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The space-time development of a parametric instability in a nonlinear medium is discussed with allowance 
for the escape of the growing waves from the region of localization of the pump wave. It is shown that the 
use of the approximation of weak parametric wave coupling and the assumption that the group velocities of 
the unstable waves are essentially different leads to a stationary state at the end of the transient process. 
While this state is being reached, the wave amplitudes may exceed the stationary values. 

1. There is considerable evidence that the interaction 
between a strong electromagnetic wave and a nonlinear 
medium leads to an unstable state of the latter. Per­
turbations existing in the medium (for example, thermal 
perturbations) begin to grow in time, and if the region 
in which the electromagnetic field is localized is re­
stricted (for example, in the focus of a laser) the insta­
bility region is also restricted in space. The growing 
perturbations eventually leave this region, and this 
affects the character of the instability development, and 
frequently determines the consequences to which the 
instability is expected to lead. The transient process 
may thus terminate in a stationary distribution of per­
turbations in space. Another possible situation is that 
the transient process does not lead to a stationary state 
and the growth of the initial perturbations is not balanced 
by their escape from the instability region.1> Unfortun­
ately, there has been no discussion in the literature of 
the problem of parametric instability development with 
allowance for the spatial localization of perturbation 
growth. 

Transient processes in the case of weak parametric 
coupling of the perturbations are the simplest from the 
mathematical standpoint. Here, the instability can be 
interpreted either as the decay of the pump wave into 
two other waves (in plasma theory this is referred to as 
decay instabilitf2J) or as the stimulated Raman scat­
tering if one of the resulting waves is a transverse 
electromagnetic wave (we have in mind both SRS and 
SMBS). Previous papersC 3 ' 4 J (see alsoC5J) have been 
concerned with transient processes in stimulated Raman 
scattering. However, the assumptions adopted in these 
papers (see below) were such that the authors could not 
consider the instability of initial perturbations and, 
therefore, the final results did not describe the tran­
sient process in a complete fashion. 

In this paper we report the solution of the problem 
when the transient process involved in the development 
of the instability both in space and in time can be con­
sidered in full detail. We shall assume weak parametric 
coupling, an unlimited medium, and a pump-wave ampli­
tude which is nonzero and constant in a restricted region 
of space. We shall restrict our attention to the one­
dimensional case and will take into account the escape 
of only one (the fastest) of the two growing coupled waves 
from the instability region. The resulting solution shows 
that a stationary state is reached after a certain definite 
interval of time. However, in the course of the transient 

1>In the Landau and Lifshitz terminology[!lwe have the drift or 
convective instability in the first case and absolute instability in the 
second. 

process, the unstable-wave amplitudes may exceed sub­
stantially the stationary value, and this is connected 
with the development of the initial perturbations in time. 

2. The equations describing the slow variation in 
time and in space of the complex amplitudes E1 and E2 
of the two waves which are parametrically coupled 
through the pump wave (given amplitude Eo) are of the 
form[aJ 

(1) 

where v1, v2, )'1, 1'2 are, respectively, the group veloci­
ties and growth rates. The coefficients 0' and 8 are 
proportional to Eo and characterize the nonlinear coup­
ling of the waves E1 and E2 to the pump wave. 

We shall discuss Eq. (1) in the one-dimensional case, 
where E1 and E2 are functions of x only. Moreover, we 
shall suppose that the velocity of one of the waves is 
much greater than that of the other2> (v2 » v1) and the 
wave E2 propagates from right to left. Neglecting the 
displacement of the slow wave, the above set of equa­
tions then assumes the form 

fJE, 
at+ y,E, = aE,, 

aE, aE, --+ y,E,- v,-- = ~E,. at ax 

(2) 

(3) 

3. We shall begin the analysis of Eqs. (2) and (3) by 
considering the two limiting cases which are usually 
discussed in the literature. 

In an unbounded medium (seeC 2'7• 9J) no point in space 
is distinguished in any way from any other. It is, there­
fore, natural to omit the term containing the derivatives 
with respect to the coordinates and seek the solution in 
the form E1 ~ E2 ~ ePt. If we then suppose that at t = 0 
we have 

E,(t = 0) = C,, E,(t = 0) = C,, (4) 

we obtain 

where 

(7) 
p,-p, p,-p, 

2>For example, the decay results in an acoustic or ion-acoustic wave 
(slow wave) and a transverse electromagnetic or longitudinal electron 
wave (fast wave). 
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A' = c,(p, + y,)- ~c., ~c.- c,(p, + y,) 
B' = --'----"---'--~ 

p,- P• p,- P• 
(8) 

When a8 < Y1Y2, the values of P1,2 in Eq. (6) are nega­
tive and the initial perturbations decrease. If, on the 
other hand, a {3 > y 1 y 2, then P1 > 0 and the initial per­
turbations will grow. The onset of the instability is 
therefore determined by the condition 

a~ =y,y, (9) 

We emphasize that the instability of the initial per­
turbations is a consequence of Eqs. (2) and (3) only when 
the time derivatives of the amplitudes of both waves are 
taken into account. 

