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The cross section for the reaction nd — 7pn near threshold is obtained by summing an infinite series
of diagrams. The reaction amplitude takes into account multiple scattering of the 7 meson by the
nucleons in the deuteron. Corrections to the amplitude due to the kinetic energy of the nucleons in the
intermediate state and the p-wave amplitudes for 7N scattering are taken into account in the terms
corresponding to single and double scattering. The cross section for the reaction is 10.9 e (micro-
barns), where € denotes the excess energy of the 7 meson above its threshold value, divided by the

deuteron binding energy.
1. INTRODUCTION

THE attempt to utilize the smallness of the ratio of the
pion mass to the nucleon mass (u/m ~ 1/7) in order to
describe the interaction between the 7 meson and the
nucleon appears to be extremely attractive. Such
attempts were first made by Brueckner**] in order to
obtain the amplitude for the elastic scattering of a
meson by a deuteron. It was assumed there that owing
to the smallness of the ratio p./m the nucleons will ex-
perience a small recoil when scattering the pion, and
consequently the amplitude for the scattering of a pion
by a deuteron can be obtained by averaging the ampli-
tudes for scattering by a system of two fixed centers
over the deuteron wave function.

The formula proposed by Brueckner took multiple
scattering of the pion by the nucleons into considera-
tion. In this connection, however, the accuracy of the
approximation was not estimated. Such an estimate can
be obtained if the nonrelat1v1st:1c diagram technique, de-
veloped by I. S. Shaplro J for applications to nuclear
reactions, is used in order to describe the reactions be-
tween the 7 mesons and the nuclei. This method was
used int**] to calculate the amplitude for elastic md
scattering. Here one was able to derive an expression
for the md-scattering amplitude, similar in form to the
Brueckner formula, but taking the deuteron binding en-
ergy into account in an explicit way:

2 fot fot 2f for—t e rtirr
here P 4(r) is the normalized deuteron wave function;
f, and f; are the amplitudes for the scattering of a 7
meson by a neutron and by a proton, respectively; k is
‘the momentum of the incoming 7 meson, p* = k* — 2 €4q>
and €, is the deuteron binding energy.

In the present article the method of summing multi-
ple scattering diagrams, which was used int‘], is ap-
plied to the calculation of the amplitude for deuteron
disintegration by a pion near threshold. We consider
only the reaction without charge exchange of the 7 me-
son (i.e., md = mpn), since near threshold the cross sec-
tion for the reaction 7*d — 7°pp is much smaller, owing
to the smallness of the m-nucleon spin-flip scattering
amplitude. The diagrams giving the major contribution
to this amplitude will be summed in Sec. 2. The correc-
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tions to allow for the kinetic energy of the nucleons in
the intermediate states and the contribution of the
p-wave 7N scattering to the amplitude for the reaction
md — 7pn are considered in Sec. 3.

2. THE AMPLITUDE FOR THE REACTION nd — #pn

The series of diagrams shown in Figs. 1 and 2 will
be summed in the present section. Everywhere on these
figures the solid lines represent nucleons, the double
lines represent a deuteron, and dotted lines represent
a 7 meson.

Let us first consider the pole diagram (diagram I in
Fig. 1). This diagram corresponds to two invariant
amplitudes Mal and M, (the 7 meson is scattered by the
proton and by the neutron) The invariant amplitude M%
has the form

i(—2im) MF (p) A,

Me= -
! p*—2me —i0

mM,AF (p,)
P’ ta’

’

Here M, = 8ma/m? (a® = meg), A, (A:) is the invariant
amplitude for the scattering of a 7 meson by a proton
(neutron); F(q) is the deuteron form factor, where

F(q) 1 _

=——[evw,(rar. 1

- M @
Taking expression (1) into account, and also considering
that

wm

fi= 2n(m+ )

4; (i=1.2),

we can represent the amplitude M2 in the following
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form:

Me=C j €= (W, (1) |7,| &%) dr,

where it is convenient to introduce the variables

2A = p. +p,. 2q =p,—pu

and the quantities f; and C are defined by
_ mtp _ mM, i n
fi= - fo C= " R

We obtain a similar expression for the pole diagram
corresponding to the process in which a 7 meson is
scattered by a neutron:

Mp=C j €% (W o(r) IFal e/ dr.

