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It is shown how to describe the process of alternation of Kasner epochs in the oscillatory regime of approach
to a singularity of the general (nonhomogeneous) solution to the Einstein equation. The universality of the
previously established law of alternation of Kasner exponents is proved (for homogeneous models) and a
general description of the rotations of the Kasner axes under the change of epochs is given. This achieves the

existence proof of a general solution with a time singularity.

IN our preceding papers (which are summarized in[‘] )
an oscillatory regime was discovered for the approach
to a singularity of the cosmological solutions to the
Einstein equation, and this regime was analyzed in de-
tail for the example of the homogeneous model. The
investigation of the homogeneous model was completed
in the recent paper 2], where this model was discussed
in its most general form, and a new effect was uncov-
ered: the rotation of the Kasner axes in the successive
alternation of the Kasner epochs.

The assertion was also made that it is just the os-
cillatory regime of approach to the singularity which is
characteristic for the general (nonhomogeneous) solu-
tion of the Einstein equation, and the conjecture was
made int?? that such a general solution (both in empty
space and in matter-filled space) exhibits all the traits"
which already appear in the homogeneous models.

In the asymptotic region of arbitrarily small times
the evolution of the homogeneous models (of the types
IX and VIII, according to Bianchi) consists of “Kasner
epochs’’ which alternate according to a definite, regular
rule. Accordingly the construction of the general solu-
tion in this region must also comprise: 1) the construc-
tion of the general solution for the individual Kasner
epoch, and 2) a general description of the alternation of
two successive epochs. The answer to the first ques-
tion is given by the ‘‘generalized Kasner solution’’
which was earlier determined in"*’. The present com-
munication is dedicated to answering the second ques-
tion; we shall see that the alternation of epochs in the
general solution does indeed occur in close analogy to
the alternation in the homogeneous model. This com-
pletes the existence proof of the general cosmological
solution of the Einstein equation with a time singularity.

We also remind the reader that the ‘‘regular’’ evolu-
tion of the homogeneous model may be violated by the
occurrence of a series of small oscillations (cf.[!], Sec.
4). Although the likelihood of occurrence of such os-
cillations tends to zero as t — 0,[*) a complete construc-
tion of the general solution must also include this case;
this part of the problem was already solved earliert®],

1. THE LAW OF ALTERNATION OF KASNER
EXPONENTS

In the generalized Kasner solution the spatial metric
(near the singularity) has the form
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(1.1)

gap = a%loly + b*mam; 4 c*nony,

where

a~th, b=ttn, ¢~ tPn,
and p;, pm, and pp are functlons of the coordinates re-

lated by the Kasner conditions®’
Pit Pm+ P =P+ pu’ + pit = 1.

The frame vectors 1, m, and n are also functions of the
coordinates; these vectors will be assumed here to be
normalized so that |[1| ~ |m| ~ |n| ~ 1; in other words,
the factors which determine the order of magnitude of
the components g, 5 are assumed included in the func-
tions a, b, and c.

The (time) interval of applicability of the solution
(1.1) is determined by conditions which follow from the
Einstein equations. Near the singularity one may neglect
the matter energy-momentum tensor in the 00- and
aB-components of these equations:

—Ra°=—;—ka“+iua”ug“=0, (1'2)

—R 5=—1—(V “gnat) 4 Pt = 0.

2y—go
The solution (1.1) was obtained neglecting the space
components of the Ricci tensor Pg in Eq. (1.3). The
condition for such a neglect to be valid are easily
formulated in terms of the projections of these tensors
along the directions 1, m, and n (which were introduced
in Sec. 3 oft* ) The d1agona1 projections of the Ricci
tensor must satisfy the conditions

P!, P, Pt

(1.3)

(1.4)

(the second term in the diagonal projections of the equa-
tions (1.3) must be small compared to the first term).
The off-diagonal projections of (1.3) determine the off-
diagonal projections of the metric tensor (g, 8> €mn)
which should only be small corrections to the leading
terms of the metric, as given by (1.1). In the latter the
only nonvanishing projections are the diagonal ones

(gll, €mm> &nn) and the fact that the off-diagonal projec-
tions are small means that one should have:

8im << VEuBmms Gin << VEunn, Gmn << VEmmEnne (1.5)

DWe follow in this paper the notation introduced in.
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This leads to the following conditions on the Ricci ten-
sor

P,<<ab/t?, Pn.<<aclt? P,.<bc/t. (1.6)

If these conditions are satisfied one may disregard
completely (in the leading order!) the off-diagonal com-
ponents of the equation (1.3).

