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The Boltzmann, Landau and Balescu-Lenard kinetic equations for a plasma do not take full account of the
interaction between the particles in the framework of the respective models. For example, these equations
lead to the law of conservation of kinetic energy and hence do not take into account the contribution of the
interaction to the internal energy of the plasma. Also not taken into account is the contribution of
correlations to the entropy, etc. Inl”! the author has considered a Boltzmann equation in which the
interaction is completely taken into account in the framework of the binary-collision approximation. One of
the problems of the present paper is to derive the analogous kinetic equation for a plasma in the first
approximation in the plasma parameter. Because of the necessity of taking the polarization into account, this
problem is considerably more difficult than that treated in "), and a different approach is required to solve it.
The resulting collision integral, like the collision integral in the Balescu-Lenard approximation, diverges at
small distances. Various forms of the collision integrals (combinations of the Boltzmann, Landau and
Balescu-Lenard collision integrals) have been proposed recently, converging at both large and small distances.
However, the corresponding thermodynamic functions are not entirely correct. In this paper, the Boltzmann
kinetic equation for a nonideal plasma is obtained taking into account the contribution, averaged over the
velocities, of the dynamical polarizability of the plasma. The collision integral converges at small and large
distances. At small distances the corresponding space correlation function goes over to the expression for the
binary-collision approximation, while at large distances, it coincides, in the first approximation in the plasma

parameter, with the Debye correlation function. A consequence of this is that correct expressions are

obtained for the thermodynamic functions.

1. INTRODUCTION

IN the present paper, kinetic equations for a spatially
uniform nonideal plasma are considered.

The spatial uniformity condition means that in deriv-
ing the collision integrals we can use the zeroth approx-
imation in the ratio of the Debye radius to the length
over which an appreciable change in the first distribu-
tion functions fa(x, t) occurs. Here, a is the component
index and x = (r, p).

The designation ‘‘nonideal plasma’’ means the follow-
ing.

The form of the collision integral I depends on the
model considered for the plasma. In the case when we
can confine ourselves to taking binary collisions into
account, the Boltzmann collision integral is used. We
write it in the form proposed by Bogolyubov:™*™

anj. 0®m 0 (Po(— 00),

Here, Py(— «) and Pb(—- ) are the initial momenta of
particles colliding at time t.

For a Coulomb plasma, the Landau and Balescu-
Lenard collision integrals are used. We write the
Balescu-Lenard collision integral in the form™™®

Ia(pm t) fo(Py(— 00), t) du,.

(1.1)
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Here, €(w, k) is the dielectric permittivity of the Cou-
lomb plasma. It is given by the expression

e (o k) = 1w;24"e""

a

The Landau collision integral can also be written in the

- )fa<p,., ) fo (Poy ) dk dp,. (1.2)

J‘J‘ o-dutitas kmkMd dp..  (1.3)

form (1.2), if we put €(w, k) = 1 and limit the range of
integration: 1/rpin = k = 1/rp, where rp is the Debye
radius.

It was noted in a previous paper by the author'” that
the Boltzmann kinetic equation in the binary-collisicn
approximation does not take complete account of the in-
teraction of the particles. This is manifested, in par-
ticular, in the fact that the interaction of the particles
does not appear in the expression for the energy of the
gas. In this sense, it may be said that the Boltzmann
equation describes nonequilibrium processes only in
an ideal gas. In m, it was shown how the Boltzmann
kinetic equation can be generalized so that one can use
it to describe a nonideal gas.

An analogous situation also holds for a plasma. In
the sense indicated above, the Landau and Balescu-
Lenard equations are valid only for an ideal plasma.

One of the problems of the present paper consists
in obtaining kinetic equations for a nonideal plasma in
the first approximation in the plasma parameter. Be-
cause of the necessity of taking the polarization of the
plasma into account, this problem is considerably more
complicated than the corresponding problem for a gas.
A special method has been developed for its solution,

The Balescu-Lenard collision integral, like the Lan-
dau collision integral also, contains a divergence at
small distances. In a number of papers, % different
expressions for the collision integral have been consid-
ered, which coincide with the Boltzmann collision inte-
gral in the region of small distances and with the
Balescu-Lenard collision integral in the region of large
distances. In the present paper, we study the corre-
sponding expression for the collision integral for a
nonideal plasma.

