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A phenomenological theory of Fermi-type quantum crystals with gapless Fermi excitations is constructed.
Assumptions analogous to those used in the Landau theory of Fermi liquids form the basis of the theory. A
system of equations is obtained for the spectrum of the long-wavelength and low-frequency vibrations of the
crystal. Expressions are found for the compressibility, specific heat and spin susceptibility.

l. The ground state of a classical crystal corresponds
to an assembly of stationary atoms, localized at the
lattice sites. Quantum effects lead to zero-point lattice
vibrations and, associated with these, delocalization of
the atoms. In the case when the interaction between the
atoms is weak, and their mass small, the amplitude of
the zero-point vibrations can become comparable with
the lattice constant. In these conditions, overlap of the
wave functions of neighboring atoms is important and,
because of the principle of indistinguishability of iden-
tical particles, the lattice sites can no longer be identi-
fied with the atoms of the crystal. The properties of
these systems must depend on the statistics by which
the atoms composing them are described. The above
effects make classical methods of treating these sys-
tems invalid. Such crystals are called quantum crystals.
The most striking examples of these are solidified He®
and He®,

The development of a microscopic theory of quantum
crystals has been associated principally with the self-
consistent field approximation. In this, the starting
point used has been either a system of self-consistent
single-particle levels, on the basis of which the vibra-
tional spectrum of the crystal has been determined(!):+
or an aggregate of interacting phonon vibrations'®!, It
is characteristic that, in both cases, phonons turn out
to be the only type of weakly excited states of the sys-
tem, as in a classical insulating and nonmagnetic
crystal also. Andreev and Lifshitz™] first expressed
the idea of a possible quantum-crystal state in which
gapless single-particle excitations (defectons) occur.
Théir presence results in the number of sites being
different from the number of atoms in the lattice, and
leads to a qualitatively new classification of the low
excited states of the crystal.

In the present paper, a phenomenological theory of
a Fermi-type quantum crystal (i.e., consisting of
Fermi-particles) possessing gapless Fermi excitations
will be constructed. As the basis of the theory, we
make assumptions analogous to those used in the Lan-
dau theory of an isotropic Fermi liquid™.

In the second section, we shall formulate the basic
postulates of the theory and obtain relations, stemming
from the Galilean invariance, between the parameters
introduced.

In the third section, we shall find a system of equa-
tions describing the long-wavelength (and low-frequency)
vibrations of a quantum crystal. In essence, these
vibrations are coupled excitations of the zero-sound
and phonon types.

In the fourth section, we shall obtain expressions
for some thermodynamic quantities of a quantum
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crystal--the compressibility, specific heat and spin
susceptibility.

2. In constructing a phenomenological theory of a
quantum crystal of the Fermi type, we shall start from
the assumption that any weakly excited state of the sys-
tem can be characterized by an assembly of Fermi
quasi-particles with quasi-momenta p lying in the
vicinity of a certain surface, called the Fermi surface,
and by the lattice deformation. We shall describe the
latter by the deformation vector uj(x) (x = {r, t} is
the space-time coordinate) defining the displacement
of the lattice sites, which, as already mentioned, can-
not be identified with the atoms of the crystal. In view
of the fact that we are interested in perturbed states
with inhomogeneities of dimensions large compared
with the period of the lattice, uj(x) depends on a con-
tinuous space variable.

Unlike the Fermi surface of an isotropic Fermi
liquid'®, the Fermi surface of a quantum crystal is,
in general, anisotropic. According to the theorem
proved by Luttinger!®], the volume of the Fermi surface
determines, to within an even integer (the particle spin
S = ¥,), the number of particles per unit cell of the
crystal. We shall not use this relation here. We re-
quire only that the change in the number of quasi-parti-
cles for fixed lattice sites be equal to the change in the
number of particles. By analogy with isotropic Fermi
systems, the ground state of a quantum crystal can be
represented conveniently in the form of a combination
of the quasi-particles occupying all the states with
quasi-momenta p lying within the Fermi surface and
a subsystem, whose degrees of freedom are character-
ized by the vector uj(x) (in the ground state, uj(x) = 0),
interacting with the quasi-particles. In the following,
by convention we shall call this subsystem the lattice.

