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The problem of scattering of a nonlinear periodic wave by inhomogeneities in a medium is considered with
the nonlinear wave equation describing the oscillations of a chain of anharmonic oscillators (the
Fermi-Pasta-Ulam problem) as an example, for two limiting cases: localized (delta-function) inhomogeneity
and smoothly-varying inhomogeneity. The method is based on the use of a two-stream approximate solution,
which is obtained in the paper and describes a state with two coupled nonlinear waves propagating in
opposite directions. For a localized inhomogeneity, under certain conditions, the scattering matrix is obtained
and the phase shift and the change of the wavelength as a result of the scattering are calculated. In the case
of a smooth inhomogeneity, the WKB method is used to find the reflected wave connected with the change

of the adiabatic invariant of the system. It is shown that when a nonlinear wave is scattered by
inhomogeneities there is a tendency for multiple-stream motion to be produced.

1. INTRODUCTION

THE present work is connected with an investigation of
the influence of inhomogeneities on the propagation of
nonlinear periodic waves in media with dispersion
(henceforth called simply ‘mnonlinear waves’’). In the
general theory of nonlinear waves, this problem is among
the most important ones and is connected with a large
number of different physical applications. The existing
methods are based on the approximation that can be
called adiabatic, in analogy with the linear case, and

is the analog of the WKB method, namely, the solution
of the corresponding problem is sought in the case of

a weakly-inhomogeneous medium as the solution of the
homogeneous problem, but in which the parameters are
slowly varying functions (relative to the adiabaticity
parameter). The most highly developed method in this
direction is that of Whitham!"?], Different develop-
ments of the adiabatic method are contained also in®*,
An important circumstance in the construction of the
theory in the adiabatic approximation is the use of the
adiabatic invariants of nonlinear waves, analogous to
the adiabatic invariants of dynamic systems. Moser
proved(®) that the adiabatic invariant of a nonlinear
wave is conserved in all orders of perturbation theory,
showed that the change of the adiabatic invariant is
exponentially small, and calculated this change.

A characteristic feature of the existing approximate
methods is that the scattering of the nonlinear wave by
the inhomogeneities is not completely described. If we
use again the terminology of the linear problems, we
can state that the existing methods do not describe the
reflection of the nonlinear wave from the inhomogeneity.
Even in the case of smooth inhomogeneities, in which
the effect of the reflection is expected to be exponen-
tially small, the appearance of a ‘‘reflected wave’’ is
of fundamental significance. The main difficulty in the
development of the theory in this direction is obvious:
in view of the nonlinearity of the equations of motion,
the sum of the solutions (of the incident and reflected
waves) is not a solution. We can say more accurately
that the appearance of a reflected wave would make it
necessary to describe (at least) two-stream motions,
whereas the existing methods describe only single-
stream motions. If the inhomogeneity region scattering

the wave is very small, then the question of joining the
solutions on the discontinuity arises. A discussion of
a number of difficulties encountered in this case is
contained in!*7%),

The present paper is devoted to a study of the scat-
tering of nonlinear waves in an inhomogeneous medium
with allowance for the appearance of the reflected
wave. Although certain limitations will be introduced,
and the model of a nonlinear string will be considered
for the sake of concreteness and clarity, the method
presented has nevertheless a certain degree of general-
ity.

Section 2 deals with the properties of the chosen
model of a nonlinear medium with dispersion, describes
a number of transformations, and introduces the vari-
ational principle and Hamilton’s equations of motion.
In Sec. 3 are considered approximate two-stream solu-
tions in the case of a homogeneous medium; these
solutions serve as the basis for the solution in the in-
homogeneous case. This is followed by an investigation
of the case of §-like (localized) inhomogeneity (Sec. 4)
and the case of a smooth (adiabatic) inhomogeneity
(Sec. 5).

