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The second-order correlation function for light scattered in a pure liquid is calculated theoretically. It is shown that this function
is related to the probability distribution function for a three-molecule configuration. An algorithm for setting up the three-
particle function on the basis of experimental data on the measurement of second order coherency is found.

TO describe the internal structure of a liquid it is nec-
essary to know the probability distribution functions of
different numbers of molecules. The two-particle dis-
tribution function can be determined experimentally
from the angular distribution of the intensity of light
scattered in the liquid. To determine experimentally
other distribution functions, it is necessary to measure
higher correlation characteristics of the scattered light.
To determine the three-particle distribution function it
is necessary, as shown below, to measure the second-
order spatial coherence and the scattered light.

Unlike the first-order coherence, the second-order
coherence can differ from zero also when the scatter-
ing object is uniformly polarized. We therefore express
the polarization of the medium in the form

P(r, t) = a&n(r)exp{i (kor — wot)}.

where ¢ is the average polarizability of one molecule,

& the amplitude of the effective field in the medium, and
n(r) the density of the number of molecules in the medi-
um. We shall assume the volume V of the scattering
medium to be large enough to permit the function n(r)

to be represented by a Fourier integral, i.e.,

dq

n(r)= [ n(@)e R

n(q) = j‘ n(r)e='" dr.

The electric field intensity of the scattered light at a
point r remote from the scattering region is then equal
to'™

—ikr

E(x) = aBk* = sin bn(q), 1)

where k = |k| = [k;| = w,/c, the vector k is directed
towards the observation point, 6 is the angle between
the direction of the polarization of the light and the vec-
tor k, and q =k — k,. Light scattering is usually inves-
tigated near the critical point of a phase transition,
where it is particularly strong. In this region it is pos-
sible to disregard with assurance the fluctuations of the
liquid temperature and the scattered-light depolariza-
tion associated with these fluctuations.

With the aid of (1) we construct the second-order cor-
relation function for the scattered light:

T® (R} = (E(r) E* (r) E(r:) E* (1)) = &*&* kG (qu, — 2, @5, —qu)
x exp{— i(kiry — kor, + kor; — kir.)}

Tyral'sly

sin 0, sin 0, sin 0, sin 6, (2) .

where
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G {K}= 5@(2){R}exp{— i(%42y + %aF2
+ %sts + ware) }dr, dr. drs dr,
GP{R} = (n(r)n(r)n(rs)n(r)).

The angle brackets denote here averaging over the en-
semble of the scattering centers, and we have introduced
the following arbitrary notation for the sets of variables:

{R} = (ry, 12, 15, 1), (K} = (%1, %2, %3, %).

At each given molecule configuration, the density of
the number of particles at the point rx is

n(n) = ié(r,. —x;)= :‘:‘ 8+,

=i =y

Then, as can be readily seen,

N
Gm{R}:j 2 81626, 6: Wy (Xy, ..., %n) dXy .. . dXy,

45,8, Im1

where Wy is the Gibbs distribution function of the total
number of molecules in the medium. From the sum
under the integral sign we can separate four groups of
terms. In the first group, all the numbers out of the
quartet (i, j, k, ) coincide, in the second they assume
only two different values, in the third three, and in the
fourth they are all different. We denote the integrals of
the sums of these groups by G, G, G, and G,
respectively.

Following Bogolyubov, we introduce a sequence of
normalized s-particle distribution functions

w,(Xg,...,X,)=V* I Wy (X4 ..., Xy)dXoyy ... dXy. (3)
Then we obtain after straightforward but rather cumber-

some manipulations, taking into account the identity of
the molecules (51 = &(rj — rj))

G.” (R} = %’7 §HES i (r),  wi(r) =1, (4.1)
Gz(z) {R} _ N(sz_ 1) [llh(l'g, rz) (6‘361‘ _+_ 62563‘ + 61562‘ + 62561‘)
- wa (1 1) (876%  66%) - wa (1, 1) 676%], (4.2)
e Ry =Y DI =2) 1) e ) (64 + 6%+ 6)

VS
+ ws(ry, T2, 1) (8% + 62 4 6%) + ws(ry, 1o 1) (8% + 62 + 6%)

+ ws(ry, 15, 1) (8 4 8 + 6% ], (4.3)
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N(N—1)(N—2)(N—3)

- (4.4)

¢¥ (R} =

w; (1'1, Iy, I3, l“) .