For the metric of the form (1.1) the Ricci tensor PB
is given by the formulas listed in Appendix C oft®), The
diagonal projections P}, P}, P] contain the terms

1 alrot al : k*a* _ Ka

?( abc(1[mn]) ) T e T AR
and analogous terms with al replaced by bm and cn
(1/k denotes the order of magnitude of spatial distances
over which the metric changes substantially; A is the
coefficient in the relation abc = At for the Kasner epoch
under consideration). The requirement that these
terms be small leads, according to (1.4), to the inequali-
ties

(1.7)*

akTA<1, bYETA<1, cfkTA<L. (1.8)

It is remarkable that these inequalities are not only
necessary, but also sufficient conditions for the exis-
tence of the solution (1.1). In other words, after the
conditions (1.8) are satisfied all other terms in Pl, Pgl,
and Pn, as well as all terms in le, Py, and P in
general, satisfy the conditions (1.4) an(i (1.6) automatic-
ally. An estimate of these terms leads to the condi-
tions®’

2

—(a*b%,..., a’b,...

ye , a*be, ... ) K1

(1.9)
(the dots in the parentheses replace expressions which
are obtained from the ones written out by a permutation
of a, b, and c). All these inequalities contain on the left
the products of powers of two or three of the quantities
which enter into the inequalities (1.8), and therefore are
a fortiori true if the latter are satisfied.

As t decreases there occurs eventually an instant
(call it t) when one of the conditions (1.8) is violated®’.
Thus, if during a given Kasner epoch the negative ex-
ponent refers to the function a(t) (i.e., to p; = p1), then
at the instant t; we will have

a(t) YRR ~ 1. (1.10)

Since during that epoch the functions b(t) and c(t) de-
crease with the decrease of t, the other two inequalities
(1.8) remain valid and at t ~ t), we shall have

b(t) <a(t), (1.11)

It is remarkable that at the same time all the conditions
(1.9) continue to hold. This means that all off-diagonal
projections of the equations (1.3) may be disregarded,
as before. In the diagonal projections only terms of one

c(t) <a(t).

*mn] =m X n.

DThe differentiation of exponential functions with coordinate-dependent
exponents also leads to the appearance of terms involving factors like
In t; this circumstance does not change anything in the following line
of reasoning, and for simplicity we omit such factors.

9The case when two of the conditions (1.8) are violated (this can
happen when the exponents p; and p, are close to zero) corresponds to
the above-mentioned small oscillations, in which we are not interested
here.
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type, (1.7) become important, terms which contain a*/t*
(together with the factor (1 curl 1)?).
As a result, the following equations are obtained for
the process of alternation of two Kasner epochs
-_— R‘l —_ (dbc)'/abc+ xzaZ/bzcz ja— 0,
— R,™ = (abc)" [ abec — Ma* [ b*c* = 0,
—Ry" = (abé) Jabe — Aa?/b%c* = 0,
—R°°=d/a+b'/b+é/c=0,
equations which differ from the corresponding equations
of the homogeneous model only through the fact that the
quantity

(1.12)

A = (lrot1l) / (1[mn]) (1.13)

is no longer a constant, but a function of the space coor-
dinates. Since, however, (1.12) is a system of ordinary
differential equations with respect to time, this differ-
ence does not affect at all the solutions of the equations
and the law of alternation of Kasner exponents (the rule
(3.16) int*J) which follows from these solutions. Thus
the law of alternation of exponents derived for the
hom:))geneous model remains valid in the general case
also .