Now let us go on to a consideration of double scattering
(diagram II in Fig. 1). After integrating over the en-
ergy, the expression for this amplitude takes the form
i (= 2im)*(— 2ip) MoA,A;ni

(2x)*-2m '
y _f F(p)dp
(P*ta’)[(k+p—pu)’—2u(Bx—es— E,)+pp/m] ~

M=

()

One can evaluate this integral exactly, but for conven-
ience in summing the whole series of diagrams shown
in Fig. 1 we shall evaluate it approximately, omitting the
small terms pp%m and 2uE, in the denominator of the
pion propagator. It turns out that the diagrams M; and
M. make the major contribution to the sum of the series
shown in Fig. 1; therefore in Sec. 3 we shall consider
the contribution to the total amplitude coming from the
corrections which must be made to account for the
above- mentioned terms discarded in expression (2).

Using the transformation (1), and also using the fact
that

1 1 pexp(igr+ipr)
Py —_Z?J. . dr, (3

we obtain the following expression for M::

Mp = Cj' e~ Wy (r) | Fifar—" e[ i) dr, (4)
For the same diagram, except that the positions of the
proton and neutron have been interchanged, the expres-
sion has the form

Mp=C ."e_m. QF(x) |71 far=" ekr+ivr| g=iary dp,

Proceeding in analogous fashion, one can show that the
amplitudes represented by diagrams III and IV in Fig. 1
are given by the following formulas:

M= (e Cpa(n) |7 3far €] e dr,

Me=C je“'“' (W (r) |F 2 r2 e r+sier| glar) dr,
Any arbitrary term of the series of diagrams shown
in Fig. 1 is calculated in the same way.
It is now easily noted that this series of diagrams
can be summed. In fact, we find
M=V Mo =€ [ e QW) IF i+ Fofart evs + F i eter

s
+... gy dr = cj e (Wy(x) | D, (r, p) | € dr,
M=c j €= (W, (r) | D (r, p) | e=i9°) d,
where

O.(r, p) = [F1+ Fifarte™+er ][4 — fifir2erer] -1,
O.(r, p) = [fot Fuf e +or ][4 — fifar—2eror] =1,

205

Now let us proceed to the calculation of the diagrams
shown in Fig. 2. Diagram I of Fig. 2 corresponds to the
following expression for the amplitude M, (the integra-
tion over the energy has already been carried out):

©)

M= (= 2im) °MoA sui-4av _f F(p)fun(lp+Al g)dp
1 (p

(270) *-4m* P+ a?)[(p+A) —¢*—i0]
Here fNN(p, 9) denotes the nucleon-nucleon scattering
amplitude. Since |p + A| is not equal to q in general,
then the amplitude fyy in expression (5) is not taken on
the energy surface. It is well-known that one can repre-
sent it in the following form:

fun (K, g 1 4

e Eaah LS CED O
where P (r) is the exact solution of the Schrédinger
equatioanor a proton and a neutron with the following

boundary condition at infinity:
‘Fq"(r)—*e““'+———-——f""r(q) e, r

(q denotes the relative momentum of the two nucleons,
and fyN(Q) is the nucleon-nucleon scattering amplitude
on the energy surface). One can easily verify the cor-
rectness of the normalization factor in Eq. (6) by evalu-
ating the wave function of the np-system in the approxi-
mation of zero-range forces. Using Eq. (6) we obtain the
following expression for the amplitude M?

]
Me=C [ v IF B () dr,
‘r’,*(r) = Wqt(r) — &',
We obtain a similar expression for the amplitude ﬁf’

corresponding to the process in which a pion is scat-
tered by a neutron:

HE=C [e W) Ifal Wt () dr., M
Now let us consider the amplitude M. which corre-
sponds to diagram II of Fig. 2:

# (= 2im)* (— 2ip) MoA, A, (7)) >4t
= (2m)%-4m®
Xj F(p)fun(IA—p,I,q)dpdpa
(p*+a?) [(k+p—p)*—2u(E —ea) + pp*/m+ ppl/m] [(A—p)* - ¢°]

My (8)

Omitting the terms pp?/m and pp3/m in the pion propa-
gator and using the transformations (1), (3), and (6), we
obtain the final expression for :

e =C[ e v, () IF fart ™o | Gt () dr, (9)

The amplitude ﬁ? is equal to the amplitude MZ. One

can calculate the contributions from any other term of

the series shown in Fig. 2 in exactly the same way.
By summing all of these amplitudes we obtain

o= 2 M= C [ e W) 1@4(x, p) | ¥, (1) .

It is convenient to represent the expression for the
amplitude of the reaction 7d — 7pn as the sum of two
terms 7@ and mP, where

W= Mo+ M= C [ CWa(r) |04 (r, p) | Wt (1) Y, (10)
W = C [ CWu(0) |0:(x, p) | W-* (1)) . (11)

Thus, the amplitude of the inelastic process 7d — 7pn
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is expressed in terms of the matrix element for the
exact amplitude for the scattering by a two-center sys-
tem (with the deuteron binding energy taken into ac-
count), the matrix element being taken between the
deuteron wave function and the wave function of a neu-
tron and a proton in the continuum.