We shall assume that the interaction between the
quasi-particles is described by the self-consistent
field acting on a quasi-particle and arising from the
other quasi-particles. In this case, the energy of the
system must obviously be a functional of the quasi-
particle distribution function n(p, x) and the deforma-
tion vector uj(x): E = E{n(p, x), uj(x)}. For small
deviations from equilibrium, the energy can be repre-
sented in the form of a functional expansion in 6n(p, x)
=n(p, x) — no(p) (no(p) is the equilibrium distribution
function) and in the derivatives 8uj/dt, duyx/dri of the
deformation vector (because of the invariance of the
energy with respect to arbitrary uniform displacements
that are independent of time, the quantities uj(x) them-
selves do not appear in the expansion). The most gen-
eral expansion of the energy, exact to terms quadratic
in 6n(p, x), 9uj(x)/dt and dug(x)/drj, if we take into
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account the invariance under inversion of the space and
time coordinates, has the form

d 1 ¢ dpdp’
E=[ar{5.+ j(z—p,s(pmn(p,zwz—j e 20,2

xon @, )+ o] 50 252+ 20 | on e 2
1 du(z) Ziu.(:t) 6u.(x) Oun(z)
R e e T ICRY

As in the Landau theory“], here we have used an
assumption that the interaction between the particles
is short-range, so that the expansion of the energy is
local. The first three terms in the curly brackets of
(2.1) are identical with the corresponding expansion in
the Landau theory. &, is the energy density of the
ground state of the crystal, €(p) is the unperturbed
quasi-particle energy, and f(p, p’) is the Landau func-
tion defining the interaction between the quasi-parti-
cles. The sum of the last two terms of (2.1) is the ana-
log of the energy density in the classical theory of
elasticity'®). The difference consists in the fact that
the tensor pjk is proportional to the unit tensor only
in the case of crystals of cubic symmetry and in this
case, generally speaking, does not reduce to the mass
density of the crystal. The structure itself of the last
term of the expansion and the property of invariance of
the energy with respect to rotations of the system as a
whole lead to the usual symmetry conditions for the
‘“‘elastic tensor’’ Aik/m: Aikim = Mmik = Akiim. The
fourth term of the expansion (2.1) defines the interac-
tion of the Fermi excitations with the lattice deforma-
tion.

As in the Landau theory!*!, the energy e(p, x) of a
quasi-particle with quasi-momentum p and coordinate
x is determined by the variational derivative of the
total energy of the system with respect to the distribu-
tion function n(p, x) at fixed lattice deformation-

d ’
s(p,x)=e(pH—_f—(%yf(p,p’)ﬁn(p’,x)Jr&(p ( 2 +Lalp )

In writting the expansion (2.1), we have made no (2'2)
assumptions concerning the tensor pjk and the func-
tions f(p, p’) and £i(p). In reality, these are not inde-
pendent. We shall prove this, by using Galilean invari-
ance.

First, we shall determine the flux density jj(x) of
the quasi-particle number. It is clear that this is equal
to

dp de(p,7)
_W 9p;
Since, in the ground state in the coordinate system in
which the crystal as a whole is at rest, j; = 0 and there
is no deformation, on the basis of the expression for
e(p, x) (2.2), we obtam

)= o v + [ as 1005 Jonce. o

—1—_( dSv; (§1 p)-

ji(z) = n(p,z). (2.3)

(2.4)

uz 1) oun (z)
+ L (P )T) .

Here, vi = vi(p) = 8e(p)/‘d pi is the unperturbed
velocity of a quasi-particle with quasi-momentum p,

jds=j o )36(8( w),
and p is the chemical potent1a1. In deriving (2.4), we
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have used the fact that the equilibrium quasi-particle
distribution function is of the Fermi type, no(p)
=nr(e(p)), and at zero temperature, anp(c)/de

= -5(e - u). We note that the equation <(p) = u de-
fines the Fermi surface of the quasi-particles.