The Balescu-Lenard kinetic equation is very compli-
cated because of the inclusion of the dynamical polari-
zation in it. It is therefore natural to attempt to study
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simpler model kinetic equations, which would reflect
the fundamental properties of a nonideal plasma.

In Sec. 5, we study the Boltzmann equation for a non-
ideal plasma, with the averaged contribution of the dy-
namical polarization taken into account. The collision
integral in this equation converges at small and large
distances. The corresponding expression for the equi-
librium correlation function at small distances coin-
cides with the expression for the Boltzmann gas, and
at large distances coincides with the Debye correlation
function.

2. THE BALESCU-LENARD KINETIC EQUATION FOR
A NONIDEAL PLASMA

We shall consider the kinetic equation for a nonideal
plasma, taking the dynamical polarization into account;
the equation is valid under the following two assump-
tions.

1. We are considering the approximation of second
correlation functions, i.e., g, g,,... are equal to zero
and fafy) + gqp = f3f).

2. The collision integral I is determined by the
spectral function of the rapid fluctuations of the phase
density, 6Ny, and of the field, 6E. This means that we
are taking into account the contribution of fluctuations
with correlation times shorter than the relaxation times
of the functions fj;.

To derive the kinetic equation, we use the method
described in [%!%2] We represent the collision integral
for a spatially uniform plasma in the form

I, = __fi_a_aNﬂ(r,p,t)aE(r,t). (2.1)
n, dp

The equations for the fluctuations 6Ny (N,
Z} 5 (x — xj(t))) and 6E in the approximation of second

correlatlons (the first assumption) can be written in the
form[lﬂ

ner 0f

] ]
—_ 8N, — 6N, NSE — =0,
( at+ )( )+ e op

div 0 = 4nZJeuj5N¢dp. 2.2)

The fluctuations 6N of the phase density of the source
satisfy the equation

] a sou
—_—tv— ' 2.3
() e @)
This equation can be solved for the correlation
sou . sl fps
ZONaéijr,r',p,p’,t,t' with the initial condition
(BNBN,) 2 v = 8B (£ — 1) 8 (p — PN (X', P, ). (2.4)

The fluctuations 6Ny and 6E are functions of ‘‘fast’’ and
‘“‘slow’’ times, i.e., 6Ny = 6Ng(r, p, t, ut) and 6E
= 8E(r, p, t, ut). The dependence on the slow time put
in the functions 6Ny and 6E and their derivatives ap-
pears through the slowly varying functions fa(p, ut)
(the second assumption).

From Egs. (2.2), for the Fourier components with
respect to the coordinates and the fast time we obtain
the expressions
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Here, A is a time parameter separating the fast and
slow processes,

Dminy 1 /'rco[ >A>1 /Tcoll.

Below, for brevity, ut = t. In the first approximation in
Tcol 9/dt, from (2.5) we have

sou  €gMg " Ofa(p, t ~ T) 9
N, = 6N, —Tjoé’(r)k-—‘Tp—(i—t—a—t)GE(m,k,t)dr,(Z.ﬁ)

u_ . Oe OBE
e(w,k, t)8E(o,k, t) = 6E® am—a-i—. (2.7
Here,
e(m,k,t):i—i24ne°n° [f& )k-a—ff-(p;—drdp. (2.8)

a

This expression for the dielectric permittivity differs
from the expression (1.3) in that here the retardation
of the function fy is taken into account.