2. EQUATIONS OF MOTION AND VARIATIONAL
PRINCIPLE

We consider as the initial system the model of a
nonlinear string, describing long-wave motions in a
one-dimensional chain of coupled nonlinear operators.
This model was proposed by Fermi for the study of
the properties of nonlinear systems. Leaving out the
discussion of its properties (see the review'®)), we
write down directly the equation of motion in the case
of cubic nonlinearity:

Y = Yux (L + ¥<*) + Yiramy (2.1)
where y is the displacement of the oscillators, c is
the speed of sound, and the nonlinearity parameter
preceding the y}z( term is set equal to unity, as is also
the coefficient preceding the dispersion term yxxxx.
The inhomogeneous case corresponds to ¢ = c(x),
meaning an uneven distribution of the oscillator masses
along the lattice.

We seek the solution of (2.1) at ¢ = const in the
form of a nonlinear periodic wave
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(2.2)

From (2.1) and (2.2) we obtain the following equation
for the determination of y:

y=y(z—ut).

224zt — (@ —1)2=C, 2=y (2.3)

and its solution is best analyzed on the phase plane

(see the figure). The case C < 0 corresponds to
periodic waves of constant sign; C = 0 describes a
single wave (soliton), and at C > 0 we have an alter-
nating-sign periodic wave. In addition, we must have

u® > c? everywhere. We consider henceforth, without
loss of generality, the case C < 0, from which we can
make a simple transition to the limit of the linear case,
and z > 0. It follows from (2.3) that

z =y dn [2-%y,(z — ut); x],

vie = {(u*/*—1) F [(u* ][ c*—1)* — 2|C]| ]} %,
®x = (y2" —‘Yaz)v’ /Yz-

(2.4)

The spatial period of the solution (2.4) is defined by

2t 22 =

l=—k=TF(-E-,K). (2.5)

Let us simplify (2.1). On going from a chain of

oscillators to the Eq. (2.1) for a continuous medium, it
must be assumed that the dispersion term yxxxx is
small in comparison with yxx (otherwise higher de-
rivatives appear). We also assume that the nonlinearity
is moderate, i.e.,

¥ <4, (2.6)

although the term yf(yxx may be large in comparison
with the dispersion term. The inequality (2.6) means
that the region of the solutions near the boundary where
the nonlinear wave breaks is excluded from considera-
tion. Under the foregoing limitations, the zeroth ap-
proximation for (2.1) takes the form

(2.7)

For solutions of the Riemann type, (2.2), the different
signs in (2.7) correspond to different signs of u, i.e.,
to waves traveling in different directions. The next

approximation is obtained by substituting (2.7) in (2.1)

(2.8)

It is easily seen from (2.4) and (2.6) that the approxi-
mation in question corresponds to the inequality

Yy =Yz OF Y= c 'y.

C_zyu = Y+ C“y:’yu + C_I'y_uu.

wiet—1<1 or a=|u|/c—1<1. (2.9)
In this case
|C| /[ 16a*<< 1. (2.10)
we introduce also the parameter N:
N="Ya/k, (2.11)

which is equal (apart from a numerical factor of the
order of unity) to the ratio of the period of the non-
linear wave to the width of its crest. In addition, in the
Fourier expansion of z

)
. 7z = z eimhx
= E m
m=—oco

we have
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’ >0
=0
c<q

» =~ 2¥a/N ~ 2k, n<CN,
% = 2Ya/ " (2.12)

Z ~ e="IN,

n>N,
i.e., the nonlinearity of the problem at N > 1, and at
N ~ 1 we have a nearly-harmonic case”.

We proceed now to formulate the problem of the
scattering of a nonlinear wave by an inhomogeneity.
We follow the procedure in the linear case, namely:
assume that there exists in the system a stationary
motion that is periodic in time and has a frequency w.
We determine the form of the solution as a function of
the spatial coordinate for specified boundary conditions.
By virtue of the periodicity in t, we expand (2.8) in a
Fourier series:

2

d*y, 2 [}
Un f 2 2 (1+n2———2 )y,.
C Cc

dz*

(l)‘
+—n E 4NNy n Yy 8 (R — Ry — 12— 15) = 0,
¢

n,Mg, My

y=Y (e yare, (2.13)

where, generally speaking, ¢ = c¢(x). In particular, for
the nonlinear wave (2.2) at ¢ = const we have

Yo = e—inheg (214)

where ap does not depend on t and x, and the wave
number k is given by

(2.15)

The system (2.13) is to be solved, and a feature of the
nonlinear-wave scattering is that ~N of its harmonics
yn are strongly coupled and do not vary independently
of one another.