We shall now find an expression for the momentum
density #j(x) of the lattice. It is the momentum canon-
ically conjugate to the generalized coordinate uj(x).
Obviously, for &n(p, x) =0

.?.(x) == pmauh (:c) /at

Since 8

7 = S ot

(2 is the Lagrangian function of the system), and the
correction to Zlinear in 6n differs only in sign from
the corresponding term in (2. 1) we have

Ou
Pi(x) = 0a—F— - (I) J' (27)° S(p

yon(p, z). (2.5)
We shall obtain the first relation between the
parameters of the theory by considering the change of
energy of the quasi-particle subsystem due to the uni-
form motion of the lattice sites with constant velocity
c. In the reference system in which the lattice is at
rest, the subsystem of quasi-particles moves with
velocity —c. The corresponding correction to the
energy of the quasi-particles in this coordinate system
is equal to SE.F—= — mc,jdlfi(r)
— _dp__ ’ -
- mc.jdrj(2“)3 [v,-{—def(p,p)vi\én(p,z)

In making the inverse coordinate transformation to the
original reference system, it is necessary to add to the
energy of the subsystem of quasi-particles the expres-
sion

(2.6)

d,
o f de [-5ays P@On(p.2)

(Pi(p) is the average value of the momentum of a
quasi-particle in a state with quasi-momentum p) and,
thus, the total change of energy of the quasi-particle
subsystem produced by the motion of lattice sites with
velocity duj(x)/dt = cj is equal to

=jdrj7;£F[P‘(p)—m(rvi+5 as’f(p, p')v,»')] sn(p, z)c.

Comparing this expression with (2.1), we obtain

L@ =P —m(vi+ [aSRp0).  (2.7)

We note that in the case of the isotropic Fermi
liquid, Pi(p) = pi and, after equating £j(p) to zero,
we obtain the usual Landau-theory relation for the
effective mass'*.

To find the second relation, we note that the mass
flux density of the particles of the crystal is equal to
the sum of the flux density mjj(x) of the mass carried
by the quasi-particles and the mass flux density asso-
ciated with the lattice,

) + Pi(). (2.8)

On transforming to the coordinate system moving
with velocity c, the mass flux density of the crystal
changes by an amount §Jj = —Nomcj (N, is the parti-

Ji(z) = mji(z
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cle-number density of the system, and m is the mass
of an individual particle). On the other hand, this same
change in the mass flux density can be determined from
the formulas (2.8), (2.4) and (2.5), if we take into ac-
count the law of transformation of the quantities n(p, x)
and ouj(x)/at:
Oui(x) dui(x)
ot at

n(p,x)—>—n(p+mc,x), i
Equating the two expressions for §Jj(x), we obtain a
relation for the tensor pijk:

pn = Nombp — m? de v <U,; + ‘[ ds’f(p,p’) vh’) , (2.9)

In essence, the tensor pjk defines that part of the
crystal density which is associated with the lattice.

For the isotropic Fermi liquid, taking into account
the relation for the effective mass, we obtain the
natural result: pji = 0. But in the absence of a Fermi
surface, pjk, as in a classical crystal, determines the
density of the crystal: pjk = Nomdjk.

3. We turn to the derivation of the equations of
motion describing the weakly nonequilibrium proper-
ties of the crystal. One of these, obviously, is the
kinetic equation for the quasi-particle distribution
function:
an(p,x) on(p,z) Oe(p,z) ___On(p,z) 0de(p,2)

at ar; ap: 0p; ar;

=1I(n), (3.1)

where I(n) is the collision integral.

For the second equation of motion, we take Hamil-
ton’s equation for the lattice:

0P (x) [
ot ou(z) (3.2)

After substituting (2.2) into (3.1) and (2.5) into (3.2),
using the expansion (2.1) and linearizing Eq. (3.1), we
obtain a system of equations of motion for the quantum

crystal
on,
'_Gn(p’z)-}-v’ {6”( )= Y;—e(a)"“( 2 (0, )08, 2)

+&(p )aul(z) + Lm(p au"'(x) ]1 =1I(n), (3.3)

azuk(‘t) _ all,,,.(x

ik atz = Mkim arkarl

9 a

+ [ [ew s+ o] (3.4)

We shall study the determination of the vibrational
eigenfrequencies of a quantum crystal. For this, we
shall seek a solution of the system of equatmns (3 3),
(3.4) in the form &n(p, x) = &n(p, k)elKX, uj(x)
= uj(k)e!™® (kx = k-r - wt). We are interested in
frequencies w that are high compared with the charac-
teristic inverse collision time of the quasi-particles,
so that the collision integral in the right-hand side of
Eq. (3.3) can be neglected. As follows from (3.3), the
quantity 6n(p, k) can be represented in the form

on(p, k) = —?g—v(p, %). (3.5)