In the same approximation, we find from (2.7) an ex-
pression for the derivative 36E/ot:

sou
OB _ OBES  de o (2.9)
at at at
Hence,
a 0 (SESE) e
——(8ESE) gy = ———— " .
57 (OBOE) s = - e (2.10)

and consequently, in this approximation, the energy den-
sity of the electric field is given by the expression

dodk. © (2.11)

(6ESE) 2".:‘,
"(OESE) = 2n J' |

e(w, k
We shall write an expression for the spectral functions

of the fluctuation sources. They follow from (2.3) and
(2.4) and have the form

(8N. 6Ne) ks = 8008 (p — B') -2 Re [ & (D) fu(p,t — ), (2.12)

(SNSE) pps = -i; 4mena-2Re (& (x)fa(p,t —T)dr, (2.13)

(SESE) 5% —Z%ﬁzaej [E@f@t—rdvdp. (2.14)

We represent the collision integral (2.1) in the form

e. 1
L=y jRe(ﬁN&E)..,udwdk

(2.15)

It follows from the structure of the expression (2.6) for
0Ny that the collision integral Iy can be represented in
the form of a sum of two parts

L=1" 41" (2.16)
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The first part is proportional to the spectral density
(6E - 6E)  k,t and may therefore be called the induced
part. We write an expression for Ilnd in general form,
without immediately separatmg out the first derxvatlve
with respect to ut:

e’
(2n) op

ind

dtdo dk.
(2.17)

In the spectral function of the field, the argument (t—7)
refers to the first factor, and t to the second factor.
The second term in (2.16)

e, 1 a sou :
- — N SE) o x 0 doo dk
T aije(é 8E) .« do

J._[ — & (1) (SESE) u.x.- S et =)
* P

\
sou
I, =

(2.18)

is determined by the spectral function of the fluctuations
6N5OU of the phase density of the source and of the fluc-
tuations 6E of the field.

By means of (2.9), we shall express 6E in terms of
SESOU and the derivative 35E/ot:

iy de 1 05Es°“
dw 0t & at

We shall substitute (2.19) into (2.18) and use the formulas
(2.12)—(2.14) for the spectral functions of the source
fluctuations. As a result, we obtain the following ex-
pression:

0E = (2.19)

tSESO\A\(1 . de 4 1)_

0 &

> 9 rok i  0e* 9 1
Iqsou=_i_ x v
25° ﬁp;“jk’{Re[s‘ (1 do Ot e )]
X cos(® — kv)tfo(p,t — 1)
. LI [
_;%-F51n(m—kv)tgfu(p,t—r)};d'rdcodk. (2.20a)

The expression (2.20a) can be written in a simpler

form:
e r)p-“Re[ (140 6‘: = )]kzﬁ(m—kv)dmdkf(l),t)
(2.20b)

Formula (2.20a), despite its more complicated form,
turns out to be more convenient in many cases, for ex-
ample, in the derivation of the conservation laws.

The above decomposmon of the collision integral Iy
into a sum of two parts Ii"d and IS0V is not, of course,
absolutely necessary. By means of the formulas (2. 9)
and (2.19), the collision integral can be completely ex-
pressed in terms of the first distribution functions f,,
but with allowance for the retardation. If we neglect the
retardation in the collision integral (2.17), (2.20), we ob-
tain the Balescu-Lenard collision integral (1.2).

The kinetic equation with the collision integral (2.16),
(2.17), (2.20) leads to the energy conservation law in the
form

9 p SESE
E{Znﬂj 5 dp +——}=o. (2.21)
The energy of the electric field is
SESE (SESE) ,x
o= e e
where
(8ESE) .1 = (SESE) 2/ | (0, k, t) | (2.22)
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The spectral function (3E - 6E) w, k t is given by the ex-
pression (2.14).

In a state of local statistical equilibrium, an expres-
sion for the spatial spectral function of the field follows
from (2.22):

(8ESE) « = 4ntkT [ (1 + r*ok?).

The spatial correlation function corresponding to this
expression is

~/rp

€.y €

2.23
KT r ( )

Ba(r) = —

which describes the Debye correlation of particles in
the plasma.

Thus, the kinetic equation with the collision integral
(2.16), (2.17), (2.20) is valid for a nonideal plasma in
the first approximation in the plasma parameter.

