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The cross  section for the reaction nd - npn near threshold is obtained by summing an infinite se r i es  
of diagrams. The reaction amplitude takes into account multiple scattering of the n meson by the 
nucleons in the deuteron. Corrections to the amplitude due to the kinetic energy of the nucleons in the 
intermediate state and the p-wave amplitudes for nN scattering a r e  taken into account in the t e rms  
corresponding to single and double scattering. The cross  section for the reaction is 10.9 c2 (micro- 
barns), where E denotes the excess energy of the n meson above i t s  threshold value, divided by the 
deuteron binding energy. 

1. INTRODUCTION 

THE attempt to utilize the smallness of the ratio of the 
pion mass to the nucleon mass (p/m - 1/7) in order to 
describe the interaction between the n meson and the 
nucleon appears to be extremely attractive. Such 
attempts were f i rs t  made by ~ r u e c k n e r ~ ' ~ ~ ]  in order to 
obtain the amplitude for the elastic scattering of a n 
meson by a deuteron. It was assumed there that owing 
to the smallness of the ratio p/m the nucleons will ex- 
perience a small recoil when scattering the pion, and 
consequently the amplitude for the scattering of a pion 
by a deuteron can be obtained by averaging the ampli- 
tudes for scattering by a system of two fixed centers 
over the deuteron wave function. 

The formula proposed by Brueckner took multiple 
scattering of the pion by the nucleons into considera- 
tion. In this connection, however, the accuracy of the 
approximation was not estimated. Such an estimate can 
be obtained i f  the nonrelativistic diagram technique, de- 
veloped by I. S. ~ h a ~ i r o [ ~ ~  for applications to nuclear 
reactions, is used in order to describe the reactions be- 
tween the n mesons and the nuclei. This method was 
used to calculate the amplitude for elastic nd 
scattering. Here one was able to derive an expression 
for the ad-scattering amplitude, similar in form to the 
Brueckner formula, but taking the deuteron binding en- 
ergy into account in an explicit way: 

here #d(r) is the normalized deuteron wave function; 
fl and fz a re  the amplitudes for the scattering of a n 
meson by a neutron and by a proton, respectively; k i s  
the momentum of the incoming n meson, P2 = k2 - 2pcd, 
and cd is the deuteron binding energy. 

In the present article the method of summing multi- 
ple scattering diagrams, which was used inC4], i s  ap- 
plied to the calculation of the amplitude for deuteron 
disintegration by a pion near threshold. We consider 
only the reaction without charge exchange of the n me- 
son (i.e., nd - npn), since near threshold the cross  sec- 
tion for the reaction n+d - nopp is much smaller,  owing 
to the smallness of the n-nucleon spin-flip scattering 
amplitude. The diagrams giving the major contribution 
to this amplitude will be summed in Sec. 2. The correc- 

tions to allow for the kinetic energy of the nucleons in 
the intermediate states and the contribution of the 
p-wave nN scattering to the amplitude for the reaction 
ad - npn a re  considered in Sec. 3. 

2. THE AMPLITUDE FOR THE FU3ACTION nd - npn 

The se r i es  of diagrams shown in Figs. 1 and 2 will 
be summed in  the present section. Everywhere on these 
figures the solid l ines represent nucleons, the double 
lines represent a deuteron, and dotted l ines represent 
a n meson. 

Let us  first  consider the pole diagram (diagram I in 
Fig. 1). This diagram corresponds to two invariant 
amplitudes and MY (the n meson is scattered by the 
proton and by the neutron). The invariant amplitude @ 
has the form 

Here M,, = 8na/m2 ( a Z  = med), A, (A2) is the invariant 
amplitude for the scattering of a n meson by a proton 
(neutron); F(q) i s  the deuteron form factor, where 

F ( q )  -- - A J etqc Y. (r) dr. 
qZ+ a2 1'8na 

Taking expression (1) into account, and also considering 
that 

f.= pm A, ( i  = I .  2 ) ,  
' 2 n ( m + p )  

we can represent the amplitude @ in the following 

FIG. 1 
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form: 

M," = C j@-'Ar (Yd(r)  If,[ e'qr) dr, 

where i t  i s  convenient to introduce the variables 

26 = p,, + p,. 29 = pp - p,; 

and the quantities Yi and C a r e  defined by 

m + ~  f,=- 
m 

We obtain a similar expression for the pole diagram 
corresponding to the process in which a a meson is 
scattered by a neutron: 

Now let  us  go on to a consideration of double scattering 
(diagram II in Fig. 1). After integrating over the en- 
ergy, the expression for this amplitude takes the form 

One can evaluate this integral exactly, but for conven- 
ience in summing the whole se r i es  of diagrams shown 
in Fig. 1 we shall evaluate i t  approximately, omitting the 
small terms pp2/m and 2pEn in the denominator of the 
pion propagator. It turns out that the diagrams MI and 
& make the major contribution to the sum of the se r i es  
shown in Fig. 1 ;  therefore in Sec. 3 we shall consider 
the contribution to the total amplitude coming from the 
corrections which must be made to account for the 
above- mentioned terms discarded in expression (2). 

