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An isotropic radiation field, whose spectrum is represented by a linear superposition of Planckian spectra of
different temperatures, is considered. It is shown that many mechanisms of energy release at the early stages
of the expansion of the universe, e.g., energy dissipation in the adiabatic perturbations of matter density, in
primary turbulence, and in the annihilation of matter and antimatter, lead to precisely this type of distortion
of the relict black-body radiation spectrum. The same type of spectrum can, in particular, be the result of the
“comptonization” of the Planck spectrum after multiple Compton scattering of low-temperature black-body
radiation by “hot” electrons, T.»T,. The equilibrium temperature of electrons in such a radiation field,
which, naturally, exceeds the initial (prior to heating) radiation temperature, as well as the stationary
brightness radiation temperature in the Rayleigh-Jeans region of the spectrum after heating, is calculated.
The brightness temperature of the bremsstrahlung of an ionized gas which is optically thick in the decimeter
wave band is equal to the electron temperature, i.e., exceeds the brightness temperature in the centimeter
range. The absence of an appreciable difference between the relict radiation temperatures in these wave bands
allows us to infer that the energy evolved in the universe during the period corresponding to the red shifts,
1.5 X 10°< z < 10%, did not exceed 5% of the energy of the radiation.

1. INTRODUCTION

THE universe is filled with relict radiation of temper-
ature Ty = 2.7°K!!), In the course of the expansion of
the universe, the radiation temperature decreases
adiabatically; earlier (at larger red shifts z) it ex-
ceeded Ty = 2.7(1 + z)°K. The existence of this radia-
tion, its isotropy and spectrum, which approaches that
of black-body radiation, alone gave invaluable informa-
tion about the past of the universe. In particular, it has
been noted™®) that the energy released during the
early stages of the expansion should lead to deviations
of the relict-radiation spectrum from that of black-
body radiation. The absence of appreciable deviations
imposes limitations on the possible energy released.
The aim of this paper is to further investigate the
nature of the possible distortions of the relict-radia-
tion spectrum and to obtain the limitations on the en-
ergy released in the universe during the period preced-
ing the recombination of hydrogen, 1500 < z < 10%.

In our previous paper!?! we considered the distor-
tions of the relict-radiation spectrum resulting from
‘‘comptonization’’—multiple scattering of the photons
by “hot’’ electrons with kTr <K kTe <K mecz. Under
these conditions, it could be assumed that in the rest
frame of the electron, the scattering takes place with-
out change of frequency (Thomson scattering). The
change in the spectrum is due entirely to the Doppler
effect connected with the twofold transition from the

laboratory system of coordinates to the rest frame of
the electron and back. Since Ty < Tg, induced scat-
tering does not play any role and the problem is linear.
As is well known, the radiation spectrum of a moving
black body remains Planckian, but with a changed (and
6 -dependent, where ¢ is the angle) temperature Ty

= To(1 + vcos 6/c). Therefore, it is natural to assume
that the spectrum resulting from scattering under the
conditions described above can be represented as a
superposition of Planckian spectra. As applied to the
problem of radiation emission in a hot universe, this
implies that the distortions of the spectrum due to
scattering by high-temperature electrons, Te > Ty,
which are on the average at rest, do not differ from
the distortions resulting from the presence of relative
macroscopic motion of the plasma volumes exchanging
photons. It is assumed here that the radiation in each
of the plasma volumes is a black-body radiation and is
rigidly bound to the matter. The total radiation of a
set of sources with black-body-radiation spectrum, but
of different temperatures, should have the same type
of spectrum.

The shape of the distorted spectrum arising from
the comptonization of the black-body radiation has been
investigated by us in detail and analytic formulas have
been obtained!?!, The proof of the proposition that the
superposition of Planckian spectra is similar to the
spectrum arising from the comptonization of black-
body radiation will therefore allow us to use the exist-
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ing formulas to describe a wide class of phenomena
which, physically, have little in common with comptoni-
zation. This proposition will be formally verified be-
low, where a convenient equation and relations for the
superposition function will be obtained.