3. THE LANDAU COLLISION INTEGRAL FOR A
NONIDEAL PLASMA

If the integral equations (2.5) are solved by perturba-
tion theory, then in place of (2.16), (2.17), (2.20), we ob-
tain the following expression for the collision integral:

V2 .. 9 o ok _
IG_Z,?e,. ey nb_ﬁpm Re ” " exp{— At — i(kv, — kvy)1}
b 0
0 a
X (——apal_— o )fu(Pa,t—-T)f,,(pb t— v)dv dp, dk

The range of integration over k is bounded by the condi-
tion 1/rin = k = 1/rp. The expression (3.1) differs
from the Landau integral only by taking into account the
time retardation.

The kinetic equation with the collision integral (3.1)
also leads to the conservation law (2.21). Now, however,

(3.1)

[ , €a°€” Nally B ae s a1
B —-—(Zn)sg(lxn) —s :!.je sin(kv — kv’ )rF
9 0
xk (=== ) L(p t =A@\t —D)dpdp dedk. (3.2)
ap ap

This expression follows from (2.22) in the perturbation-
theory approximation.

A kinetic equation with the collision integral (3.1)
was used by Silin™** to describe fast processes in a
plasma. In the presence of fast processes, the distri-
bution functions in expression (3.1) have the form fy
= fa(p, t, t), i.e., depend on the fast and slow times. In
013,41 retardation was taken into account only with re-
spect to the fast time, and the contribution of the inter-
action to the energy of the plasma was thus not taken
into account.

4. PLASMA NONIDEALITY DUE TO INTERACTION
OF CHARGED PARTICLES WITH PLASMONS

In the expressions (2.17), (2.20) for the collision in-
tegral of a nonideal plasma and in the expression (2.22)
for the energy of a nonideal plasma, the contribution of
all the rapid fluctuations 6Ny and 6E, i.e., those whose
correlation times are shorter than the time between col-
lisions, is taken into account.

Among the rapid fluctuations, we can separate out the
contribution of the plasmons, which are excitations for
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which w and k are related by the dispersion equation

Ree(w, k) =0

and the damping constants are such that wiy > v
>> I/Tcol-

Kinetic equations for a nonideal plasma, taking into
account only the contribution of the plasmons, were con-
sidered in the paper.m The corresponding expression
for the collision integral in the first approximation in
Yk 9/0t follows from (2.17) and (2.20). We write it in
the form

I,= J.J‘ k* {( - t) (GESE)m,k,gk_af“_(p'a_tp;l
+'8|_,::e(-m(,Lk,)k|—)’fa(p't) }é’(t)dtdu) dk. (4.1)

This expression coincides with that given in £,

The kinetic equation with the collision integral (4.1)
also leads to the energy conservation law (2.21), but in
the integral over w and Kk in (2.22) only the contribution
of Hille plasmons is now taken into account (cf. Sec. 17
in .

In the expression (4.1), the contribution of plasmons
with damping constants greater than the collision fre-
quency is taken into account. This approximation is
closely related to the so-called quasi-linear approxi-
mation for a plasma. It has been examined in detail in
the work of Vedenov,*’ Kadomtsev,'**! Zavoiskif, and
Rudakov,*® in Sec. 58 of Silin’s book, and in Tsyto-
vich’s book. "

5. INCLUSION OF THE AVERAGED DYNAMICAL
POLARIZATION IN THE BOLTZMANN KINETIC
EQUATION FOR A NONIDEAL PLASMA

The Boltzmann collision integral for a Coulomb
plasma contains a divergence at large distances, and
the Balescu-Lenard integral diverges at small dis-
tances. In the papers by Hubbard,'® Aono,™’ Alyamov-
skif, 193 and others, different forms of the collision in-
tegrals, simultaneously taking into account binary-
collision processes and polarization processes, have
been proposed.

The simplest solution of this problem lies in using
for the collision integral a combination of three inte-
grals: the Boltzmann IE, Landau I;-' and Balescu-Lenard
IBL integrals:

L=1B—1 41" (5.1)

In this expression, the integral I.{{‘ compensates the di-
vergence of the Boltzmann integral at large distances
and the divergence of the integral IBL at small dis-
tances. Such a generalization, although attractive by
virtue of its relative simplicity, is nevertheless not
completely satisfactory, for the following reason.