To find the correlation function (2) of the scattered
light it is necessary to calculate the Fourier transform
G®{K} of the function G‘*®{R}. Let us prove first one
simple property of the Fourier transform of the func-
tion wg. Since wg does not depend on the location of the
group of s molecules inside the homogeneous liquid, it

follows that ]
.y l'u) = f.(Az, Aa, ..

w,(ry, Ts, ..

L) Ai)y
where Aj=r; —r,andi=2, 3,...,s. Consequently,

o, #) = [ fu(As,..., A exp{— i (Kr, + A,

s nA)Ydr dAy, A, = 8(K)f, (e . %), ()

where K = Kk, + £, + ... + Kg. Thus, by virtue of the
translational symmetry of the distribution function, its
Fourier transform, and hence also the function G®{K},
differs from zero only when K = 0. For formula (2) this
condition denotes q, — q, + q3 — q, = 0, or, which is the
same, kK, — k; + ks — k, = 0. The latter is evidently sat-
isfied automatically for the correlation function of the
intensities of the scattered light:

I®(ry, 1) =<{|E(r) [*|E(r2) [%.

Using (5), we obtain by direct calculation the Fourier
transforms of expressions (4.1)-(4.4):

. N
6" (K} = -8 (K, (6.1)
Gz(Z\ {K} = ’IL(EV;——““G(K) [fz(?h) -+ fz(%z) -+ fz(”s) + fz(“ﬁ)
+ f2 (% +”2)+f2(ul+M1‘)+f2(”l+”‘)]a (6.2)
6"y = 2 X DNZD) 56y 17, )+ £ o 0) o)

+f3(uz,us)+f3(xz'%4)+f3(”3»u5)]' (6.3)

6" &)= MY DWWV 5001 w). (6.4)

We consider next the particular case Kk, = —k, = q,

and k; = — K, = g,, corresponding to the correlation of
the intensities at two points of the scattered-light field.
We see that in this case functions of the type f,(q = 0),
f.(q, —a), and £,(—q,, 45, — q,) appear in formulas (6).
As can be readily seen, it follows directly from the
definition (3) that

8(K)£:(0) = [ wi(rors)dr dr, = V7, (7.1)

8(K) fo(ay — @) = wa(rs, 13 1) =4 dr, dr, diry (7.2)

=V f wa (2, 1) =9 dr, dey = V3, (q).
In addition, Prigogine’s book® contains the proof of a

theorem concerning the factoring of the Fourier trans-
form of a four-particle distribution function:

wi(q, — G, Gz —q2) = wa(qy, — @)W (2 —Qs)- (8)
Therefore

S (K) fo(— i, @ — ) = V7Fa(@) () (7.3)

Using the obtained relations and recognizing that K = 0
we have 56(K) = V, we rewrite formulas (6) in the form

479

6" (4, @) =N

NV

@ —1
G ' (qi, (Iz) == —-——V——)[Zfz(ql) + 2fz(']2) + fz((ln + 'IZ) + fz(qa - qz) + V]v

2) NN—1)(N—2

6 (@a) = 22T =IO Ry (a6 + (a0 —a)
V() + (1)) .

_ N(N—1)(N—2)(N—3)

_ -

6" (ay 1) fa(@) fo(g:).

We add the last formulas together, and retain in the
distribution function of each order only the maximum
degree of the unusually large number N, This is per-
missible, since the distribution functions of a small
(¥ N) number of molecules depends very little on N
(the canonical and grand canonical ensembles are
equivalent). Introducing the average particle-number
density n = N/V, we obtain

G (q,, qz) = V*[n* + 2r° (fo(@:) + fo(q2))
+ (@) fo(@)] + 4V Re(fs(gn @) + il —a)). ()

Munster ©*? cites the first-order autocorrelation function
for the density fluctuations:

GV (g, —q) = G (q) = V[n+ n*f:(q)],

which determines the distribution of the scattered-light
intensity

1o () = ek S8 gog),
-

Let us consider the difference D(q,, q,) = G'*(q,, q,)
- G"q,) - G*(a,). Obviously,

D(q; @) = V'n[f(a0) + /2(a2) + 8V 127 (@n @) ], (10)

where

57 (qu @) = j‘fa(A‘, A;)cos quA, cos q:A. dA, dA, (11)
(vector cosine) is the Fourier transform of the three-
particle distribution function. Comparing (2), (10), and
the expression for I'", we see that the function D(q,, q.)
can be determined experimentally from the formula

sin® 0, sin® 0,

T (rws) — T (1) T (1) = 08 D (qu @)

rry

Since the function f,(q) is known from measurements of
the angular distribution of the intensity of the static
light, formula (10) makes it possible to find the experi-
mental values of the function £{¢)(q,, q,).