2. REPRESENTATION OF THE SPECTRUM ARISING
FROM COMPTONIZATION IN THE FORM OF
SUPERPOSITION OF PLANCKIAN SPECTRA

Let us assume that
n(v,t)="R(T,t)p(v,T)dT, (1)

where n =¢,/87v® is the occupation number in the
sought spectrum of the isotropic (no dependence on
angle) nonstationary (t is the time) problem; €, is the
spectral energy density of the radiation. The function

p(v, T) = [exp(v/T) — 1]~ @)

is the equilibrium Plank function. Here and in the
following sections, as well as in the Appendices, we
use a system of units in which h =k =c¢ = 1. Finally,
R(T, t) is the temperature distribution function we want
to find. The condition n = [ RpdT can be met for any

n if we regard it as an integral equation for R for a
given p. However, it is semantically expedient to de-
fine as a superposition of Planckian spectra only that

n for which R is everywhere positive and [ RdT =1,
Only such a superposition will be obtained in a volume
surrounded by black surfaces of different temperatures
after averaging over the angles. Under the indicated
limitations on R, the assertion that n is a superposi-
tion of Planckian spectra becomes meaningful”,

Let us show that a Planckian radiation spectrum is
converted, after scattering by hot electrons, into one
which can be represented in the form of such a super-
position. The kinetic equation of the interaction of the
radiation with electrons for v < Te < me has the
form'®

=Ty ®)

where the dimensionless parameter
y = oN.T.t/ m., 4)

has been introduced in place of the time, t, and

oT = 8ne‘/3m23 is the Thomson-scattering cross sec-
tion. Substituting n in the form (1) into (3), we seek
the function R(T, t) which satisfies Eq. (3). It is
shown in Appendix A that (3) reduces to the equation

R 2R dR
Lol per 2 (5)
dy ar? * aT TR,

the solution of which is

1 2
T = g JROese [ (L) T
It can be seen from this that R is always positive when
Ro = 6(T — T,)—the case of an initial Planckian spec-
trum—when

Ry, T)=

DMany assertions and, in particular, Eq. (5) are true of an expansion in
terms of a set of any functions of the ratio v/T; n= fQ(T)f(v/T)dT,
where T is a parameter. The choice of the Plank function is connected
with the fact that at the early stages in cosmology there is equilibrium,
n=pWw/Ty), R=6(T—T,).

2

exp [4y——1—-(ln£—-+5y) ], (6)

R(y,T) »

_ 1
o (hny) %
as well as for an arbitrary positive initial R.

It is also shown in Appendix A that the solution of
Eq. (5) possesses the following property:

0 L3 L3
TUJ'RT dT = k(k — 3) j'RT dr. 7

This result includes: a) the superposition condition--
for k =0 we obtain [RdT = const, so that if [ RAT =1
at the beginning, then this normalization is conserved;
b) the conservation of the number of quanta—for k = 3
we find N~ [ RT’dT = const; c¢) the law of the growth
of the total energy—for k = 4

de/dy = 4e, & ~ e*; (8)

d) the laws of decrease of the brightness temperature
in the Rayleigh-Jeans region of the spectrum with time:

w={ TRAT /J'RdT:jTRdT )

i.e.,, k=1, and
dTRI/d,l/= _2THN

Ths ~ €72,

(10)

The last three results have been known for a long
time'®; they were obtained directly from Eq. (3) for n.
The result (a) is not so trivial: in the frequency
representation, i.e., for the function n(v, t), it corre-
sponds to the conservation of the quantity

J'ldv.

v

However, this quantity diverges and the conservation
law loses its meaning. Evidently, the principal result
that the comptonized spectrum can be represented in
the form of a superposition of Planckian spectra with
a positive weight and a conserved normalization
(R=0, [RAT = 1) can be generalized in several direc-
tions. First, it can be generalized to the case of scat-
tering by relativistic electrons with an arbitrary spec-
trum. In this case it is necessary that the scattering
function should depend nontrivially only on the ratio
v'/v, and this imposes the condition ¥ < me in the
rest frame of the electron, i.e., uEfe < msé, where Eg
is the energy of the electron, including its rest mass.
Second, it can be generalized to anisotropic spectra,
which depend also on the angle, and in which the angu-
lar dependence of the scattering is taken into account.
In this case however, it is necessary that the bright-
ness temperature should remain finite and not exceed
me in any section of the spectrum; in particular,

vn#= o as v — 0, so that the role of the induced scat-
tering could be neglected.