Below we shall require the explicit form of the solu-
tion of the equations (1.12). We write it out here in
somewhat more detailed form than was done in Sec. 3

oft13:

a® = 0.2t [ch @,

b = 2b2t. " exp (— L t fP) ch o,

Dt

2p,

P 2, 273 _ Ps+ Ps
€ = 2¢,, exp( E— (P)Ch‘P. (1.14)
where the function ¢(t) satisfies the equation®’
F) 2| p 14 p,
_‘Pz"'plexp( Tr ) ! (1.15)
Ycho

at ) e

As is usual, the notation for the Kasner exponents
P1, P2, and p3 (which here are coordinate functions!)
assumes that p; < p: < ps; p, <0; ae, by, ¢y, and
A = agboco are constants (independent of the coordinates);
the quantity

to= (4 pi| A/ |7as) (1.16)

corresponds to the instant of alternation of epochs. The
‘‘initial”’ epoch corresponds to times t > ti (¢ — );
the corresponding asymptotic expressions for the func-
tions (1.14) are:

a=at”, b=Dbt" =i (1.17)
where
a = a,At*, b = bBt*, ¢ = cC17s, (1.18)
s pz+2pi<0’ . s,=ps+21h, (1.19)
1+ 2p, 1+ 2p, 14 2p,
, 2pi(14-p:) —2P1(1—ps)
A= 42p)" 6 B=(1 4 2p)P TP (1.20)

—2p1(1—ps)

C=(1+ 2pl)p"t“ 1+2p;

A= ABCA = (1 + 2p) A.

“This assertion, as well as the equations (1.12) are already contained
inl6]
inl6,

9This function is related to the variable 7 used in!!! (which satisfied the
relation dt=abcd7) via the relation A =2lp,[A7.
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2. ROTATION OF THE KASNER AXES

We now show that in addition to the variation of the
functions a, b, c in the process of alternation of epochs
there also occurs a rotation of the Kasner axes. We re-
call that we have designated (in[zj) as Kasner axes those
directions along which the spatial scales of length vary
according to the power laws tP1 tP2 and tP3, In the
‘“initial’’ epoch, when the functions a, b, and ¢ have the
expressions (1.17), the spatial metric

gap = Ao’ t*Plaly + D *t*P2mamg + ¢ 2t2Pongn,

(2.1)

and the Kasner axes are determined by the vectors

1, m, and n. In the “final’’ epoch, when the functions

a, b, and ¢ are given by the expressions (1.18), let the
Kasner axes be directed along some new vectors 1, m’,
and n’, so that the metric becomes

Zap = a2AN L + b2BHP M, my + cCHPn

(2.2)

The vectors 1', m’, and n’ are linear combinations of
the original vectors 1, m, and n. If one agrees to project
all tensors (including g o ) as before onto the vectors
1, m, and n it is clear that the rotation of the Kasner
axes can be described as the appearance of off-diagonal
projections 8im> 8yny a0d €15 which behave in time like
linear combinations of the functions a®, b?, and c®. We
show how such projections do indeed appear.
For this we turn to the off-diagonal projections of
the equations (1.3), which were not considered until now.
As long as the required g m 8l and g, are small (in
the sense (1.15)) corrections to the first approximation
metric (this happens, in any case in the initial epoch and
for t ~ t;), the equations can be linearized with respect
to these quantities. A simple solution yields
) ) ¢ a b 4ab
gim + &im (—c - —a~— T) + glmﬂ_ = —2P.

k (2.3)

and two more equations, obtained by cyclic permutation
of a, b, and c and the subscripts 1, m, and n. The right-
hand sides of these equations are determined by Egs.
(C.2) int*J, retaining only the largest terms in them,;
thus, for Pim these will be the terms

ab ab ( alrotal
P~ 2 (al rot al) (bm rotal)+~—( ) ,
A* 2c n

A

where A = abc(l- (mxn)). Estimating the orders of mag-
nitude of these terms we find that

P, ~ ka*[c* P, ~ ka*/b, P,,~ k. (2.4)

It is essential that in this approximation all compon-
ents of the matter tensor T, , turn out to be small (this
is shown by the estimates), compared to the components
Pa 3 and can be omitted from the Einstein equations.