All three collision integrals in the right-hand side
of (5.1) are known to us for a nonideal plasma. The in-
tegrals I and IBL for a nonideal plasma are given by
the expressions (3.1) and (2.17), (2.20). For the inte-
gral IB, we shall use the expression obtained in "

anj acDub_a__f (Pa(— 00),t) fo(Ps(— 00),t)das

or,
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r),t)fb(Pb(—r);t)dtdxb. (5.2)
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The first term in (5.2) coincides with the Boltzmann
collision integral (1.1). The second term allows for the
nonideality in the binary-collision approximation.

We shall study the correction to the plasma energy
due to allowance for the nonideality. This is determined
by the correlation function gq},. In the local-equilibrium
approximation, the expression for gy}, corresponding to
(5.1) has the form

€4y €a€p €.€p i
= — —rjr Mp M
B (ex"{ rkT} e T ")’ o (6.3)

where f%’l is the Maxwell distribution. The first term in
the right-hand side of (5.3) is the correlation function
of the Boltzmann gas, and the third term is the Debye
correlation function for the plasma. The second term
(with the opposite sign) is the correlation function in
the perturbation-theory approximation.

1t follows from the expression (5.3) that at large dis-
tances the second term cancels the first only in the first
approximation in ejep, /TkT. Because of this, the corre-
lation function at large distances falls off not exponen-
tially, but only like 1/r% Even alone, this shows that
the approximation (5.1) is not completely satisfactory.

Other approaches have also been developed toward
solving the problem of defining a plasma collision in-
tegral that is finite at all distances. Some of these con-
sist in replacing the Coulomb interaction potential by
the Debye potential, i.e.,

€465 €4€p
—_——

(5.4)

e="Tp.

r r

This approximation, however, also leads to incorrect
expressions for the thermodynamic functions. Thus,
for example, in the calculation of the internal energy
density in the Debye approximation with the potential
(5.4), in place of the usual expression

Z n_;b £® gudr dp, dp,

ab

we shall have the expression

Z n,,zn,, j gugudr dp, dp,.

ab

This discrepancy is completely natural, since the choice
of the potential in the form (5.4) presupposes that the
equilibrium spatial correlation of the particles is es-
tablished more rapidly than the distribution in the mo-
menta. There is, however, insufficient justification for
this assumption, i.e., there are no reasons to assume
that the polarizability of the plasma is static.

We shall consider another model, in which the dy-
namical character of the plasma polarizability is taken
into account approximately.

We note that in the derivation of the kinetic equation
for an ideal plasma with allowance for the polarization,
i.e., the expression (1.2), the initial expression for the
collision integral can be written (in place of (2.15)) in
the form

_ — b ay d i
I an jk(Dah(k)Im gun (K, Py Po) ———- (2 )J Po

D (k) = bne.en/k.
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If we substitute into this the solution of the equation for
the correlation function in the Debye approximation,
disregarding the retardation, we obtain the expression
(1.2). The expression in the integrand in (1.2) is propor-
tional to the square of (k). In this case, one of the
factors, in the initial expression (5.5), remains un-
changed, while the second changes when the polariza-
tion is taken into account:

(5.6)
Thus, when the polarization is taken into account, only
the potential in the equation for the correlation function
gab is screened.

We shall take the averaged effect of the dynamical

polarization into account in the following way. In place
of (5.6), we shall use the following potential

Do () (Zeﬂ n.,) Zj = e, nufa dpu.

We shall study sab for a local-equilibrium state. Using
the identity

fa o2k
Ny | ——————dp. = Mg ——————,
Y e | kvl 7 Y en 14 roh?

we obtain from (5.7)

D, (k) - Do (k) / |e(ky, k) |2

D (k) = (5.7)

6).,,,(1() = 4ne,qe, (5.8)

ro®
Hence, it follows that

e,.e,,

D, (r) =

i, (5.9)

Thus, in the local-equilibrium approximation, the
Coulomb potential ®,y, in the equation for ggy, is re-
placed by the screened potential (5.9). This means that,
to obtain a kinetic equation taking into account the av-
eraged dynamical polarization, in the spatially uniform
case we can use the following system of equations for
the functions f; and gqy,:

af,, D, 3
Z j Br: op. g =1

ad,, 9

oDy 0
or, 9ps

ar. op. ) fofe.