We introduce the Hamiltonian for the system (2.13):

2
Hm Ly i i 10

2 dz dx 2

k=ow/u.

2

n

1 o

+ e E PNy Y nsling 6 (e + 12 4 15+ 1) (2.16)

7,9, Mg, My

and Hamilton’s equations of motion equivalent to (2.13):
dy. _ OH dp. oH (2.17)

_ __ Gya
dz  op.’  dz oy P

The Hamiltonian H has a form more general than
(2.16), namely:
17 (1 1 1 1
= lim — —2_—'12 '—u2 __‘4' .1
. Thig‘T_Tdt{z e e e S BACEL)
Accordingly we obtain in place of (2.17) the equations
of motion oy OH Ay oH
92 8y * or _-cS_y-’

(2.19)

DThe parameter N for the exact equation (2.1), according to (2.4) and
(2.5), is equal to F(7/2,X), and the character of the spectrum (2.12)
remains the same.
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which are equivalent to (2.8).

We point out the main feature of the variational
principles (2.16), (2.17) and (2.18), (2.19): they de-
scribe problems in which the frequency characteristics
of the temporal spectrum of the solution remain un-
changed, as determined by the initial conditions of the
problem. This is what makes the problem of wave
scattering in an inhomogeneous medium unique®.

In the case of a homogeneous medium it follows
from (2.18) and (2.19) that

dH [ dz = 0, (2.20)

¢ == const.

3. TWO-STREAM SOLUTIONS

The initial equation (2.8) in the homogeneous case,
which is the only one considered in the present section,
has two types of solutions in the form of nonlinear
waves corresponding to the different signs of the
velocity u. We shall use the notation

¥y =y(z 4 ut). (3.1)

A solution of the type y = ¢y + cy'™ exists,
naturally, in the case of a very small nonlinearity.
Nonetheless, even in the case of a sufficiently large
nonlinearity we can construct a solution containing a
superposition of waves traveling to the right and to the
left. Such a solution will be called here ‘‘two-stream’’
(its analog for a related problem was constructed
in[lo])S)u

We seek for (2.8) at ¢ = const an approximate solu-
tion that is periodic in time with a period 27/w, in the
form

¥y =y(z—ut),

ylz, t) =y (z —uPt) +y O (z+ ut), (3.2)
under the conditions
AP €1, N® 1, (3.3)

We start from the fact that the expression (3.2) can be
taken as the zeroth approximation, We shall determine
below the condition under which that the part of the
Hamiltonian which corresponds to the interaction of
the waves y'” and y'7 is small and can be regarded
as a perturbation.

We represent the Hamiltonian (2.18) in the form

H=H+H" +H, (3.4)

) )
1 dy® dy 1 o* 0\ @
[CS R kA W {1 2-—) n Yon
" 2 dz dx+2 czzn(-l—nczyy
n n
1 ¢ (H) (®) ) (D
+Z——“ 2 MY n, Yuy Yng Yne O(ns+ na-+ns—4nl);
c
1 o ) (=) (=) (=)
HI:T—C—T E nxnznan«(4y: Yry Yuy Yn, (3'5)

ny gy n,

) ) (=) (=) (=) ) () (#)

F6yn Yn Yno Yno TA4Yn Yo Yy Yno )8t netns+nd),
where Hj describes the interaction of two opposing

2t should also be noted that in the nonlinear case the Hamiltonians
may greatly differ from one another, while retaining the frequency
characteristics of the temporal or spatial spectrum.