We shall solve (2.3) for the initial and final epochs
and then ‘‘match’’ the solutions at t ~ t).. During the
initial epoch, with a, b, and c taken from (1.17) we have

b? tdt a* tdt
[Pn—r— jp,m-;z—. (2.5)

8im = Clma2 + D!mbz +
Pr— P2 b* DPr— P2

By assumption, in this epoch the Kasner axes coincide
with the directions 1, m, n; this means that g;,;, cannot
contain terms proportional to a® or to b?, i.e., we must
have C;p, = Dypy = 0. With Py, taken from (2.4) we then
find the order of magnitude
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&im ~ @b’k [ A* ~ a'b?/a,, (2.6)
where a = a(ty) is taken from (1.10) (we note that owing
to the conditions (1.8) we have g;,, < ab, as it should
be).

For the final epoch the solution has the same form
(2.5) with pz, p1, and ps in place of pi, pz, and ps and with
other constants Cj,, and Dj, .. The latter should be de-
termined from the condition of matching to the solution
(2.6) for t ~ ty; this implies Cim ~ (bk/ak)2 <1 and
Djm ~ 1. Thus, for the final epoch we have

&im ~ @’b [ al + b* + a'b? &)

(the sum here should, of course, be understood only as
a way of enumerating the types of terms that occur in
glm)' Since, however, for t ~ t, the function a decrea-
ses with the decrease of t, the last term will become
small compared to b® (after leaving the intermediate
period t ~ ti, between the two epochs), so that we re-
main only with

&im ~ @b | a® + b? (2.7
We thus obtain from the two equations
gin ~ a’cl [ ad + ¢,
(2.8)

gun ~ bl [ al’ 4 c*bl [ al.

The expression (2.7) signifies a rotation (in the 1, m
‘‘plane’’) of the second Kasner axis by a large ‘‘angle”’
(~1), and a rotation of the second Kasner axis by a
small ‘‘angle’’ (~bj /ap < 1). The small rotations are,
however, outside the approximation considered. Taking
only the big rotations into account, we find from all the
expressions (2.7—8), that the new Kasner axes are re-
lated to the old ones by relations of the form

r=1 m=m+ol n=n+oal (2.9)

where the coefficients are op,, o ~ 1.

We stress the fact that the use of the linearized equa-
tions (2.3), which led to the expressions (2.7—8), is
legitimate only as long as all gjyy,, g1n, 8mn are small
(in the sense of (1.5)). This condition is obviously viola-
ted when during the evolution of the metric towards a
new epoch the function b stops being small compared to
a. But by this time all the components P, , will be
damped out to such an extent that they wilIB disappear
from the Einstein equations, and after that these equa-
tions will be satisfied by the generalized Kasner solution
with arbitrary orientation of the axes® .

-For a quantitative determination of the coefficients
(2.9) one can get away without an exact solution of (2.3),
making use of the existence of the following exact first
integral of the equations (1.2—3) (without matter!):

'/z(%:;a - M::an) = Ca/V.——gv (2 10)

where C, are arbitrary functions of the spatial coor-
dinates. This relation is a generalization of the Bianchi
identity for the three-dimensional Ricci tensor:

Pop =P

91In this reasoning it is understood that the oscillation amplitudes (i.e.,

the ratios a,/b,, a,/c,) are sufficiently large) so that there is room for
all required conditions to be true. We recall that in the asymptotic
region of arbitrarily close approach to the singularity, the amplitudes
increase without bound.
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and is obtained by substituting into it the expressions of
Pg and P in terms of k8 according to (1.3), followed by
some transformations which take into account (1.2); we
do not dwell on the details of this transformation.

The expression in the left-hand side of (2.10) is
nothing other than R°a. If the matter energy- momentum
tensor would be exactly zero, the Einstein Equations
Ry, = Tp, would imply that one has to set the functions
C, equal to zero; the integral (2.10) would then express
nothing beyond the known fact that the various four-
dimensional components of the Einstein equations are
related to each other. The nontrivial circumstance ex-
pressed by the relation (2.10) is in this case related to
the fact that the absence of T and TS in the right-hand
sides of the equations (1.2) and (1.3) is only approxi-
mate, and admissible only in the approximation under
discussion. Owing to the equations R° = T® the relation
(2.10) shows that in this approx1matlon throughout the
whole evolution of the metric, including the transition
period between the epochs, the quantities v—g Ty, remain
constant in time:

V—¢T. (2.11)

We recall that it is just from relations of this type in
Sec. 3 oft®] that the distribution and motion of matter
were derived in the generalized Kasner solution. We
now see that the quantities v—g Tg, remain the same also
during the different Kasner epochs in the oscillatory
regime of approach to the singularity.