Let us now consider Eqs. (2) and (3) in the stationary 
case (aE1,2/at = 0) (sei1D-12J). We note that since the 
wave E2 propagates from right to left, the condition that 
it will grow in space is a E2 /ax < 0. It then follows from 
Eq. (3) that y2E2- 8E1 < 0 and if we use Eq. (2) we find 
that the condition for the growth of the field E2 in space 
is the same as the condition for growing initial pertur­
bations in an unbounded medium. 

We shall find the solution of Eqs. (2) and (3) in the 
stationary case, subject to the following assumptions. 
We shall suppose that the pump-wave amplitude is non­
zero and constant for 0 < x < l. Since the wave E2 
propagates from right to left, we can then suppose that 
E2 at the point where the pump wave enters the interac­
tion region (x = l) is given and is equal to the initial 
value: 

E,(x = l) = C,. (10) 

The solution is then of the form [here and henceforth 
to = (l - x)/v2] 

E,= ~1,C,exp{t·(~~-y,)}, 
E, = C,exp{t{~- y,)}. 

(11) 

4. We shall now consider the transient solution of 
Eqs. (2) and (3), subject to the initial and boundary con­
ditions given by Eqs. (4) and (10). We then apply to Eqs. 
(2) and (3) the Laplace transform with respect to time, 
eliminate E1, and solve the resulting equation in x. The 
final result will be the expression for E2{p, x), and if we 
apply the reverse Laplace transform we obtain 

t-to 

E,(x, t) = C,S(t- t,)y, J dT e-'•'l,(2ya~t0t) e-t,v, 

" t-t0 

+ A,ev•' { 1- e-•,lp,+v,>e (t- t,) (p, + y,) J d-r e-•lv,+v,> I, (2ya~t,T) } 

Next, using Eq. (3), we find that 

E, (x, t) = C,ae-'•'•8 (t- t,) {'au-'•'l,(2[a~t,r]V•) (13) 

t-tlt 

+ A,e"•' { 1- e (t- t,) e-t,(p,+Y,) (p, + y,) I du-(p,+v,l<J, (2[ a~t,-rl''')}. 

+ B,e"•'{ 1- S(t- t,) e-'·1••+v,> (p, + y,) T' dT e-IP,+v,l<J,(2[a~t,-r] V•) }· 
0 

The parameters Al> A2, Bl> B2, P1> and p2 in Eqs. (12) 
and (13) are given by Eqs. (6)-(8) and ll(t) = 1 fort > 0 
and O(t) = 0 for t < 0. As t ~ oo, the fast terms in Eqs. 

(12) and (13) become identical with the two equations in 
Eq. (11), respeltively. Jhe remaining terms are pro­
portional to eP1 and eP2 and vanish as t ~ "". This is 
readily demonstrated as follows. In the terms propor­
tional to A2 and A1 the argument of the exponential in 
the integrand is positive (p1 + y 1 > 0), and there are 
well-known expressions for these integrals for t - oo 

(see[13J). If we use these expressions, we find that the 
terms in the curly brackets cancel out. Therefore, if 
p1 < 0 and the initial perturbations do not grow, both 
factors in the terms proportional to A1 and A2 will tend 
to zero as t ~ oo. On the other hand, if p1 > 0, we have 
ep1t ~ oo, but the expression in the curly brackets tends 
to zero. By using the rules for removing the indeter­
minacy, we find that as t ~ oo the terms proportional to 
A1 and A2 will also vanish. As regards the terms con­
taining B1 and B2, here we always have p2 < 0 and P2 + y 
< 0. Therefore, as t ~ oo we have eP2t ~ 0, but the ex­
pression in the curly brackets tends to infinity. If we 
again use the rules for removing the indeterminacy, we 
find that these terms will also vanish as t ~ oo. 

Let us consider Eqs. (12) and (13) in greater detail. 
When t < to, the boundaries have no effect on the devel­
opment of the initial perturbations. It is clear from 
these formulas that, in this case, the perturbations de­
velop in the same way as in an unbounded medium. When 
p1 > 0 they will grow exponentially and their amplitudes 
will be independent of the coordinates for x < l - v2t. 

