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Spontaneous parametnc radiation (SPR) excited in the nonlinear biaxial crystal a-HI03 by radiation 
from an argon laser ().3 =4880 A and 5145 A) is investigated. The altered angular, electrooptical, and 
temperature curves arc: obtained. On variation of the polar angle, concurrent with alteration of the SPR 
frequencies, an alteration of frequencies in the given biaxial crystal was observed. The distribution of the 
SPR intensity over the: frequency spectrum is investigated. The optimal parameters of a resonator for an 
a-HI03 crystal parametric generator involving interaction of the e=o+e type are calculated. 

INTRODUCTION 

THE biaxial crystal a-Hll03 belongs to class 222 of the 
orthorhombic system, is transparent in the region 0.4-
1.4J..t, and has large components of the nonlinear-sus
ceptibility tensor. r1-31 ThE! crystal grows readily from 
an aqueous solution and can reach considerable dimen
sions (up to 10-15 em). In addition, no optical inhomo
geneities of the refractive index are produced in this 
crystal by optical radiation of high power density. r1•21 
These properties of the crystal have attracted attention 
to it from the point of view of producing harmonic gen-
erators [2-41 and tunable parametric generators of light 
in the visible and near infrared bands. r5•61 An investi
gation of spontaneous parametric radiation {SPR)r7- 111 
can be used to obtain angular, electrooptical, tempera
ture, elastooptical tuning curves, to study the dispersion 
of the nonlinear optical constants in a wide spectral in
terval, including the region of strong absorption of one 
of the parametric frequencies, and also to measure the 
dispersion of the refractive indices in the infrared band. 

The present paper is devoted to an investigation of 
SPR and to a calculation of the optimal resonator pa
rameters for a parametric generator using the crystall 
a-HI03.u 

TUNING CURVES 

As is well known, the process of spontaneous para
metric radiation proceeds quite effectively when the 
condition 

(1) 

is satisfied, where w3 , w2 , w10 k3, k2, k1 are the frequen
cies and wave vectors of the pump and parametric 
waves, respectively. For biaxial crystals such as a
HI03 the condition {1) in the case of collinearly propa
gating waves can be writt•m in the form 

w,n(0,, e, <D) = 0,n(w,, e, <D) + (w,- w,)n(wz, e, <D), {2} 

where n (wj, 8, <J.) is the refractive index at the frequency 
Wi in the propagation of a light wave with wave vector 
ki(8, <J.). Unlike uniaxial crystals, the parametric-radi
ation frequencies in biaxial crystals depend not only on 
the polar angle 8 but also on the azimuthal angle <J.. 

1l Initial results from observation of SPR in the a-HI03 crystal wen~ 
reported earlier [ 12 ]. 

The refractive index n (wi, 8, <J.) can be expressed in 
terms of the principal values Nx(wi), Ny(wi), Nz{wi) of 
the refractive indices of the crystal with the aid of the 
Fresnel equationr131 

sin' e cos' III sin' e sin' <1> 

[~(w,, 0, Ill))-'- [Nx(w,)) _, + [n(0,, 0, <D)) '+ [N.(w,)) ' 

+ cos' e . 
'7-"----,---~-~-- = 0. 
[n(w,, e, <D))-' -[N,(w,) )-' 

{3) 

The crystallographic axes of a-HI03 are designated in 
accordance with the mE standards[141 (c <a <b), X is 
directed along a, Y along b, and Z along c, with Nx 
'* Ny >Nz. 

Let us consider first the satisfaction of the synchro
nism condition {2) for the propagation of light with a 
wave vector lying in one of the principal planes of the 
crystal. An analysis of the dispersion properties of the 
refractive indices of the a-HI03 crystalr21 shows that 
the condition {2) is satisfied at X~ 0.5J..t for an interac
tion of the type e = o + o, 2> and for an interaction of the 
type e = o + e, for the propagation of a light wave with 
a pump wave vector lying in the principal plane {XZ} or 
(YZ). The a-HI03 crystal has three nonzero linearly
independent coefficients d14, d25, and d36, which, when 
account is taken of the Kleinman symmetry, r151 are 
equal to each other. The effective nonlinear coefficient 
for the interaction e = o + e in the principal planes (XZ) 
and (YZ) is equal to deff = 2d14 sin 28 and deff = 0 for 
the interaction of the type e = o + o in all the principal 
planes. However, when the pump wave vector goes out
side the principal plane, deff becomes different from 
zero also in the case of the e = o + o interaction. 