9The method described below is used to construct two-stream solutions
in the general case (2.1).
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waves (3.1). Using (2.17), we write down the equations
of motion obtained from H by varying the equations
with respect to y&t:

@y
dzr*

(£)

2 2

A

o (£ () ()
-+ —n MRoRaln, Yng Yn, O(R— 1y —ny— ns)
[4

(3.6)

BTy,

4
) (+) (=)

- 3%” 2 n‘nzna[yl.”yn(:)yn(f) Tt Y Yna Y
Since the right-hand side of (3.6), which takes the wave
interaction into account, is small, it is convenient, ac-~
cording to (2.3) and (2.14), to seek the solution in the
form

18(n—n,—n,—n,).

(%)

y,(.i)=[:F 4% (z)/ink™® + b, (3.7)

where A‘If’(x) are functions that vary slowly in com-
parison with the exponential and are in fact the Fourier
amplitudes zi", while b{® are rapidly-varying small
corrections. Substitution of (3.7) in (3.6) and averaging
of the rapidly oscillating functions yield

dA®
dx

(z) Jexp{F ink™® 2},

3 —
~ Fink® Y AT 47428+ )

+A,:T)A,f§t)A;i)6(n——n.——nz)}. @.8)
It is necessary to leave under the summation sign in
(3.8) the zeroth approximation, and consequently the
,expression in the braces does not depend on x. From
this we get a solution of (2.8), which is conveniently
represented in the form

(3.9)
where a}f’ are unperturbed values of the amplitudes,

which do not depend on x, and the shift of the wave
number Ak® is equal to

4.7 (x) = a® exp {F inAkFx},

a

(k)
= 2 alP) P 8 (n — ny — ng)}. (3.10)

o Ny, Ny

o+ : _
ARC )=_23‘ jAE=] {;la(;‘r)lz + -

It should be pointed out that, generally speaking, the
second term in (3.10) can depend on n. This would
make a solution in the form (3.9) with a shift of the
wave number meaningless. However, by virtue of the
conditions (3.3), expressions (2.12) are valid for a(®.
This yields agi’/a}li) ~ 1, and the expression in the
second sum of (3.10) is likewise independent of n.

With the aid of (2.12), by performing the simple
summation in (3.10), we obtain, accurate to a constant
factor of the order of unity,

Ak 1k~ al- /N“’, AL [k~ o /N”’, (3.11)

where account is taken of the fact that k') ~ k' ~ k by
virtue of the smallness of the corrections Ak. At o'
~ a'? ~ @, the latter is obvious, since N'*' > 1, If
the values of a‘®) differ appreciably, the expressions
(3.11) remain in force, and their region of applicability
will be defined shortly.

According to (2.15), the change of the wave numbers
(3.11) leads to a shift in the wave velocity, given by

| |AKS) [k &~ —a® | N, (3.12)

This is indeed the main result of the present section.
We present the necessary estimates. Let, for exam-
ple, a'” > a'?’. In order for perturbation theory to be

Au® = —
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valid it is obviously necessary that the corrections to
the velocity be sufficiently small, namely,

Au < g™, Au < a. (3.13)
Taking (2.11) into account, we get from (3.13) the
following system of inequalities:

(NP2 NH > N>, (3.14)

A nontrivial fact here is the first inequality. When
a'® ~ o'7 the conditions (3.13), according to the second
inequality in (3.3), are automatically satisfied. We can
verify in exactly the same manner that the corrections
connected with b‘n*’ can be neglected in first order of
perturbation theory, owing to the inequalities (3.3).

It is also of interest to discuss the result (3.12)
from another point of view. Since N’ >> 1 and k'
~ k{7 ~ k, the wave interaction reduces to an almost
periodic passage of crests (solitons) of different waves
through one another. Let us estimate the change of the
phase of the solution in one period, i.e., as a result of
a single passage of the crests. Obviously, according to
(2.10), it is equal to
Substituting (3.12) and (3.16) in (3.15) we obtain

ApP = AP ~ JaPa < 1, (3.17)

i.e., the change of phase is always small in view of the
first inequality of (3.3). The result is typical for two
opposing waves, since u*’ > ¢, u'? < - ¢ and u'®

- u'? > 2c¢. In the case of two waves propagating in the
same direction (u;. > c¢), the following singularity
arises. Expressmns (3.12) remain in force!™! but the
relative velocity can be very small and

tie ~ 1kl —u|=1/k|la,— a| ~ 1/ ka, (3.18)

when
1> a>0. (3.19)

The quantity ¢ in (3.16) is replaced in (3.18) by the
small quantity a;, and we get

Apy = A ~ Yo /o, << 1. (320)

This last inequality, naturally, is valid only because of
the condition (3.19)."

