the following physical results: 1) prac-
tically all the ions and electrons are freely accelerated
by the electric field under the asymptotic conditions;

2) in contrast to the initial stage of the heating proc-
ess,'**) when only the ion-acoustic noise is developed
in plasma, the Langmuir oscillations in the asymptotic
state have a much higher energy density than the ion-
acoustic oscillations.

The above results were obtained in the quasilinear
approximation and nonlinear effects were assumed to be
unimportant. We note, however, that this assumption is
valid only when the characteristic time for the nonlinear
interaction between the waves is much greater than the
characteristic time scale in the linear theory (recipro-
cal of the growth rate):

>y (1)

When this condition is not satisfied the nonlinear effects
will substantially contribute to the heating of particles
and the evolution of the wave spectrum. It will be shown
below that the inequality (1) leads to very rigid condi-
tions for the validity of the self-similar solutionst*™*]
and these can hardly be satisfied experimentally.

Let us consider as an example the one-dimensional
problem of the instability of a current in plasma, which
was solved rigorously in the quasilinear approxima-
tion, 3] and consider the contribution of nonlinear
effects to the evolution of the noise spectrum. Using
the self-similar variables

Q- o , U, k.ur eEt (2)

for the particle distribution function
fei(v2) = ur'g.,:(u) (3)
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and the spectral noise density

W(k,,t)=—E—z 8 () (3"
8a* e
the authors of'') show that
. B W
g.=2p" m+(1——2u’)6(u—1), (4)
= 20 (1 — 4 In ) 8()
! u+ uz w 13 )
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w=m/M.

The dispersion relation for the potential oscillations,
taking the distribution functions given by Eqgs. (3) and
(4) into account, assumes the following form:

e(Q, ¢) =1—¢7G(u,) =0;
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To within small corrections of the order of u'/? the ex-

pressions given by Eq. (5) can be used to obtain explicit
expressions for = Q(q):

Q= phq/ (g4 1),
0= { nhq/(1—q) g<1-2p*
Y lg—t+pte/(g—1), g>t1+2p"
Q=gqg+1—npkq/(¢g+1), (6)
Q= o[qg—1— ((g—1)*+4gn*) %].

It is readily shown from Eqgs. (5) and (6) that the deriva-
tives are given by
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Hence, it is clear that the branch £2:(q) represents os-
cillations with negative energy. Dikasov et al,m con-
sider the nonlinear interaction of waves with positive
and negative energies, including the explosive instability
connected with the simultaneous generation of various
types of wave. This instability can develop if

o-(k) = 0+(k') + or(k—F),
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where w_ and w, are the frequencies of waves with nega-
tive and positive energies, respectively. In our case,
interaction is possible only when three waves belonging
to different branches of the dispersion curve participate
in the process. The wave with negative energy can then
have an arbitrary wave number q > 2, whereas for the
remaining waves the conservation laws yield

Q,(q) =Qs(q") + Q.(¢"),

~ w(h_9-2 2 o
Qrg—1+p (-5 q_i), Qum it ©
¢ ~g—2+t b, g7 2" pk
The instability results in a growth of the wave with nega-
tive energy in a broad spectral range (1/2 < Q/q < 1),
whereas waves belonging to branch 1 develop in a very
narrow range (Aq” < p'%?).
The kinetic equations for the waves, which describe
the explosive instability, can be written in the form

o =.‘. k" Vi [Ratar + nov ey + nu-h’nzn],
Hign = Idk’ Vnm[nzmnn + nalyp—p + nu.,_,.nu.,],

9

where my = |Wj /wy | and the kernel Vi, can be evaluated
by standard methods: "

iy = j Ak’ Vil naplisnr + Bgpopnan + Rlan ],
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91
K =k—kK. 9

Let us transform Eq. (9') to the variables given by
Eq. (2), substitute Eq. (4) into it, and isolate the leading
term which clearly corresponds to the electron contri-
bution. This results in a considerable simplification of
the above expression, namely:

n Wpe
Vi = — ,-——[1+
Wy @ nmu,®

©f =@ — (DI,

ﬁ——z—qu%] 8(Q — Qu— Q). (10)
Let us first confine our attention to the spectral range

2 < q< p in which Eq. (10) assumes a particularly
simple form. Substituting Eq. (10) into Eq. (9), integrat-
ing with respect to k’ and bearing in mind the fact that,
according tol*) , waves belonging to branch 3 do not grow
in the quasilinear approximation, we find that during the
initial stage of the explosive instability, Eq. (9) assumes
the form

T = fiy == Vnuna, 1y = Vynun,,
po et 3 (-1 an
4 plnmurs ) X 3 " .

The set of equations given by (11) can be used to
estimate quite readily the characteristic time for the
development of the explosive instability. Thus, the doub-
ling time for the number of waves n, is given by

LT (Van|t=o) -,

whereas that for n: is given by

1 Ana
T~ In —-—) .
* ( Vyn. ny /im0

We shall take the initial noise density n; and n. from
Eq. (4) (the results of Vekshtein et al.['J), taking the
dispersion relations given by Eq. (6) into account. The
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final expressions are
m\" m\ " M
~ — , R —_— h
T 4n(M) T, T 8n(M) ln(5 m)‘t,

where 7 = mug/eE is the fundamental time scale in the
self-similar problem.[” Thus, the noise density doubles
during a time 7, < 7 in a broad spectral range (q > 2).
The narrow line in the wave spectrum ,(q), which leads
to a singularity in the quasilinear diffusion coefficient,
grows even more rapidly (11 < T2).

It follows from the foregoing that the solution of the
anomalous resistance problem demands, in general, the
inclusion of nonlinear effects. The formal presence of
the explosive instability in the solution given by Eq. (4)
does not mean that a highly turbulent state is established
under asymptotic conditions.[' It is simply necessary
to take into account the nonlinear terms in the oscilla-
tion growth rate:

(12)

Y, + v =0 (13)

where y; and vy are the characteristic linear and non-
linear growth rates, respectively. The question then is
whether the corresponding asymptotic solution will, in
some way, approach the solution given by Eq. (4).

Let us consider the ion-acoustic noise [the branch
€,(q)] . If the true solution is not very different from
Eq. (4), yp ~ 71 and y, < w_;. Substituting for 7,
from Eq. (12), we can readily show that Eq. (13) can be
satisfied if

E [ (drnmus?) << bn(m | M), (14)

and since the theory reported int*®} is constructed for
nonrelativistic current velocities, we have from Eq.
(14)

E* << (4n) e (m | M)". (15)

This inequality is practically never satisfied in plasma
heating experiments and, therefore, the solution given
by Eq. (4) is not valid under these conditions.

I am indebted to L. I. Rudakov for formulating the
problem and to D. D. Ryutov for valuable criticism.
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