At t = t0 the perturbation amplitudes are given by 

E, (x, t,) = A,e"•'• + B,e"•\ 

E,(x. t,) = A,eP•'• + B,eP•'•. 

(14) 

(15) 

When )'2 = 0 and as< YL we find from Eq. (6) that 
p, a{3/y1, p2, -yl. Equations (14) and (15) then as­
sume the form 

E,(x,t,)= • ..!: (c,+_!_c,)e••'·''•+ (c,-..!!._c,)e-'•'•, 
y, y, y, 

E,(x, t,) = (c, +_!_c,) e"•'•'''- ~(c.- _!!.c,)'e-'•'•. 
y, y, y, 

Comparing these expressions with Eq. (11) (for )'2 = 0), 
we find that if IC2 + {3C1 /y d > IC2I, the amplitudes 
which are approached by the initial perturbations in the 
time t = t0 exceed the stationary value at the end of the 
transient process. This happens because, in accordance 
with Eq. ( 11), the stationary values of E1 and E2 are de­
termined only by the boundary value of E2 which, ac­
cording to Eq. (10), is equal to C2. On the other hand, 
during the transient process E2 depends not only on the 
initial value E2(t = 0), which is equal to C2, but also on 
the initial value E1(t = 0) which is equal to C1 (see Eqs. 
(7) and (8)]. Therefore, if C1 is large enough, the value 
of E2 during the transient process may exceed the sta­
tionary amplitude. In particular, when C2 = 0, we have 
E2(t = 0) = E2(t = oo) = 0. However, E2 is different from 
zero during the transient process. 

For t > to the perturbation development begins to be 
affected by the presence of boundaries. According to 
Eq. (3), this phenomenon is determined by the magni­
tude and sign of aE2/ax. If the amplitude E2 given by 
Eq. (15) exceeds the amplitude E2 at x = l, which is 
equal to C2, then oE2/ax < 0. The growth of the initial 
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perturbations is then slowed down and is replaced by 
decay. If, on the other hand, E2(x, t0 ) < C2, then 8E2/8x 
> 0, and the growth of the initial perturbation is accel­
erated. 

The figure shows a plot of E2 as a function of time, 
which is based on Eq. (12) and uses the following values 
of the parameters: y2 = 0, a{3to/y1 = 3, a{3/y~ = 0, 1; 
{3C1/y 1 = 28, C2 = 1. It is clear from this figure that 
when ty 1 < 30 the perturbations will grow. This is fol­
lowed by a fall, and a stationary state is reached for 
ty1 ~ 40. During the transient process the amplitude 
will exceed the stationary value by a factor of 
(1 + BC1/y1C2) ~ 30. 

As already noted, transient processes during stimu­
lated Raman scattering were investigated in[ 3 ' 4J. The 
basic set of equations which was used to carry out these 
calculations is similar to Eq. (1). However, in obtaining 
their solutions, the authors ofC 3 ' 4 J assume that Y2 = 0 
and I8E2/Btl « v2I8E2/8xl and these restrictions have 
prevented them from obtaining a correct description of 
the development of the initial perturbations. In particu­
lar, this has prevented them from considering the insta­
bility of the initial perturbations. The results reported 
in[4J follow from Eqs. (12) and (13) when t » to and 
t 0 « Max(v'li{l; y 1). These restrictions reflect the fact 
that the development of the initial perturbations is by 
then practically complete. 

5. Let us consider the validity of the above conclu­
sions. On the one hand, we have neglected the displace­
ment of the slow wave, and this means that l- x > tv1. 
On the other hand, transition to the limit t -co in Eqs. 
(12) and (13) is, in fact, valid only under the following 

conditions: 

if IP,+v.l, IP,+Y•I>·~(l-x),then t> I 1 I + l-x ; 
~ h+~ ~ 

if I I I I a~ v, l- x 
P•+Y•, P•+Y• <-(1-x),then > ~(I ) +--. 

v2 a -x v2 

Consider the case y 2 = 0 and a 8 < y ~. The above 
conditions are simultaneously satisfied if t > y 1 /a 8 and 
v2 > a8(l- x)/y1 > V1. If, on the other hand, 
a 8(1 - x)/v2 > y 1, V1 /(l- x), then we can neglect the 
motion of the wave E1 and can pass to the limit as t - oo 

for (l- x)/v1 > t > vda8(l- x). It is clear from these 
expressions that our solutions must be re-examined for 
sufficiently small (l- x). Moreover, v1 cannot be neglec­
ted when t is large enough. 

In conclusion, we should like to thank N. E. Andreev 
for carrying out the numerical calculations and V. P. 
Silin for his interest in this work. 
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