4. LOCAL INHOMOGENEITY

In the preceding section we constructed a two-
stream solution in the form of nonlinear waves travel-
ing opposite to each other with corresponding re-
normalized velocities. This solution allows us to ap-
proach the problem of scattering of a nonlinear wave
by inhomogeneities. We consider first the so-called
localized inhomogeneity, which can be produced, for
example. by an impurity atom with a mass that differs
from the masses of the remaining atoms of the chain.

“We note that the statement made in!'!], that the interaction of two
solitons or two periodic waves cannot be considered within the
framework of perturbation theory, is incorrect and even contradicts
the results of!!!l. Indeed, from formulas (13) oft'!] there follows in the
case a,>a, an expression that coincides with that obtained from

perturbation theory. This comparison can be easily made, and we omit
it here. A similar agreement of the results is obtained also for the shift

of the velocities of nonlinear periodic waves.

G. M. ZASLAVSKII

In this case we can write
1
= s,
Co

c*(x) Co*

4.1)

where c, is the constant speed of sound at € =0, and
the perturbation connected with the defect is assumed
small, i.e.,

e/A<<t, 4.2)

where A is the characteristic wavelength. Substituting
(3.1) in (2.8) we obtain in place of (2.13)

d*y.

“htw (1+n—"’—)yﬂ

(JJ‘
+?n Z n nznﬁymynzynza(n'— ny —nz_nS) = &n _‘6(-7:)!/", (4 3)
where we put for convenience x, = 0. If yp is the solu-
tion of (4.3) then it should obviously satisfy the follow-
ing (exact boundary conditions:
Yn(+0) = y.(—0) = yn(O),

dy.(4-0 dy(—0

y (+ ) _ y(d )+ y,,(m
which follow dlrectly from (4.3).

Assume now that a two-stream solution {y‘*, y7}
is specified at x < 0. Does there exist a two-stream
solution {y**, 7} at x > 0, such that the conditions
(4.4) are satisfied at x = 0? The affirmative answer to
this question, which is given below, means the exist-
ence of a solution of the equation

@®, 77) = My, y=) (4.5)

for the transition (scattering) matrix IC/I By virtue of
the nonlinearity of the problem, the matrix M is non-
linear, i.e., it depends on the parameters of the solu-
tion. We emphasize that (4.5) is not a trivial equation,
since the nonlinear transformation M should transform
the two-stream solution {y‘", y*7'} into a solution of
the same class.
According to (3.2) we have

Y=y +ya

=0+,
Differentiation of (4.6) with respect to x, with allow-
ance for (3.7) and (3.9), yields

dy.Jde = — in(k®y, " — kOy, ),

(4.4)

<0,
4.6)
z=0.

<0,
4.7)

dJaldz = — in(FHg" — o5

where k'® and k'¥ are renormalized wave numbers.
We put

r>=0,

B =y (0), BT =7 ). (4.8)
Substitution of (4.6)—(4.8) in (4.4) yields the system
(+)+B( )_B(+)+B
EPBY — kOB = kB —koBS ’+me (B“')+B,. ),
which is conveniently rewritten %r} the fc))rm -
=) 5(+) Z(+) + = (4
BY 2 _ ad ing —s— dad —_ -+ ine LA (A
1| @@ + o + P 30 O o
B =721 a9 ea® g a9 ea®
BS T e —ine F- + e —ine P B
Here
P = @/ ck®, TP = o/ ck®.