After this, the system of equations for v(p, k) and
u;(k) takes the form

(0= VK)v(p, B) = vk | [aS'7(p ) v (' )

+i(— 0k(p) () + KEa () ur(0)) | (3.6)
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(.Om(l)z - ;‘ilmkklkm) u;;(k)
=-in dS(— o&i(p)+ k&u(p)) v(p, k). (3.7)

Eliminating uj(k), we obtain an equation for v(p, k):

(3.8)
(0 —VK) v(p, k) = vk [dS'F (p,p; F)v(p, ),
YRETE (b, o k) = 1, ) + (05(0) — kLu(p)) Dt ()
X (08 (P') — Fulmi (P)), (3.9)
and Dj (k) is the solution of the equation
(3.10)

Equation (3.8) has a form that is usual for the theory
of Fermi liquids'”. However, the function F(p, p’; k),
which plays the role of the Landau function, depends on
the wave vector and the vibration frequency. This
means that, along with the zero-sound solutions, the
system (3.8) can possess an additional family of solu-
tions.

One can convince oneself of this by eliminating the
variable v(p, k) from the system (3.6), (3.7), which
leads to the following equation for uj(k):

[pnow? — Tu(k)Jun(k) =0, (3.11)
where Tw(k) = Lumikikm
K
+ [ (0% (p) = kitu() === (05 (2. B) — ko (p,0)); (3.12)

£i(p, k) and £jk(p, k) are determined from the equa-
tions

&, K) =5 (D) + [ (. p) B0\ R),  (3.13)

(3.14)

La(p, k) = Cu(p) + [ 45’7 (p, D) L@, B).

v
o—vk

Equation (3.11) has the form of the dynamical equa-
tion determining the spectrum of the lattice vibrations.
The quantity Tjk(k) appearing in it, which as the
sense of the dynamical matrix, possesses frequency
dispersion. This points to the fact that, apart from the
three solutions corresponding to acoustic phonon
modes, the vector equation (3.11) has an additional
class of solutions. Thus, Egs. (3.8) and (3.11) deter-
mine the spectrum of coupled vibrations of the zero-
sound and phonon types. It is not difficult to see that
the dispersion law corresponding to these is linear,

4, We proceed to examine the thermodynamic
properties of the quantum crystal. In the first place,
we shall express the compressibility of the crystal in
terms of the quantities appearing in the theory. For
this, we make use of the relation
oP Nu AN\
" ( au) 4.1)
(P is the pressure, and p = Nom is the density of the
crystal) and of the fact that, in the presence of a weakly
nonuniform external scalar field go(r) that does not
depend on time, the equilibrium condition y + ¢(r)
= const is fulfilled, whence follows

N O8N
gu oe(r)

In accordance with the basic assumption of our
theory, the change of the particle-number density is

(4.2)

@{r)—>const
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equal, obviously, to the sum of the change of the quasi-
particle number density and the change of the lattice
density.

The most general expression for §N(x) in the ap-
proximation linear in the deformation has the form

du,
8N (2) = j——«sn P, 2) + Mo - ( ) (4.3)
where njk is a second-rank symmetric tensor (propor-
tional to the unit tensor for crystals of cubic sym-
metry). In the presence of the field ¢ (r), to the energy
(2.1) we must add the interaction energy

J'drN(x)cp(x)=jdr[Na+_[ S 0. )+ ua,(x)] 0(z).

The expression for the energy of the quasi-particles
takes the form

e(p,z) = ¢(p) + ¢ (2)+
6u.( )

’

dp
f @)’ ——-1(p,p") dn(p’,2)

ouh(x)

+ &(p) (4.4)

+ Ca(p)

In the limit where the external field ¢ (r) is inde-
pendent of time and tends to a constant, the crystal
goes over into a new equilibrium state, to which corre-
spond a certain uniform deformation of the lattice and
a new quasi-particle distribution, differing from the
original one by the replacement of €(p) by €(p)

+ 6€(p). The connection between &€ (p), dugx/dri and
¢ will be determined from the relation (4.4)

* (4.5)

. , , du,
8e(p) =& — | dS'f(p, ") 62 (P') + Za(P) —

(we have taken into account that sn(p) = no(e(p)
+ 6€(p)) = no(e(p)) = de(p) (9no/2€)).