Using the transformation (I), and also using the fact 
that 

Now le t  u s  proceed to the calculation of the diagrams 
shown in Fig. 2. Diagram I of Fig. 2 cor_responds to the 
following expression for the amplitude Ml (the integra- 
tion over the energy has already been carried out): 

Here f ~ ~ ( p ,  q) denotes the nucleon-nucleon scattering 
amplitude. Since lp + A ( is not equal to q in general, 
then the amplitude fNN in expression (5) i s  not taken on 
the energy surface. It is well-known that one can repre- 
sent i t  in the following form: 

f ~ N ( k '  = LJ e-'r yq+ (r) dr - 2nzb (q - k) , 
k2 - a'- i0 4x 

where Jl+(r) is the exact solution of the SchrBdinger 
equation$or a proton and a neutron with the following 
boundary condition a t  infinity: 

~ N N ( Q )  Yq+(r) -+ e'qr+ -e'qr, r -+ m. 
r 

(q denotes the relative momentum of the two nucleons, 
and f d q )  is the nucleon-nucleon scattering amplitude 
on the energy surface). One can easily verify the cor- 
rectness of the normalization factor in Eq. (6) by evalu- 
ating the wave function of the np-system in  the approxi- 
mation of zero-range forces. Using Eq._16) we obtain the 
following expression for the amplitude @ : 

Hin = C J e-'&' (Yd (I) I f  l Ciiq+ (r) ) dr, 

yq+(r )  = Yq+(r) - eiqr. 

We obtain a similar expression for the amplitude l@ 
corresponding to the process in which a pion is scat- 
tered by a neutron: 

ia? = c J riAr (Yd(r) l f Z l  \71q+ (r) ) dr. (7) 
m 

1 = - J  i exp (iqr + ipr) 
r dr, 

Now let  us consider the amplitude M2 which corre- 
9'-pZ-i0 4n (3) sponds to diagram II of Fig. 2: 

we obtain the following expression for Mz: 

.M," - C J e-iAr(Yd (r) l f ,fzr-, eikrfir l eiq') dr. (4) 

For the same diagram, except that the positions of the 
proton and neutron have been interchanged, the expres- 
sion has the form 

M; = c J e - i ~ c  <yd(r)  I f1f2r-I elkr+'pr I e-''9 dr. 

Proceeding in analogous fashion, one can show that the 
amplitudes represented by diagrams III and IV in Fig. 1 
a r e  given by the following formulas: 

MSo = C Je-lAr (Yd(r) IfIZfzr-z eZipr I eiqr) dr, 

Mha - C [ e-'A' (Yd (r) lfi2fz2r-3 eik'+ 3'p'l eiq') dr. 

Any arbitrar; term of the se r i es  of diagrams shown 
in Fig. 1 i s  calculated in the same way. 

Omitting the terms pp2/m and pP:/m in the pion propa- 
gator and using the transformatLons ( I ) ,  (3), and (6), we 
obtain the final expression for Mf: 

Hz4 = CJ eLiAr <Yd(r) If1J2r-1eik*+fpr1 @q+(r)) are (9) 

The amplitude I@ is equal to the amplitude @. One 
can calculate the contributions from any other term of 
the se r i es  shown in  Fig. 2 in exactly the same way. 

By summing all of these amplitudes we obtain 

It i s  now easily noted that this se r i es  of diagrams It is convenient to represent the expression for the 
can be summed. In fact, we find amplitude of the reaction nd - apn a s  the sum of two 

JP = M: = C e (Yd(r) If, f f,fZr-' + S -"I 

f ,%r-2 ezipr t e rms  @ and Ixb, where 
+ . . . 1 :*qr> dr = C e (Yd (r) l mi (r, p )  I elqr) dr, J -IAr 

M~ = c Je-iAr (Yd(r) IaZ(r, p) I e-iqr) dr, 
where 

@,(I, p) = [ f i  + flfzr-'eikr+'~'] [ I  - f,f2r-2eZi~'] - I ,  

@,(r, p) = [ f z  + fzfir-Le'k'fip'] [I - f,f2r-2e2'pr]-1. 

w = M. + ~CI" = c je-'"' (yd(r)  IQI(r,p) I Yq+(r))  dr, (10) 

mb = c Je-tAr <Yd(r) ImZ(r, p) I Y-,+(I)) dr. (11) 

Thus, the amplitude of the inelastic process ad - apn 
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is expressed in terms of the matrix element for the 
exact amplitude for the scattering by a two-center sys- 
tem (with the deuteron binding energy taken into ac- 
count), the matrix element being taken between the 
deuteron wave function and the wave function of a neu- 
tron and a proton in the continuum. 