3, SMALL DEVIATIONS FROM THE EQUILIBRIUM
SPECTRUM '

In the cosmological situation the initial spectrum is
an equilibrium spectrum, i.e., t — 0, R — 5(T - T,),
and T, — . The strong interaction of the radiation
with the electrons prevents rapid motion on the scale
of the mean free path and a rise in the temperature of
the electrons. On the other hand, in the period close
to modern times, when the existence of high-tempera-
ture electrons (Te > Ty = 2.7 (1 + 2)°K) is possible,
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the probability of their interaction with the radiation is
small. On the basis of these reasons, we should expect
small deviations of the spectrum from the Planck spec-
trum, i.e., the function R is nearly a §-function. For
R approaching a 6-function, the properties of the
spectrum are given by the two moments f RTdT and

{ RT?dT. The first moment is the Rayleigh-Jeans
temperature TRJ= [ RTdT, since on it depends the
behavior of n(v) as v — 0. It is convenient to define

in place of the second moment the dimensionless quan-
tity u(t) that characterizes the width of T and vanishes
when R is a §-function:

1
u(t) =57 [ (T —Ta)*R(T, L. (11)
In the case when the distortion of the spectrum is due

to scattering by hot Maxwellian electrons, the quantity
u is exactly equal to the parameter

kT,
y= _[ o o:N,.cdt.

The resulting spectrum (see Appendix B) is of the
form

n(, t) =p(v, Tu) [L+ 0/ (v/Ta)], 12)

where

ze* x
f(x)=c‘— 1 (thz/Z _2)'

The principal characteristics of the resulting radiation

are linear functions of the parameters u: the energy

density of the radiation is

e= gp,;(1 4 12u) (13)

and the number of quanta in a unit volume
N = Ny, (1 + 6u), (14)

where eRg and NRg correspond to black-body radia-
tion of temperature TRJ. If the distortion of the spec-
trum is the result of an energy-release process in
which the number of quanta is conserved (see the dis-
cussion of the astrophysical situation below), then we
can (just as in™)) determine from (14) the initial tem-
perature of the undistorted Planck radiation, T,

= TRy(1 + 2u). The parameter u is then determined
by the total energy released:

u = (e — &) /4e, = Ae/ 4e. (15)

When the released energy goes directly to heat the
electrons, so that Te > T, and small distortions of
the spectrum develop from the Compton interaction of
the radiation with the electrons,

u==(I,—T.)N.ot/ m,= Ae/ 4e. (16)

The theory expounded above, which does not take
into account induced effects, is not applicable to multi-
ple (y > 1) scattering by electrons with Tg — Ty < Ty:
we cannot replace the complete Kompaneets equation
by Eq. (3). In particular, a typical distortion of the
spectrum, corresponding to a photon chemical potential
p = 0% is not described by a superposition of Planck-
ian spectra.

Formula (12) is, as in the case of comptonization,
valid only if (v/TRJ)?u < 1. At the frequencies
v > TRJu"/2 the resulting spectrum is, even for small
u < 1, similar to the spectrum arising from the

comptonization of black-body radiation by Maxwellian
electrons only when R(T) is a Gaussian function of the
temperature. Thus, for example, for a small-scaled
random motion of plasma volumes with black-body
radiation in each of them and with a Maxwellian velocity
distribution, we have '

— 4 i _(r/r.—1)*

R(T,t) = [4nu(t)]-"exp [ ———W) ] , 1n)
where Te is the local radiation temperature, and the
parameter u is determined by the mean square velocity
of the motion, u = ¥%/6¢c®. The expression (17) is a
consequence of the Doppler formula T = Te(1
+ve~'cos 6). It follows from (6) and (17) that T, = Te.
Comparing (6) and (13), we easily see that they are
identical in the limit of small y < 1 and u <K 1.

The electron temperature in the field of non-equili-
brium radiation. The equilibrium electron temperature
in an isotropic radiation field of arbitrary spectrum!®
is equal to

T,=—41J'n(1+n)v‘dv/jnv’dv. (18)

We show in Appendix B that for a spectrum of the form
(12), i.e., for small deviations of the spectrum from a
Planckian spectrum and for u < 1, the electron tem-
perature is linearly related to the radiation temperature
in the Rayleigh-Jeans section of the spectrum:

T, = To,(1+ 7.4 u). (19)

Evidently, at very low frequencies the bremsstrahlung

processes establish a radiation brightness temperature
equal to the electron temperature, i.e., exceeding TRJ

and To.