In addition to the diagrams summed in Fig. 1 and
Fig. 2, diagrams containing a rescattering of the
nucleons in the intermediate state (for example, the
diagram shown in Fig. 3) must also contribute to the
amplitude for the reaction 7d — 7pn. However, as
shown inl*J, this contribution is small. In the first
place, any diagram involving a rescattering of the
nucleons contains the factor viu/m. In the second place,
such a diagram has a smallness of order (b,/ by)? in
comparison with the diagram for double scattering of a
pion by nucleons, where b, and b, are the isoscalar and
isovector pion-nucleon scattering lengths:

bax = bo+ by (tr).

Here bo =—0.017 + 0.006 F, b, =—0.137 + 0.010 F;

t and 7 are the isospin operators of the pion and nucleon.
The point is that, after rescattering of the nucleons, the
pion can be scattered by both the neutron and by the
proton. The sum of the diagrams enters into the answer,
giving the value 2b,. One can also make the same as-
sertion about the first scattering of a pion. Taken all
together this leads to the result that the contribution
from the diagrams involving rescattering of the nucleons
does not amount to more than 2—3%, of the contribution
from the diagrams shown in Figs. 1 and 2.

(12)

3. CONSIDERATION OF THE TERMS CORRE SPONDING
TO THE KINETIC ENERGY OF THE NUCLEONS IN
THE INTERMEDIATE STATE AND THE p-WAVE
PART OF THE 7N SCATTERING

By discarding the diagrams involving rescattering of
the nucleons, we make an error of the order of a few
percent. Therefore it makes sense to also calculate the
series of diagrams shown in Figs. 1 and 2 to within an
accuracy of a few percent. However, by discarding the
terms of the form pp®/m in the pion propagator (these
terms correspond to the kinetic energy of the nucleons
in the intermediate states), we have made a much larger
error. Now we shall take the contribution from these
terms into account.

As shown by the calculations, the terms associated
with single and double scattering of the pion on the
nucleons give the major contribution to the integrals
(10) and (11). Therefore, in the final answer for the am-
plitude of the reaction 7d — npn we must take account of
the corrections to the amplitudes M. and M. due to the
terms indicated above. First let us calculate the ampli-
tude M. (given by formula (2)) at threshold, i.e., for
E, = €q. Here E;; = 0 and p, = 0. Comparing the exact
value of the integral with the approximate formula (4),
we find that the latter formula gives a result amounting

\ ’

to 74 per cent of the exact amplitude. This correction
must be taken into account in the final answer. Evalua-
tion of the integral (8) shows that in order to obtain the
correct answer, it is sufficient to replace the terms
up?/m and p,pl/m in this integral by up ¢/m, where
Peff = 110 MeV/c." __Having made this substitutlon in all
of the amplitudes M1 we obtain the following expression

for the amplitudes M = M? + MP at threshold:
M =C [ W, (1) | (x, %) [¥* () dr,

where

(D(r, %) = [ft + fz + 2f1fzr_‘eﬂ"—”] [1— f fzr—ze'z"']"

and k* = 2jp%ee/m.

Now let us turn our attention to the calculation of
the corrections which are associated with taking the
p-wave part of the pion-nucleon amplitudes into account.
At low energies the p-wave amplitudes for 7N scatter-
ing can be represented in the form Ap = (21rc"N/u)q qQ,

where the ¢y are the p-wave scattermg lengths, and q

and q' denote the relative momenta of the pion and
nucleon before and after scattering. Here

Can = Co + Ci(tT),

where® co = (0.208 + 0.008)u.~%, ¢, = (0.180 + 0.005)u.~%,
It is clear that at threshold the contribution from the
pole diagram I of Fig. 1 vanishes—because the relative
momentum of the pion and nucleon is equal to zero after
scattering. Diagram II of Fig. 1 vanishes for the same
reason, in the case when the second pion- nucleon scat-
tering process occurs in the p-wave.

Neglecting terms of order p/m, the expression for
the diagrams of Fig. 1 containing a single p-wave
mN-scattering amplitude has the form

i (— 2im)* (= 2ip) Mo on®A nyrui f F(p) [K*/2 + kp — pp*/m]dp

Me=
: (2n)‘-2m (p*+ ) (k/2+p)*

Here AP = 27¢_,./u. The calculation gives M.2
7N 7N

= 0.165 MZ and M# is determined by expression (4). We
shall not consider the corrections to the total amplitude
due to taking account of the p-waves in the remaining
diagrams of Fig. 1, since taking account of each p-wave
vertex introduces an additional small factor p/m.