As the second equation for 6e(p) and dug/drj, we
take the condition that the energy be a minimum with
respect to an infinitesimal change of duy /0 rj in the
presence of the field ¢:

Olm
;.,vh,mdir’—_[ds Ea(p) 8e(p) -+ N = 0. (4.6)

We shall express the change of energy 6¢(p) from
Eq. (4.5):

ouy
62 (p) = X ()0 +a(P) 5 a.7)
Here X(p) satisfies the equation
P+ [ a1 (v p) X (p) =1, (4.8)

and the function zZjk(p) is the solution of the equation

Sa()+ [ dS'F(p, B)Eu(®) = La(p). (4.9)

which, as can be seen from (3.14), coincides with the
k-limit (w = 0, k— 0) of the function ¢jk(p, K):

S (p) = Lu*(p) = hn} La(p. k).

0

By substituting (4.7) into (4.6), we obtain

Ot - 4.10
A H'"Tr, — NP, ( )
where
: Iihfm = Ainim — de Tan (p)zlm (p), . (4 .11)
T_]m.=1'|:k‘_',r dS&k(p). (4.12)

In deriving (4.10), we have made use‘of the relation
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Jastumxe) = { dstu(p), (4.13)
which stems from (4.8), (4.9) and (3.14),
Defining the tensor Ajkm by
At Ftmns = BinBhes (4.14)
we obtain from (4.7) and (4.10)
Ge(p) = [X(P) _Elh(p)Aihlmﬁlm](P, (4-15)
ouy [ Ori = — Aintm im@- (4,16)

Substituting (4.15) and (4.16) into (4.3), taking ac-
count of the relation between 6n(p) and 6e(p) and the
formula (4.2), we shall have

N N — -
— = ihAihlm tmy (4 '17)
o on ),, +1 M
where we have introduced the notation
((7N/0u)p=5dSX(p). (4.18)

Substituting (4.17) into (4.1), we obtain an expres-
sion for the compressibility
L. L (4.19)
dp (6N/0M)r+nikA1k'mnlm
In the absence of the subsystem of quasi-particles
(which may be regarded as the limit of zero volume of
the Fermi surface), (8N/8y)F =0 and, as we shall
see below, ﬁik = Nobjk. Therefore, the expression
(4.19) goes over into the usual formula of the classical
theory of elasticity. The quantity Ajk;m has, in this
case, the meaning of the inverse tensor of the elastic
moduli.
The tensor 7njk that we have introduced above is not,
in reality, independent. It can be expressed in terms
of other parameters of the theory, on the basis of the
following arguments. When an external scalar field with

potential e Tt i5 switched on with the condition

that |k|/w — 0, | k| L € 1 (L characterizes the
dimensions of the system), the crystal will perform
periodic oscillations as a whole, since the above-men-
tioned field corresponds to an electric field of fre-
quency w, uniform over the dimensions of the system;
the product of the amplitude of the field intensity with
the charge of a particle is equal to k¢. According to
classical mechanics, the time-averaged correction,
associated with the field, to the energy density is equal
to

(4.20)

At the same time, 6& can be determined by using
the equations of motion for 6n(p, x) and uj(x) in an
external field. By means of simple but cumbersome
calculations, which we shall not give here, one can
obtain

= {Jasv(vu+ fas' 1o w0) + (net fasviz)) on

(nm+j dSv,.E,m(p))} L3P (4.21)

After equating (4.20) and (4.21), taking (3.4) and (3.6)
into account, we obtain

%= Noda— | dSP.(p)va (4.22)
n

One further relation between the parameters of the
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theory follows from Eq. (4.15):

de(p)
an
In the case of an isotropic Fermi liquid, from (4.22),
taking into account that P;(p) = pj, we obtain njk =0,
by virtue of which (4.23) goes over to the relation for
8po/3p_ (po is the Fermi momentum) which arises from
the Landau theory™]., As the volume of the Fermi sur-
face tends to zero, njk — Nobdjk; then ’l_ik — nik, and
from (4.23) it follows that Zjg(p) — O.
We proceed to the determination of the spectric heat.
According to (2.1), in lowest order in the temperature,

Cv:(%)N,VZI%FE(P)(%‘)N=;T§d& (4.24)