Computing the expression v—gR;, for two successive
epochs, with the metrics (] .1) and (2.2) (the computation
is described in Sec. 3 oft® ) and comparing the results
we obtain

21{[mn] Vp: +(p. — p)mrotn + (p: — pm)nrot m}

= const.

(2.12)

- ZAI’{[Bm’Cn’] Vp! +(p’ — p/) Bm’ rot Cn’ + (p — pa’) Cn’ rot Bm'},

where the summation is over simultaneous cyclic per-
mutations of the vectors 1, m, and n, the coefficients

A, B, and C and the subscripts /, m, and n; according to
(2 1) and (2.2) the Kasner exponents are: (P7> Pm> Pp)

= (p1, P2, Ps) and (pj, P, Pn) = (P2, P1, D3).

Equation (2.12) establishes the required relation be-
tweenl’, m’, n’ and 1, m, n. Substituting into this rela-
tion the expressions (2.9) for 1', m’, n’ and projecting
the equation on the directions m and n (i.e., taking the
scalar products with the appropriate rec1procal vectors
m and 1 (cf. (3] sec. 3), we obtain the following definitive
expressions:

-2 L t
Om = pz+3pl([lm]V -+ mrotl)(l[mn]),

zp: 1
([ ]V——anotl) Amn])

(2.13)

On

Ds + 3P1

(the third projection of (2.12) then becomes an identity,
as can be shown easily).

Finally, we show how the general results obtained
here fit into the })roperties of homogeneous models dis-
cussed earlierl®! as a special case.

In the homogeneous models the selection of the frame
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vectors is determined by choosing definite values tor

the structure constants of the %roup of motions of the

space; these vectors, which in'>) were denoted by e’, e,

and e°, were therefore not related to the directions of

the Kasner axes. The latter were defined by the vectors
1=c¢!,

m=ez+ﬂex — ¢ + ctgOae, (2.14)
3 N. e? 1 o3 ¢ ge" e!
n—e+ +—e—e +Ctg¢"e+an>,. ,
where M;, Nl, ... are defmed according to (2.17) inf?3.”

Making use of Eqs. (3.6) inf*] we find a relation between
the Kasner axes, for the alternation of two Kasner
epochs, in the form (2.9), with the coefficients

4p: 4py  ctg 0.

: _fp g0 (2.15)
P2+ 3p: ps + 3ps sin @,

Om = — ctg Om, O, = —

The same result can be obtained from the general
equations (2.13) by setting there p, = const, A = 1 and
noting that owing to the properties of the frame vectors
e!, ¢, e’ in type IX homogeneous spaces in the Bianchi
classification, we have

mrotl e'rot e

Ima] — """ eee]

This proves the correspondence between the general
and the homogeneous models.

We note, in thlS connectlon that we have indicated
the inequalities ay bli > Ck as a condition of appli-
cability of the results The more detailed analysis
carried out here shows that the weaker conditions
aj > by, aj > cf already suffice.”’

nrotl _
1[mn]

ctg 0,

= ctg Om, - .
sin @,

The vectors (2.14) differ from the vectors lg, mg, and ng introduced

in by the factors 1, 1/M, and 1/N,, respectively. The necessity of
introducing this change is related to the somewhat changed definitions
of the functions a, b, and ¢ in/?compared to the present paper; the
functions a, b, and ¢ here correspond to the functions a, M,b, and N;c
in (cf. the reasoning in?, Sec. 3). Corresponding to this the vectors 1,
m, and n are defined in such a manner that the metric (2.13) in®®
would take the form
®We use this occasion to correct a misprint in?: The expression (A.7)
for P? should read
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