In addition to the diagrams summed in Fig. 1 and 
Fig. 2, diagrams containing a rescattering of the 
nucleons in the intermediate state (for example, the 
diagram shown in Fig. 3) must also contribute to the 
amplitude for the reaction nd - npn. However, a s  
shown in['], this contribution is small. In the f i rs t  
place, any diagram involving a rescattering of the 
nucleons contains the factor d x .  In the second place, 
such a diagram has a smallness of order (bo/bl)' in 
comparison with the diagram for double scattering of a 
pion by nucleons, where bo and bl a r e  the isoscalar and 
isovector pion-nucleon scattering lengths: 

b , ,  = bo + bl ( t s ) .  (12) 

Here bo = -0.017 * 0.006 F ,  bl = -0.137 * 0.010 F ;  
t and T a r e  the isospin operators of the pion and nucleon. 
The point i s  that, after rescattering of the nucleons, the 
pion can be scattered by both the neutron and by the 
proton. The sum of the diagrams enters into the answer, 
giving the value 2bo. One can also make the same as- 
sertion about the f i rs t  scattering of a pion. Taken all 
together this leads to the result that the contribution 
from the diagrams involving rescattering of the nucleons 
does not amount to more than 2-3% of the contribution 
from the diagrams shown in Figs. 1 and 2. 

3. CONSIDERATION OF THE TERMS CORIE SPONDING 
TO THE KINETIC ENERGY O F  THE NUCLEONS IN 
THE INTERMEDIATE STATE AND THE p-WAVE 
PART OF THE nN SCATTERING 

By discarding the diagrams involving rescattering of 
the nucleons, we make an e r r o r  of the order of a few 
percent. Therefore i t  makes sense to also calculate the 
ser ies  of diagrams shown in Figs. 1 and 2 to within an 
accuracy of a few percent. However, by discarding the 
terms of the form Fp2/rn in the pion propagator (these 
terms correspond to the kinetic energy of the nucleons 
in the intermediate states), we have made a much larger  
error .  Now we shall take the contribution from these 
terms into account. 

As shown by the calculations, the terms associated 
with single and double scattering of the pion on the 
nucleons give the major contribution to the integrals 
(10) and (11). Therefore, in the final answer for the am- 
plitude of the reaction nd - npn we must t$e account of 
the corrections to the amplitudes & and & due to the 
terms indicated above. Firs t  let us calculate the ampli- 
tude I& (given by formula (2)) a t  threshold, i.e., for 
E n  = ~ d .  Here En  = 0 and pn = 0. Comparing the exact 
value of the integral with the approximate formula (4), 
we find that the latter formula gives a result amounting 

to 74 per  cent of the exact amplitude. This correction 
must be taken into account in the final answer. Evalua- 
tion of the integral (8) shows that in order to obtain the 
correct answer, i t  is sufficient to replace the t e rms  
pp2/m and pp:/m in this integral by FPiff/rn, where 
peff = 110 ~ e ~ / c . l L ~ a v i n g  made this substitution in all  
of the amplitudes M,, we obtain the following expression 

for the amplitudes = * + @ a t  threshold: 

M = C Je-'kr/Z < Y , ( r )  I@(r, x )  ~ ' @ ~ + ( r )  > dr, 

where 
@ (r ,  X )  = [ j ,  + fz + 2f1f2r-Le'kr-Xr] [ 1 - f l f2r-2e-2xr]- t  

and K' = 2pPiff /m. 
Now le t  us  turn our attention to the calculation of 

the corrections which a r e  associated with taking the 
p-wave par t  of the pion-nucleon amplitudes into account. 
At low energies the p-wave amplitudes for nN scatter- 
ing can be represented in the form = (2ncnN/F)qa q', 
where the cnN a r e  the p-wave scattering lengths, and q 
and q' denote the relative momenta of the pion and 
nucleon before and after scattering. Here 

C ~ N  = Co $ C I  ( t ~ ) ,  

where2' co = (0.208 =k 0.008)p-', cl = (0.180 * 0 . 0 0 5 ) ~ ~ ~ .  
It is clear that a t  threshold the contribution from the 
pole diagram I of Fig. 1 vanishes-because the relative 
momentum of the pion and nucleon is equal to zero after 
scattering. Diagram I1 of Fig. 1 vanishes for the same 
reason, in the case when the second pion-nucleon scat- 
tering process occurs in the p-wave. 