With the aid of (3.11) and (3.12) we obtain the functions
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u‘t)=u‘i)(B,.(+),B,,(_)), a® = g (B BO),

which do not depend on n. We consider the system
(4.19) for n < N&, Since B(¥) and B depend in

this case only on their number n, the equations of the
system (4.9) do not become coupled, and the problem
of determining the transition matrix M becomes
algebraic. Since ¢ is small, the components of the
matrix M can be obtained by perturbation theory.

To obtain a result that can be easily interpreted, we
consider the simplest case, when the difference be-
tween u and u in the matrix components in (4.9) can
be neglected. In this case we can put

(4.10)

B'rf“'),v in

1 u®\? B() l/
(Co RN —
) —28( o« ) (1+ B 28 14 S

5 4 [ uD)? w (4.12)
5()———5‘8( %)(1—%—8() 1+l/

Since the parameters k'® and a‘® are specified at

x < 0, the solution at x < 0 is determined uniquely by

expressions (4.11) and (4.12). Since 5% do not depend
on n, according to (4.12), this proves the existence of

the solution of (4.5). Indeed, it follows from (4.11) that
if a certain two-stream solution is specified for x < 0,
then we have at x > 0

y p— !7(+) (.’I: _ E(Ht — 6(4»)) + 17(')(1 + E(")l + 6(')), (4.13)

i.e., the solution for x > 0 is also of the two-stream
type.

Expression (4.13) shows that in the case of scatter-
ing of nonlinear waves by inhomogeneities there is
produced a coordinate phase shift ¥, defined by
expressions (4.12). The phase shift was first observed
experimentally by Howe!”), but there was essentially no
theory for it. We note also that the phase shifts 5’
enter in the second term of expression (3.10) for Ak,
and this leads to a corresponding change of the wave-
lengths ¥** after scattering by the inhomogeneity (a
phenomenon likewise observed by Howe experi-
mentally (™),

So far we have disregarded the possible existence of
different phase shifts in the quantities B;l” and B{’.
Assume now that

(+)(+) (+) = (=) ink (M) (=) -)
#(H)5(H) gt B a emimt T B,.( .

(4.11)

(“/B( ) IBV(.”/B"(_)IF”
Since the solution has a structure of the type (4.13), we
get ¢n =ng,. From this it follows immediately that in
the general case the system (4.9) has in general no
solution. More accurately speaking, a two-stream
solution does not go over in general into a two-stream
solution. The physical cause of this difficulty is that
the character of the interaction of the crests of two
opposing waves with an inhomogeneity can depend
strongly on the mutual locations of the crests relative
to the point x = 0, (i.e. on ¢,). This difficulty can be
resolved when ¢, < 1/N, i.e., when the distance be-
tween the maxima of the crests located in the vicinity
of the point x = 0 is much smaller than the width of
the crests. In this case we can expand exp(—-ing,) in
a series and the problem has a solution similar to
(4.11)—(4.13).
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The question of the scattering of a nonlinear wave
by a localized inhomogeneity remains in general open.
From the foregoing results it follows that the dephas-
ing of the individual harmonics of the nonlinear wave
(i.e., the weakening of their correlation) leads to
serious difficulties. There are, however, two possible
situations typical of ‘‘strong’’ scattering: 1) the solu-
tion exists in the class of multiple-stream motions,
2) there is no stationary solution.

5. SLOWLY VARYING INHOMOGENEITY

We write the condition for the slowness of the vari-
ation of c(x) in the usual form:

(5.1)

It is natural to seek the solution for y, without allow-
ance for the reflection effects (i.e., in the WKB approx-
imation) in the form

(£) ;
y(t) — § Yn e"‘"”,

where the pre-exponential factor is already included
in B&®,
n
It is easy to see that after substituting (5.2) in (2.13),
that in the first approximation yp satisfies the equa-
tion

kL >1, L ~ c(dc/dz)~!

y® — B exp{:F in] A (x’)dx’}, (5.2)

(5.3)

where k(x) is given by the same expression as in the
case c = const, but now depends parametrically on x
via c(x).