4. LIMITATIONS ON THE ENERGY RELEASED IN THE
UNIVERSE IN THE PRE-RECOMBINATION PERIOD

An obvious example of the application of the formu-
las obtained above to cosmology is the model of the
universe with a developed small-scale turbulence.
Prior to the recombination of hydrogen during the red
shift zrec ~ 1500!%" only scales negligible as com-
pared with the mass contained within the horizon were
transparent to the radiation; on larger scales the radi-
ation was rigidly bound to the matter and moved with
the same velocity as the matter. In the course of the
recombination, the optical thickness with respect to
Thomson scattering quickly decreased, larger and
larger scales became transparent, and the radiation
contained in them became intermixed—the resulting
spectrum became a superposition of Planckian spectra
with different temperatures. If, simultaneously with
the energy-containing scale, the whole universe were
to become transparent, then the principal effect would
be not a deviation of the spectrum from the Planck
spectrum, but an angular anisotropy of the radiation(®7,
Indeed, recombination takes place comparatively
slowly and when scales of the order of galaxies and
clusters of galaxies become transparent, the optical
thickness of the universe with respect to scattering is
still very large, and this leads to a strong washing out
of the small-scale angular fluctuations of the radia-
tion!'), The spectral effects, however, remain.

If the whirl theory of the formation of the galaxies
is valid, then the turbulence developed after recom-
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bination becomes supersonic, generates shock waves,
and leads to the heating up of the electrons to high tem-
peratures, comptonization, and additional distortions of
the spectrum of the radiation, How are the two enumer-
ated causes of distortion of the spectrum related? The
first effect—the intermixing of the Planckian spectra
with different temperatures—carries information only
about the kinetic energy of motion of the radiation,
whereas the second effect carries information about
the kinetic energy of the matter. Energetically, their
ratio at the instant of recombination is pr/ pm, the ratio
of the energy density of the radiation to the rest mass
of the matter. However, shock waves may be generated
some time after the recombination, and this should, in
the case of adiabatic expansion, lead to a decrease in
the kinetic energy of motion of the matter and of the
relative role of comptonization in the distortion of the
relict spectrum.

Less obvious, but more important for cosmology, is
the existence of an upper bound on the energy release
through practically any mechanism during the stage of
the expansion of the universe preceding the recombina-
tion, 1500 < z < 10*Q~"2, The choice of this range of
the red shifts is determined by the fact that at z < 1500
matter is neutral and its interaction with radiation is
weak, while in the earlier energy release, z < 10*Q™"?,
Compton scattering has enough time to establish a
Bose-Einstein distribution for the quanta, which allows
more severe restrictions on the energy release in that
period. Here and below, £ = p/pcrit = 87Gp/3Hj is
the dimensionless density of matter in the universe and
H, = 100 km/sec-Mpsec is the Hubble constant. The
elucidation of the primary spectrum of the adiabatic
and entropy density perturbations, as well as of the
energy content and the spectrum of the initial turbu-
lence, are of great importance for the theory of the
formation of galaxies, At the pre-recombination stage,
the small-scale density perturbations as well as the
turbulent motions damp out because of the presence of
radiative viscosity and heat conduction!*"**], processes
during which mixing of the Planckian spectra occurs.
The annihilation of antimatter and the shock waves lead
to an increase in the electron temperature and to
comptonization of the radiation. The experimental re-
strictions on the distortion of the relict spectrum, and
consequently on the energy release, enable us to estab-
lish the upper bounds of the amplitude of the adiabatic
density perturbations with M < 10! Mg, of the ampli-
tude of the entropy perturbations of the density with
M < 10 Mg, of the energy content of the primary turbu-
lence, of the amount of antimatter in the universe, etc
(seel™®).