The integral

(4.23)

— X (p) = Eu(p) Axkhn-;]lm.

fas =f GEnotem—w

determines the density of states at the Fermi surface.
It is obvious that a term (~T3), corresponding to
the contribution of the Bose branches of the excitations
to the specific heat of the crystal, must be added to the
expression (4.24). The correct allowance for these lies
beyond the limits of accuracy of the phenomenological
theory, and this limits the applicability of formula
(4.24) to the region of extremely low temperatures:

. Ng Tp°
r<—= (4.25)

0 F

s IT<<Tx,

where Ty is the Fermi degeneracy temperatures, Ny
is the number of quasi-particles (expressible by the
volume of the Fermi surface) and Tp is the tempera-
ture determined by the limiting frequency of the phonon
excitations.

Up to this point, we have omitted for brevity the
symbols for the spin indices of the quantities appear-
ing in the theory. If the spin is taken into account, all
the results remain valid, if along with the integrations
over dp and dS it is implied that the trace is to be
taken over the spin indices of the integrand. In particu-
lar, for example, the integral

J‘d5=j(—2%p—);5(8(ll‘)—u)

is the total density of states of quasi-particles with
both spin directions (we are considering a crystal
consisting of particles with spin 7;) at the Fermi sur-
face.

If the interaction of the spins has an exchange origin,
the Landau function, as in the isotropic case!®), has the
following structure:

faps (P, P') = fo(P, P') 8a38p0 + [ (P, P’) OarG. (4.26)
Here o are the Pauli matrices. In accordance with
what we have stated above, the quantity f,(p, p’) occurs
in the expressions (2.7) and (2.9) for £i(p) and pjk. It
is obvious also that g‘i’B(p) and gioll{ﬂ(p) are propor-
tional to 544-

Finally, we shall give an expression for the magnetic
spin susceptibility y of the crystal, which can be ob-
tained by taking into account the structure of the Lan-
dau function and the remarks made above:

x=u02jds Y(p), (4.27)
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where Y(p) satisfies the equation

Y(p)+ [ dS'7.(p,0) Y () = 1, (4.28)
and 1, is the magnetic moment of an individual parti-
cle,

As can be seen from (4.27) and (4.28), the spin
susceptibility is completely determined by the contri-
bution of the Fermi excitations. This fact is a conse-
quence of the assumption that the microscopic mag-
netic-moment density of the crystal is equal to zero in
the ground state at T = 0. Therefore, excitation of
Fermi quasi-particles is the only possibility of forma-
tion of a magnetic moment in the presence of a magnetic
field.

In conclusion, we shall discuss the connection be-
tween the theory developed and the experimental data
on solid He®. Sample and Swenson!®), and also Pandorf
and Edwards'®!, performed calorimetric measurements
of the specific heat of bcc He® and, assuming that this
is determined by the contribution of the phonons, inter-
preted their data by a cubic temperature dependence,
Cy ~ (T/Tp)® (Tp is the Debye temperature). It was
ascertained that Tp has an appreciable dependence on
temperature; on decrease of the temperature, TD(T)
does not tend to a constant, but continues to fall after
passing through a maximum (Tmax ~ 10‘2TD). It is
characteristic that, in experiments with solid He*
with the same apparatus, it was found that Tp(He*)
becomes a constant. This gives grounds for supposing
that the anomaly found in Hea, is not a consequence of
spurious effects of the measurements.

The anomalous behavior of the specific heat of bcec
He® was also confirmed by measurement of the thermal
conductivity'*°! under conditions in which the mean
free path of the phonons does not depend on the tem-
perature or on the thermal coefficient of the pressure
(o P/aT) v[u].

Greywall and Munarin!*®*) measured the velocity of
sound in bcc He® and showed that the Debye tempera-
ture determined from these data differs from the Tp
associated with the specific heat.

In our opinion, the experimentally established
anomaly in the specific heat of bec He® is a conse-
quence of the contribution of Fermi excitations; in
other words, the fall of Tp with decreasing tempera-
ture is the result of a transition of the specific heat
from a cubic dependence on T to the linear dependence
determined by formula (4.24). Unfortunately, for the
present there is no possibility of a quantitative com-
parison of the theory with experiment. For this, it is
necessary to extend the specific-heat measurements
into the region of lower temperatures, where the con-
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