We assume now for the time being that we solve
Egs. (5.3) for each of the y, separately, disregarding
the strong coupling between the ypn. In this case we
know the following transition matrix'*?J:

1—35:) eine '/l’m jend J [E:)J (5.4)
[§< )] - [ e YT e | | B9]
where B{Y corresponds to the solution for
X — —o, ‘B‘i’ is the same for x — =, ¢ is a phase
shift on the “order of 1/kL,

a:—i<§>k(g)dg~kL>o,

d*y. [ dz* + n*k*(z)y, = 0,

— jem®

(5.5)

and the integral in (5.5) is taken along a closed contour
in the complex ¢ plane, enclosing the points ¢ and £*
at which k®(¢) has a simple zero.

Since § > 1, it is necessary to consider in the first
approximation only the reflection effect, which is of
the order of e™ Y, i.e., the reflection of the first har-
monics; the reflections of the remaining harmonics can
be neglected.

We now find on the right and left sides-of the reflec-
tion region a solution for which the first harmonic sat-
isfies relations (5.4) with n = 1, and for all the re-
maining n we have

(*)

B ~ B! (£)

ex"™  p (5.6)

So far we have considered the transition matrix (5.4)
for Eq. (5.3) without paying attention to the fact that the
Fourier component y, is a harmonic of the nonlinear
solution. To construct the solution for x — -« we
recognize that

k(z) =0 /u(@) =o/c(@) 1+ a), (5.7
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where the dependence of @ on X can be neglected, since
a K1, and consider only the c(x) dependence. As al-
ready noted, we are considering the simplest case of
the singularity of the asymptotic solution (5.2), in

which k?(x) has a simple zero in the complex plane,
and consequently 1/c(x) has a branch point. Since the
solutions in question are nonlinear, the quantity

k™ (x, a®) depends on the coefficients B, but it is
important in what follows that the analytic properties

of k® do not depend on the amplitude by virtue of (5.7).
This enables us to go around the singularities in the
complex case in the same manner as in the linear case,
with the following modification: if the coefficients Bh*’
change jumpwise on going from one level line to another
in the solutions y§t the values of k*) a]50 change
jumpwise as a result of the change of @‘®’, The corre-
sponding calculations are similar to those in!**), with
allowance for the change of k'*' and cause the expres-
sion (5.5) for § in the matrix (5.4) to be replaced by a
more complicated one. However, since a is small and
5 > 1, it suffices to use the approximate expression:

. dg
6= lm@ @
Now the matrix (5.4) for n = 1 and the condition (5.6)
for n# 1 play the role of boundary conditions similar
to (4.9) in the preceding section.
Assume that x — « there is only the transmitted
wave, i.e., B;’ =0 for all n and

y=ZB:”exp{in[wt—j:k(:c')dx’]}, z— o0, (5.8)

Then we have, according to (5.4) and (5.6),

—(+)
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g = 2 B exp{ in[ ot — jk(z’)dr’ +o ]}1
g = |B,(+) |e-® sin[ ot + "‘ k) (2') dxl]s

1 .
AgT = .—Z.Bime‘“ cos[ ot ——j‘ k(z')dz’ + (p] .

T —> — 00,

(5.9)

The term Ay!{" is immaterial in the first approxima-
tion, and the interaction between y‘*’ and y'™’ can be
considered in the same manner as in Sec. 2. The

G. M. ZASLAVSKII

corrections to §* are then of the order of e, and
the corrections to y are of the order of ¢ ‘e
< ed, Thus, accurate to smaller terms, we have

(5.10)

where y'7, defined in (5.8), is indeed the sought re-
flected wave.

Just as in the preceding section, there as a jump in
phase between the incident wave y‘*’ and the trans-
mitted wave y (¢ ~ 1/kL), and its more accurate
value can be found in'*?J,

We note that when account is taken of the terms of
next higher order in e~% in the solution y as x — -,
the number of different ‘‘streams’’ will increase
(there are already three of them in (5.9)), in agreement
with the remark made in Sec. 4.

!7 ~ y(+)+y(—), z— —o0,
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