( +v aaru+vba%)ga.,=(

Solving the second equation using (5.9), and substituting
gap into Iy, we obtain the collision integral

1, —Z,——e,,ebn,, J'j' 2 1+1:'22]L2

><( ] a )f (Purt
-_— a(Pat—T
0 Pa; 3 pu; P

—Ar—i(kv—kv/)t

Yo(Pot — t)dkdp,dr.  (5.11)

As in the more exact expression (1.2), the integral over
k in (5.11) converges at small k. In this case, as is
easily seen, correct expressions are also obtained for
the thermodynamic functions in the Debye approxima-
tion.

In Eq. (5.10) for the function ggp, the pair interaction
is taken into account by perturbation theory. We shall
now study the Boltzmann equation with allowance for the
averaged dynamical polarization.

In order to use the results of

immediately, in
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place of the equations for the functions fy and ggp we
shall examine the equations for the functions fy and fap.
Taking (5.9) into account, in place of Egs. (11) of 1
we must now use the equations

0D, 0

0—fabdxb = Ia, (5.12)
a _BCDab _0__ 00, 0 5.13
( +v¢ +Vbqb or, 0p.  Or, t?p,,)f ( )
Hence, using the expression (15) of '™, we obtain
for = fo(Pa(— 00), ) fo(Bo(— 00) 1)
9T 8 - -
i R AN CUDIACACD WO S CREY

Here, 133 and ﬁb are the initial momenta of the particles
interacting according to the law &4y,

Substituting (5.14) into (5.12), we obtain the Boltz-
mann equation for a nonideal plasma with allowance for
the averaged dynamical polarization. It can be written
conveniently in the form

fal®a(— 1), ) fo(Po(— 1), £) dT da.

N 0\ 0Qa 4
I, == o — —
Z'n -U (1 Tat) ora dp.
(5.15)
From this kinetic equation follows the energy conserva-
tion law
a p:
3[{ Z e jZm., fedp

+Zb,ﬁ‘iZ—°jm..bfa(i'>,.(—

Hence, in the local-equilibrium approximation, we find
the internal-energy density and the correlation function:

(5.16)
°°),t)fb(;'b(—w),t)drdpadpb}=0.

Z‘ Na %kT + —21—2 n°n® j(Dube—‘;/”dr, (5.17)
P o
L = exp{ fT } 1= exp [ eieb e—’/'D}— 1. (5.18)

At small distances, an expression for gy}, follows from
(5.18) in the binary-collision approximation, while at
large distances in the first approximation in the plasma
parameter, the expression (5.17) coincides with the
Debye correlation function (2.23).

We note that allowing for the averaged polarizability
in (5.11) changes the value of the ‘‘Coulomb logarithm’’
and, consequently, the values of all the kinetic coeffi-
cients. From (5.11), we find

L=In(a/p) >L =In[1+a*/p?]% > L. (5.19)
Here, p is the plasma parameter. The quantity a de-
pends on the method of cut-off at small distances: a =1,
if rmin = eaeb /kT.

1t follows from (5.18) that

w/2e for p<i

. 5.2
1—p/afor 1—pla<t (5.20)

L —-L~ {
Replacing L by L leads, in particular, to a decrease of
the electrical conductivity compared with that calculated
from the Spitzer formula.

The calculation of the kinetic coefficients on the
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basis of the Boltzmann equation (5.12), (5.14) can be
performed only numerically. In this connection, we
note that, because of the allowance for the polarization,
the collision integral (5.15) can no longer be reduced
to the usual Boltzmann form, since the problem in this
case does not reduce to the problem of two-particle col-
lisions. Because of this, the calculation of the kinetic
coefficients must be performed directly for the colli-
sion integral (5.15).

In conclusion, I take this opportunity to express my
gratitude to Professor Werner Ebeling for his interest
in the work and for discussion of the results.
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