Neglecting t e rms  of order p/m, the expression for 
the diagrams of Fig. 1 containing a single p-wave 
nN-scattering amplitude has  the form 

iZ(- 2im)'(- 2ip) M,B,NPA.Nni F ( p )  [ k Z / 2  + kp - ppz/m]dp M , ~ = ,  (2+2m J (p' + a') ( W 2  + p) .  

Here A":N = 2ncnN/F. The calculation gives @a 
= 0.165 M'$ and h$ is determined by expression (4). We 
shall not consider the corrections to the total amplitude 
due to taking account of the p-waves in the remaining 
diagrams of Fig. 1 ,  since taking account of each p- wave 
vertex introduces an additional small factor p/m. 

Let us  consider the corrections to the major terms 
of the ser ies  of diagrams shown in  Fig. 2. With the 
p-wave part  of the nN-scattering amplitude included, 
diagram I of Fig. 2 has the form 

which amounts to -0.-158 times the value of the integral 
(7). With a single p w a v e  vertex included, diagram I1 
of Fig. 2 is determined by the expression 

M,'n = i3 (- 2im) ' (- 2ip)IIloA,NPAsN (n i )  
(2n)'.4m3 

 ere the wave functions \kd(r) and %i(r)  are taken in the form 
proposed by HulthCn, i61 with the parameter = 240 MeV/c. 

 he values of the nN scattering lengths are taken from [ " I .  
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which amounts to 26 percent of the value of the integral 
(9). 

In order to obtain the final answer, we must take into 
consideration the fact that the nN-scattering amplitude 
is a matrix in isospin space. One can represent the 
amplitude of the reaction nd - npn a t  threshold in the 
form 

where f'") and ?"" a r e  operators obeying the equations 

Let us  denote the isospin wave functions of the pion 
by wl, wO, w-' (n', no, r-) ,  and the isospin wave functions 
of the two nucleons by Xl (isoscalar) and X:'O'-' (isovec- 
tor). In order to be definite, le t  us  consider the reac- 
tion with a n+ meson. Introducing the functions = wlXE 
and q z  = (wlX? - woX:)/n, one can easily verify that the 

operators Eo + il t T act on the column 
matrices: 

Therefore, in order to determine 'f i t  i s  necessary _to 
seek the matrix which i s  the inverse of the matrix A: 

,. 
By determining the matrix A-' and multiplying (14) on 
the left by this matrix, we obtain expressions for the 
operators T. In calculating the amplitude (13) we only 
need the "1 to 1" element of the T matrices. 

The final expression for the amplitude of the reac- 
tion rd  - npn has the form 

where 
f = { [2g0 - 2r-z(gO3 - 2 ~ ~ ~ 5 ~  - s ~ F ~ ~  + 25,~)  I 

+ [2  (Soz - 25,2) - 2 r 2 [  (Soz - 2SI2) (goz - 2606, - F,2) + 2Si4] 1) . 
- rZ (FO2 - 29,') ] [ I  - r-= (SoZ - 26,5, - giZ) ] + 2r-Ti,')-'. 

Near threshold the c ross  section for the reaction 
nd - npn can be expressed in terms of the amplitude in 
the following way: 

where vnd is the rela_tive velocity of the pion and deu- 
teron a t  threshold. M is the amplitude of the reaction 
nd - npn at threshold, and V3 is the phase space volume. 
The quantity Igf is defined as the amplitude M (given by 
expression (15)) plus the corrections indicated in this 
section. This calculation of the c ross  section is accur- 
ate to within a few percent. However, the actual exact- 
ness of the resulting numerical value is smaller,  due to 
the large e r r o r s  in the values of the S w a v e  nN scatter- 
ing lengths. The e r r o r s  associated with the uncertainty 
in the values of the nN scattering lengths far exceed the 
e r r o r  connected with the uncertainty in  our choice of the 
wave functions $d and $6. 

The final expression for the c r o s s  section of the re-  
action nd - npn has  the form 

The replacement of by a constant at threshold is 
valid for E, - ~d <- cd. When the incident pion has lar- 
ger energies, the value of fi begins to change due to the 
rapid growth of the p- wave, nN- scattering amplitudes. 

In conclusion I express my gratitude to V. M. Koly- 
basov and I. S. Shapiro for helpful discussions. 
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