Measurements of the spectrum of the relict radia-
tion in the Wien region, where the distortions predicted
by (12) are maximal, are incomplete and are grossly
inaccurate (see, however,!*®), Current data are not at
variance with u < 0.15'%), At the same time, in the
centimeter and decimeter wave bands the accuracy of
the measurements is considerably higher and the
errors in the determination of the brightness tempera-
ture of the background do not, apparently, exceed
AT/T S 10% for 1 cm < A < 30 cm and AT/T < 30%
for 30 cm < A <75 cm!™*%%], We recall that it is
precisely in the long-wavelength region, where the

optical thickness of the universe with respect to brems-
strahlung absorption'®®! exceeds unity,

Ne(@)g(v, T)

=1,8-10-2 - dt
= 18107 VO
Ag (X, T)
=0 'N—Q:/’ —Zrec) X 1,
6102 = (B1—2Z1ec)
500 1 2
Ao & (cm) (20)

QY (2y — Zree) 7 8% (20, To)

that the brightness temperature of the radiation is

equal to the electron temperature and, according to (19),
exceeds the radiation temperature in the shorter-wave-
length region (see the figure). The establishment time
for the electron temperature’?!]

t & m.c/4oqre,

is much smaller than the cosmological time in that
period. In (20)

g=-L

-—In
fat

2,35kT,
hv,

is the Gaunt factor; Ao, To = 2.7°K, and H, correspond
to the current values of the wavelength, radiation tem-
perature and the Hubble constant, z, is the character-
istic energy-equation time. For Q@ =0.17 and z,

= 2zrec, we find from (20) that A < 30 cm (when

© =1 and xo~ 9.3 cm). It follows from the limitation
AT/T < 10% and from (19) that u < ¥, and the energy
released during the stage 1500 < z < 10°Q~"? did not
exceed Ac/e =4u < 5.4%. Remembering that AT/ T
< 30% in the region 30 cm < 2o < 75 cm, we easily
find from (2) the limitation on A€/e for any combina-
tion of Q@ and z,.

As an example, let us consider the theory of the
primary turbulence'®***], Chibisov(**) has shown that
this theory is applicable only when © > 0.3, otherwise
the motions in the energy-containing scale are dissi-
pated during the process of recombination. Estimates
from formulas cited in'®! show that for § > 0.5 the
energy released exceeds the 5% limit obtained above,
i.e., the theory under discussion is not at variance with
existing observations and is inherently not inconsistent
only for 0.3 < £ < 0.5. If the theory is true, then the
mean density of matter in the universe lies in this in-
terval and the brightness temperature of the radiation
should exhibit a jump of magnitude AT/T ~ 0.892"° in
the spectrum of the relict radiation in the wavelength
region 1 =~ 3Q°%* cm.

Ly, erg/cmi-srliz.

715

/s
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APPENDIX A

Let us show that a Planckian radiation spectrum is
transformed after scattering by ‘hot’’ electrons with
Te > Ty into a spectrum that can be represented by
a linear superposition of Planckian spectra

n(v,t)= jR(T, t)p(v, T)dT

The kinetic equation of the interaction of the radiation
with the electrons for v < Te <& me is of the form*

m_ 10 L om (A1)
y v av  dv

where y = TeNeo Tt/ me. Substituting n = | RpdT, we
seek the function R(T, t) satisfying this equation:

IR P ap
= = ——dl = dr. (A.2
R v [R L ar jR( +4 ) (A.2)

Since P = [exp (v/T) - 1], it follows that

, 0°p o _ ., 9 dp
Vigw Tt =Tem o
and (A.2) can be represented in the form
R 9P A3
j pdT J'R(T = 2T——) ar. (A.3)

Integrating the r1ght hand side of (A.3) by parts, we
obtain Eq. (5) of the text, which is a diffusion-type equa-
tion. Equation (5) has the characteristic property (7);
let us represent it for convenience in the form

R _ 1 o, OTR

oy I* oar ol '

from which it follows that

d d , dTR
L (R ar = (P> — 1 Z—adr
dy-[ ar= | ar = dT
T
=—[1'(k—3) E—RT"" dT = k(k —3) jRT*dT.