Let us consider the corrections to the major terms
of the series of diagrams shown in Fig. 2. With the
p-wave part of the 7N-scattering amplitude included,
diagram I of Fig. 2 has the form
i*(— 2im)* Mo A . x*ni-4n

(2n)*-4m*
X]‘ F(p) [w'p*/m* — upk/m — pk*/m]fyx(Ip +k/21.0) d
(p*+a®) (p+k/2)* ’
which amounts to —0.158 times the value of the integral
(7). With a single p-wave vertex included, diagram II
of Fig. 2 is determined by the expression

M=

i*(— 2im)* (— 2ip) Mo Ann®A oy (i) -4t .

= (2r)®-4m?®

DHere the wave functions ¥4(r) and ‘I'q(r) are taken in the form
proposed by Hulthén, [] with the parameter § = 240 MeV/c.

DThe values of the 7N scattering lengths are taken from [7].
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% jF(q) (k— pg/m) (/2 + q— qi) fun (9:) dq da,
(¢ +a?) [k/2+q—aql’¢’ !

which amounts to 26 percent of the value of the integral
9).

In order to obtain the final answer, we must take into
consideration the fact that the mN-scattering amplitude
is a matrix in isospin space. One can represent the
amplitude of the reaction 7d — 7pn at threshold in the
form

M= [ qu )10 0+ 79 @) 1w @>dr,  (19)

where T and T® are operators obeying the equations

[1 — (Bo + bstry) (Bo + butrs) 2] T
= (b, + bitr)) + %1 (o + bitry) (bo + bitrs),

[1— (bo + butrs) (bo + butry)r-2]T®
= (bo + bitrs) + €*71 (by + bitts) (Bo + bitr.).

Let us denote the isospin wave functions of the pion
by w', 0°, ™ (7%, 7%, 7 ), and the isospin wave functions
of the two nucleons by xo (isoscalar) and x1’™ (isovec-
tor). In order to be definite, let us consider the reac-
tion with a 7* meson. Introducing the functions ¥; = w;x¢o
and g = (0'x) — w°x1)A2, one can easily verify that the

operators by + bit* T act on the column (wl) like 2 x 2

(14)

matrices: i
) 5 7551 b — V?ﬁx
Bo + bytr = ( s, 50_5‘) B+ b tt. = ( —7551 Bo— )

Therefore, in order to determine T it is necessary to
seek the matrix which is the inverse of the matrix A:
s (41— =252)r" V252
4= ( —V25r2 41— (B2 — 25,5, ~ 5,2 ) )

By determining the matrix A™ and multiplying (14) on
the left by this matrix, we obtain expressions for the
operators T. In calculating the amplitude (13) we only
need the ‘1 to 1’’ element of the T matrices.

The final expression for the amplitude of the reac-
tion 7d — 7pn has the form

M= e v () Ifl Wit (x)> dr, (15)
where _
F={[25, — 2r2(B,* — 25,25, — Bobi2 + 25,%) ]
+[2(862 — 2b:%) — 2r—2[ (Be* — 2B.%) (Bo* — 25ob, —b.2) + 26,411} -

— (8 — 25¢%) 1[1 — r2 (B — 2bh, — B,%) ] + 2r-5,*} .

Near threshold the cross section for the reaction
md — 7pn can be expressed in terms of the amplitude in
the following way:
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LMy
Une (27)°

where V4 is the relative velocity of the pion and deu-
teron at threshold. M is the amplitude of the reaction
nd — 7pn at threshold, and V; is the phase space volume.
The quantity M is defined as the amplitude M (given by
expression (15)) plus the corrections indicated in this
section. This calculation of the cross section is accur-
ate to within a few percent. However, the actual exact-
ness of the resulting numerical value is smaller, due to
the large errors in the values of the S-wave 7N scatter-
ing lengths. The errors associated with the uncertainty
in the values of the 7N scattering lengths far exceed the
error connected with the uncertainty in our choice of the
wave functions y4 and 5.

The final expression for the cross section of the re-
action 7d — 7pn has the form

c=10.9(E's:8‘)‘ ub

The replacement of M by a constant at threshold is
valid for E; — €g < €d. When the incident pion has lar-
ger energles the value of M begins to change due to the
rapid growth of the p-wave, 7N-scattering amplitudes.

In conclusion I express my gratitude to V. M. Koly-
basov and I. S. Shapiro for helpful discussions.
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