In our experiment the pump was a cw argon laser at 
wavelengths X3 = 4880 A and X3 = 5145 A, with output 
power up to 1 W for each of the wavelengths. The a
HI03 crystals measured 1-2 em. The crystals were 
oriented along the natural faces or with the aid of x
rays. The orientation was made more precise by using 
the interference pattern in converging beams in polar
ized light. Figure 1 shows plots of the angular tuning 
curves }n the a-HI03 crystal pumt>ed at wavelengths X3 

= 4880 A (curves 1) and X3 = 5145 A (curves 2). The solid 
curves in Fig. 1 are the results of the calculation for 
the case of one-dimensional parametric interaction on 
the basis of {2) and {3) for the {XZ} and (YZ) planes, 

2>Here e stands for a wave polarized in the principal plane of the 
crystal in which the wave vector is located, and o for a wave 
polarized perpendicular to this plane. 
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. FIG. I. Angular tuning curves for one-dimensional parametric inter
actiOn e = o + e at a pump 7\3 = 4880A (curves I) and }\3 = 5145A 
(curves 2). 1/7\~ = 1/7\~ + 1/7\i. 
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FIG. 2. Tuning curves relative to the azimuthal angle <P: a-experi
mental tuning curves for 7\3 = 4880A (curve I) and 7\3 = 5145A (curve 
2) at 0 = 26°; b-calculated tuning curves for 7\3 = 4880A; 1-0 = 40°, 
2-0 = 50°,3-0 = 60°,4-0 = 70°. 

corresponding to the cases <I> = oo and <I> = 90°. The cal
culation was based on the data on the dispersion of the 

. a-~~Os crystal, measured up to A = l.2J..1. by Kurtz et 
al. For the spectral region with A > l.2J..1., the dis-
persion of the refractive indices was approximated with 
the Cauchy formulas. The results of the experiment are 
markedo by circles for A = 4880 A and by dots for As 
= 5145 A. It is seen from Fig. 1 that when the additional 
frequency w2 approaches the absorption band the ex
perimental tuning curves deviate from the c~lculated 
ones, since the Cauchy formulas no longer hold. The 
deviation begins earlier for the principal plane (YZ) 
than for the principal plane (XZ), which agrees with 
the polarization anistropy of the infrared absorption 
edge for the a-HIOs crystal. [21 In addition, the tuning 
curves exhibit anomalies which we attribute to the 
anomaly of the dispersion of the refractive index in 
the absorption region of the additional frequency w2 • 

Figure 2a shows the experimental angular tuning 
curves with respect to the azimuthal angle <I> for e = 26° 
As = 4880 A (curve 1 ), and A3 = 4145 A (curve 2). Figure ' 
2b shows a family of calculated angular tuning curves 
relative to the azimuthal angle <P for different values of 
the polar angle e at As = 4880 A. It should be noted that 
the experimental angular tuning curves relative to the 
azimuthal angle were obtained in a region close to the 
absorption of the additional frequency, where the Cauchy 

FIG. 3. Experimental tempera
ture-tuning curve for 7\3 = 4880A 
at cp = 0° and 0 = 50°. 
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FIG. 4. Calculated electrooptical tuning curves for 7\3 = 4880A at 
<P = 0: I-0 = 45°,2-0 = 55°,3-0 = 65°. 

formulas for the dispersion of the refractive indices no 
longer hold. From the point of view of choosing the ge
ometry of the crystal, however, it is difficult to obtain 
experimental curves in the interval of the polar angles 
e where the Cauchy formulas hold. 

The dependence of the refractive indices of the crys
tal on the temperature can lead to a variation of the SPR 
frequency with temperature. Owing to the absence of 
published data on the temperature dependence of the re
fractive indices for the a-HIOs crystal, we were unable 
to calculate temperature-tuning curves and confined 
ourselves to an experimental investigation of the tem
perature variation of the SPR signal frequency. The 
results of the experiment for A3 = 4880 A, <I> = 0 and e 
= 50° are shown in Fig. 3. It follows from the experi
mental data of Fig. 3 that dAjdT ~ 0.55 A;oc when the 
temperature ranges from -110 to 0°C. 