APPENDIX B

Let us find for an arbitrary R(T) an approximate
form of the radiation spectrum n = [ RpdT, assuming
its deviation from the Planckian form to be small. It
is useful here to introduce the concept of a Rayleigh-
Jeans temperature of the distorted spectrum: at suf-
ficiently low frequencies the Planck function has the
form p = T/v and we have for the resulting spectrum

n= jdeT =_:—_|'RTdT=T,,,/v,

where TRJ = [ RTdAT is obviously the brightness tem-
perature in the Rayleigh-Jean region of the spectrum.
Expanding the function p in a series about the temper-
ature TRJ up to terms of the second order in
(T - TRJ):

n=[Rpar=[R [p(T,.,)+(T Th) =2l

(T Tﬂl)z 0°p(Trs)
* 2 oT*

OP(TM)

,]df = p(Tws) deT

1 9°p(Tks)
[rrar— TR,IRdT)-{—_TTz_
and takmg into account the normalization [ RAT =1 and
the definition of the Rayleigh-Jeans temperature TRJ
= [ TRAT, we find

4 9pTx) 617(7,”) (

j (T — Try)*RdT

32? (TRJ)
Lol (B.1)

where u is given by formula (11). For a wide class of

n =p(TRJ)+uTRJZ

647

functions R(T), which allow a rapid convergence of the
series, such an expansion describes the required spec-
trum sufficiently well. We note that the expressions
(B.1) are valid only for (v/Trg)’u <1, when we can
neglect the subsequent terms of the Taylor-series ex-
pansion of n,

Remembering that p =[exp (v/T - 1)]
represent Eq. (B.1) in the form
8°p(Tns)

av?

-1 we can also

+ 2v (B.2)

n=p(Tu) [ %(ed |,
from which we obtain formula (12).

Let us now find the energy density € = jnu’du and
the density N = [nv®dv of the photons of the radiation
whose spectrum is described by the formulas (B.1),
(B.2), and (12). Integrating (B.2) by pa.rts we find

a=ynv’dv=jp(Tn,)v’dv+uJ'(v + vV —_— ) vidv
==J.p(TR,)v’dv+12ujp(TR,)v’dv=eﬂ,(1+12u) (B.3)

and similarly

N = [nvtdv =N (1 + 6u), (B.4)
where €RJ and NRJ are the energy and number of the
photons in black-body radiation with temperature TRj.
The formulas (12), (B.3), and (B.4) are identical with
the corresponding formulas for small distortions of the
spectrum arising from its comptonization'®), However,
as in the case of comptonization, they are applicable
only when (v/T)’u < 1, i.e., they describe distortions
in the comparatively low-frequency region of the spec-
trum. It is clear that a complete similarity of the dis-
cussed spectrum distortions in the Wien region with
the distortions arising from comptonization is possible
only if the function R(T) is Gaussian. This is precisely
the case realized when the velocity distribution of
Planck-radiation sources of equal temperature is
Maxwellian.

APPENDIX C

The equilibrium electron temperature in an iso-
tropic radiation field with an arbitrary spectrum is
given by formula (18)'), We shall seek this tempera-
ture, assuming that the spectrum of the radiation
n = [RpdT is described by the formulas (B.1) and that
u 1. Using (B.2) and (B.3), we find that

jnv“dv = (1 + 12u) jp(T,”) Vi dv = (1 + 12u) en,.

Using (B.2), we seek in a first approximation in u < 1
jn(1+n)v‘dv =fp(1+p)v‘dv

) vidv.

vidv =4Ty, jpv“dv = 4T ¢, &gy

(c.1)

+uf@+1) (
The integral in (C.1) is equal to

[t +nvay=—1., (2

It can be shown that for p= [exp (v/TRJ) - 1]

have

dap u'izp

- = Tnh
av

@Cp+1)

9%p 2 9% 1 dp
(2p+1)__=~f—Tu—————
av: 3 ov: " BT. av
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and therefore the second integral in (C.1) is easily
evaluated by parts:

a*p ap 2 a’p
2 4 —_— —vé¢d
J‘(Zp—i—i) (v ———0v2+2v—d——v)v dv= 3ijz?v“v v

1 (9 5
3T, T‘iww-zn,j‘ a:’a vidv = 40Ty, | pv*dv

2 i .
— [pviav= 4Ty, [ pv*dv [10 + [ pvav/ar | pv“dv].
RJ

-

The ratio
J.pv5 dv /J.pv’dv = Ty,*-40n%/21

is well known (see!®*!). We obtain for the electron tem-
perature the simple formula:

0. = Tos[1 + u(®fun® — 2)] = Toy (1 + 7,4 ). (C.2)
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