The presence of an electro-optical effect in the a
HI03 crystal [161 makes it possible to vary the paramet
ric frequencies by means of an electric field applied to 
the crystal. Let us consider the case when the pump 
wave vector lies in the (XZ) plane and can change its 
direction in this plane, while the external electric field 
is applied along the Y axis (E = (OE20)). In this case the 
change of the refractive index for the e-beam has in ac
cordance with [161 the form 

t.n(-w,, 8, 0, E,) = 'f,n'(w,, 8, 0, O)r.,E,sin 28, (4) 

where r 52 is the electrooptical coefficient. The refrac
tive index for the o-beam in this case is independent of 
the field (in the approximation linear in the field). Con
sequently, the condition (2) can now be rewritten as 
follows: 

w, [n(w,, 8, 0, 0) + 1/,n'(w,, 8, 0, O)r,E, sin 28] = w,Ny(w1) 

+ (w,-w,)[n(w,,e,O,O) + 1/,n'(w,,e,O,O)r,E,sin28]. (5 ) 
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We have calculated the tuning curves on the basis of 
{5 ), using the electrooptic:al coefficient r 52 = 7. 6 x 10-10 

cm/V measured at the wavelength A = 6328 A. l 161 The 
results of the calculation are shown in Fig. 4. The 
curves on Fig. 4 represent the dependence of the vari
ation of the SPR wavelength 

d.t.,, (E,) = J., (8, 0, 0) - t.,, (8, 0, E,) 

on the intensity of the external electric field applied to 
the crystal at different values of the angle e. As fol
lows from Fig. 4, the weak dependence of the wavelength 
on the external field does not yield an appreciable para
metric-frequency tuning :range, but this effect can be 
used, for example, to adj11st the frequency of the reso
nator in a parametric light generator. 

SPR INTENSITY IN THE CASE OF ABSORPTION OF 
ONE OF THE PARAMlE:TRIC FREQUENCIES 

Figure 5 shows the results of the experimental in
vestigation of the dependence of the spectral density I1 

of the SPR on the wavelength At. when the wavelength 
of the additional radiation A2 changes near the infrared 
absorption edge of the a-HI03 crystal. The SPR wave
length was varied by rotating the crystal. The spectral 
densities were measured with an ISP-51 spectrograph 
by photographic photometry. The density scale was pro
duced with a calibrated SI-8 tungsten incandescent lamp. 
The accuracy of the relative measurements was 25%. 
It follows from Fig. 5 that as the wavelength A1 ap
proaches the region of the anomaly in the tuning curves 
{Fig. 1), which we relate to the anomalous dispersion of 
the refractive index at the wavelength A2 near the infra
red absorption edge of the crystal, a decrease is ob
served in the SPR spectral density, followed by an in
crease. We note that the "dip" in the SPR spectral -
density is observed in the region of the spectrum ahead 
of the start of the anomalies in the angular tuning curves 
(Fig. 1), i.e., while A2 is still not in the region of maxi
mal absorption. With further approach of the wavelength 
A2 to the strong absorption, an appreciable broadening· 
of the SPR spectrum at wavelength A1 is observed, owing 
to the character of the anomalies in the tuning curves 
and owing to the strong absorption at the wavelength A2• 

The observed "dip" in the SPR spectral density can 
be attributed to the dispersion of the nonlinear suscepti
bility d (w 1 = w3 - w2), when the parametric frequency w2 

lies near the infrared absorption edge of the crystal. In 
this case the nonlinear susceptibility can be represented 
in the form of the electronic and lattice {Placzek) non
linearities r17 ' 181 

d( ) [ ~ ( w,> w,r. )-'] 
(t) 1 =wa-CJh =d, f+~Cn 1- Wn2 -i-;;;::;:- , (6) 

where Cn is a constant, uJn and rn are the resonant fre
quency and damping constant of the lattice vibrations, 
and de is the nonlinear electronic susceptibility. De
pending on the sign of Cn, the quantity d (w1 = w3 - w2 ) 

can either increase or decrease as w2 approaches Wn
Thus, the dip in the SPR spectral density can be attrib
uted to the fact that the electronic and lattice nonlinea.r
ities at the dip frequency cancel each other. r181 The dip 
observed by us cannot be interpreted as being due to the 
influence of the absorption of the additional wave, r191 
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FIG. 5. Experimental plot of the SPR spectral density 11 against the 
wavelength for l\3 = 4880A. 

since the dip is followed by an increase in the SPR spec
tral density, whereas the absorption coefficient at the 
wavelength l\2 continues to increase. The different posi
tions of the dip on Figs. 5a and 5b can be attributed to 
dichroism in the infrared absorption of the a-HI03 crys
tal r21 and to the anisotropy of the constant Cn. 

OPTIMUM FOCUSING OF WAVES IN A PARAMETRIC 
LIGHT GENERATOR IN THE e = o + e INTERACTION 

When estimating the threshold of parametric genera
tion in the a-HI03 crystal, it is necessary to take into 
account the birefringence of light, which takes place in 
directions along which the phase synchronism condition 
(1) is satisfied. If the given biaxial crystal is oriented 
in such a way that the light rays propagate in one of its 
principal planes {XZ) or (YZ), then it is similar in its 
birefringent properties to a uniaxial negative crystal 
with Z axis as the "optical axis." The ray whose elec
tric vector lies in the principal plane then behaves like 
the extraordinary ray, and the ray with perpendicular 
polarization like the ordinary ray. 

In comparison with the case of the e = e + o interac
tion, which was considered in detail by Boyd and Klein
man, r201 the determination of the optimal conditions of 
parametric generation and the calculation of the thresh
old pump power in the e = o + e interaction, which is ob
served in the principal planes {XZ) and (YZ) of a-HI03, 

are made complicated by the fact that in this case, ow
ing to birefringence, the parametric waves diverge in 
the crystal, and the divergence angle depends on the 
geometry of the resonator, which effects the feedback 
at both parametric frequencies w? and wi. By way of 
an example, let us consider a resonator made up of a 
uniaxial negative crystal of length l with spherical sur
faces having a radius of curvature R. 3 > As seen in Fig. 6, 
the mirror on the right-hand surface of the crystal is 
displaced relative to the left-hand mirror in such a way 
that the extraordinary ray with wave vector k2 directed 
along the z axis, on emerging from the "center" of the 
left-hand mirror (i.e., from the point at which the nor
mal to the mirror is parallel to the z axis), falls on the 
"center" of the right-hand mirror. In this case the ex
traordinary ray returns along the previous path after 

3>The question of optimal focusing of the pump for a parametric 
generator with a resonator made up of flat mirrors was considered in 
[2']. 



INVESTIGATION OF SPONTANEOUS PARAMETRIC RADIATION 685 

FIG. 6. Ray paths in resonator made up of a uniaxial negative cry
stal in parametric e = o + e excitation. The dashed line shows the orien
tation of the optical axis of the crystal. 

each reflection, and accordingly the fundamental "ex
traordinary" mode of the given resonator in the stabil
ity region 0 < l/R < 2 becomes a superposition of two 
opposing waves of the type[201 

E,' = 1 ~~;!/b exp [ ± ik2z- k2 (x-:~) ~i-:- y' ] (7) 

where b = l [2R/l - 1] 112 and the birefringence angle at 
the frequency wi is 

(N,z' ·- N2Y2 ) sin 28 
P2 = (N 2 N >) (N 2 N 2) . < 0 (8) 

2Z + 2¥ + 2Z - 2Y COS 28 

for the principal plane YZ. 
As to the behavior of the ordinary waves in this res

onator, it follows from [221 that the centers of the ordi
nary transverse modes that are established in this res
onator are shifted on the surfaces of the left (and right) 
mirror downward (and upward) by an amount 
I p2 ll/(2 - Z/R) from the center of the corresponding 
mirror. Consequently, in the cw regime the ordinary 
parametric beam (together with its wave vector k 1) is 
deflected from the z axis through the angle 

r.=-r,__!!!!__=-p26'>o, s=.!_=( 2R-1)v. (9) 
2-l/R b l ' 

and crosses the extraordinary parametric beam in the 
middle of the crystal (Fig. 6). Under the natural as
sumption that the parametric generation occurs at the 
fundamental transverse mode, the ordinary wave trav
eling in the direction of the pump wave should be of the 
form 

IE .. 'I [ (x-p,z) 2+y'] E,'=---''--'.'-exp ik,(zcosp,+p,x)-k, . . (10) 
1 + 2!z/b b + 21z 

The angle p1 is assumed here to be small, just as the 
angle p2 in (7). It should be noted that both parametric 
waves are focused at the point of their intersection (and 
the latter is located at the center of the crystal because 
of the symmetry of the chosen resonator). 

Since the vectors k1 and k2 of the ordinary and extra- 1 

ordinary waves diverge at an angle p 1, it is easy to prove 
that when the synchronism condition is satisfied the 
pump wave vector k 3 should be inclined to the z axis at 
an angle 

(11) 

and accordingly the angle between the ordinary pump 
ray and the axis is 

p,' = <p, + P•· (12) 

The angle introduced here is calculated from formula 
(8), in which the principal values N~i(wi) are replaced 
by the values N~i(w;). The dispersion of the birefring
ence in the a-HI03 crystal is appreciable. Assuming 
further that the pumping is by means of a laser with a 
stable resonator in the fundamental transverse mode, 
and that this wave is focused at the point of intersection 
of the parametric waves, the field of the extraordinary 
pump wave inside the crystal can be described by the 
expression 

E,'= " exp ik,(zcos<p3 +<p3x)+i1jl-k3 ' . 
IE 'I [ (x-p'z)'+y'] 

1 + 2izjb, b, + 2iz 
(13) 

The constant phase shift lji and the parameter b 3 are de
termined from the condition that the pump threshold 
power be a minimum. 

In analogy with the e = o + o interaction [201 we can 
use (7), (10), and (13) to calculate the increase of the 
radiation power P 1<2 l at the parametric frequencies w? 
and wi for the e = o + e interaction: 

"" l/2 

!lPqz) =- W~z) Im{ SJ dxdy J dzderrE,"E,'"E,'} (14) 
~oo -1/Z 

Wt(2) :rtb2b3 
= --derriE .. 'E"'E,'I----

2 2k,(b + b,) 

{ J' d-r [ b ( k,k,p ,' ) Xlm e'• --. exp -i-r- k,+k2-ks----
1-n 2 2k, 

-I 

-r2b'(k,p,- k,ps) 2 -r2k,k,b(p,- p,) 2 ]} 

4k,(b + b,) 4k,(1·- i-r) 

where T = 2zjb. Since the integral in the right-hand side 
of (14) is positive, the maximum of ~P1 < 2 l is reached at 
1Ji = - 1r /2 (we note that on going over to the e = o + o in
teraction it is necessary to put in (14), (7), (10), and 
(13) p 2 = P1 = q;3 = 0; the last term in the square brack
ets of (14) then vanishes). 

Recognizing that in the stationary generation regime 
the gain P 1<2l /P1<2l cancels out the radiation loss 261<2) 

occurring when the wave E~(E~) passss through the res
onator in the forward and backward directions, and ex
pressing the amplitudes of the waves (7), (10), and (13) 
in terms of the corresponding radiation powers, we ob
tain an equation for the threshold pump power: 

(15) 

where the quantity M, whose maximum corresponds to 
the minimum of the generation threshold, is given by 

a l' s'd-r ( ""') M= , l= --. exp icr-r-~'-r'---.. 
(1+a) 2 !', _11+n: 1+'• (16) 

We have introduced here the notation 

a= b,jb, o = '/2b(k, + k,- k,- k,k2p,'/2k,), 

~2 =~'I (1 + a)s, ~· = l(kz(h- k,p,) /4k,, (17) 
"= k,k2b(p,- r2) 2/4k, = v (1 + s2)' n. v = k,k2lp.' /4k,. 

The varied parameters a~ ~, a have been separated in 
explicit form in (16) and (17). The remaining quantities 
~2 and :Y remain constant when the function M( a, ~, a) is 
maximized. We recall that throughout the paper of Boyd 
and Kleinman l 201 the parameter a was assumed equal to 
unity on the basis of one particular deduction for the 
case when there is no birefringence (and consequently 
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FIG. 7. Dependence of the fum:
tion M(a, ~), which characterizes the 
threshold of parametric generation in 
the a-HI03 crystal, on the parameters 
~and a. 

the indirect dependence of M on a. via the integral J dis
appears: {3 2 = y =0). It is easy to see, however, that in 
the presence of noticeablt~ birefringence the dependenee 
of the integral Jon the parameters a. and ~ is, generally 
speaking, equally significant. The results of numerical 
calculation, shown in Fig. 7, confirm these considera
tions. 

From the results of the numerical calculation shown 
in Fig. 7 for the principa1 plane (YZ) and Bm = 58o (cor
responding to the degenerate case at As = 4880 A) it fol
lows that the minimum threshold pump power Ps for a 
parametric generator using an a.-HIOs crystal is reached 
at the parameter values £Y = 1.5 and ~ = 0.1. We note that 
variation of the parameter a in the interval from zero to 
two does not lead to a noticeable change of M. The re
sults in Fig. 7 pertain to the case a = 0. Thus, accord
ing to (15), the minimal threshold pump power for the 
degenerate case in the (YZ) plane at As = 4880 A, Bm 
= 58°, d 14 ::::J 2.25 x 10-a cgs esu (d14(HIOs) = 1.5d31(LiNb03 ) 

= lld36(KDP), l2' 23 l where d36(KDP) = d36(ADP) 
= (1.36 ± 0.16) x 10-9 cgs esul24•25l), l = 1-2 em, M = 10-2, 
and 61 = 62 = 0.01 amounts to P 3 = 1 W. 

In conclusion, the authors thank L. Ya. Ostrovskaya 
for help with the experiment, G. F. Dobrzhanskil' for 
supplying the a.-HI03 samples, and A. M. Prokhorov 
and N. N. Sobolev for intE!rest in the work and for sup
port. 
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