The next task is to invert the transformation defined
by formula (11). It can be solved by assuming (11) to be
an ordinary Fourier transform, but it is necessary for
this purpose to know the values of the function £{¢)(q,, q,),
in the entire six-dimensional space of variation of the
arguments, i.e., to measure the scattering parameters
in the entire frequency range. Fortunately, the problem
can be simplified if it is noted that the function f3(A,, A,)
is isotropic, and is therefore completely defined by only
three variables, for example the lengths of the vectors
A, and A, and the angle y between them. Then, as will
be shown below, its transform £{¢)(q,, q,) is completely
determined by the lengths of the vectors q, and q, and
by the angle y between them. Consequently, it can be
obtained from a scattering experiment at a single fre-
quency. This greatly facilitates the experiment and the
reduction of its results.
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Let us introduce the angles #,, ¢,, ¢,, and ¢,, which
define the orientations of the vectors A, and A, ina
spherical coordinate system with a polar axis directed
along the vector q,, and the angle B between the vectors
A, and q, (see the figure). In terms of the variables
{5} = (4,, A,, 4, %5, @,, ©,), We obviously have
(dA,dA,); = AZA? sin 3, sin 8, dA,dA,d$,d9,de,dg,.
Using the well known formulas of spherical trigonom-
etry

cos y = cos &, cos ¥ + sin ¥ sin ¥, cos (@, — @2),

cos B = cos: cos ¥, + sin 1 sin 2 cos P,
we change over to the set of variables {g}

={a, 4,, 4, %,, B, v}. Then, after calculating the
Jacobian, we can rewrite the transform (11) in the form

f:(gu g p) =j A, dA; dO, d0. dy dBfs( Ay, Az, ¥) A,*A,* sin O, sin B, sin f sin y

X €05(g:A; cos ) cos(gA2cos f3) [ (cos B—cos (Y — 82) ) (cos 3 — cos (p+02) )
) (cos &, — cos (y + 92) ) 1" (12)

It is seen from the figure that at fixed v and #,, the
inequalities y — ¢, <¢, =y +d,and y — ¢, =B =y + 4,
are satisfied. Taking this into account, we integrate
with respect to 4, and f. We have

X (cos &, — cos(y — 92)

$+0;

.;- €0s(g:A: cos B)sin B dp
Jo, [(cosB—cos(p—90:)) (cos p—cos(p + B2)) ]

2
= —0s(g2A:cos 02) Jo(g:A: sin P sin ) -
nu

The second integral with respect to #, is evaluated in
similar fashion, after which, to determine the kernel
of the sought integral transformation, it remains to
calculate the mtegral

/———J. Jo(qiAy sin y sin 0:) cos (¢, A, cos y cos O») (13)

XJs(g2A: sin 4 sin 9.) cos (g2A: cos P cos §,) sin &, d9..

We note for this purpose that the integral (**), Sec. 19.4,
formula (21))

2 (g2, P) = j €08 (g2A: cos P cos B2) Jo(g:A; sin P sin ;) (14)

2n '
X P;,(cos @) sin ¥, dt, =(—1)" (q_A ) Jansth (quZ)PZn(COS 'llJ)
202

determines the coefficients of the expansion of the func-
tion
c0s (g=A: cos | cos 02)J,(g2A: sin § sin 8,)
in Legendre polynomials Pp (cos #,) on the segment
(0, m) (the odd coefficients are equal to zero), i.e.,
€05 (g2, cos P cos 2) Jo(g2A sin  sin §2)

oy 4n 1
:an

n=0

@20 (G2, ) P2 (cOs 2) .

Substituting this expansion in (13) and again using for-
mula (14), we get

-5

Thus, (12) takes the final form

4n 4+ 1

a2 (g2 ) a2 (g, v)-

— 8 < < 2 .
V9.2 1+(a1, -, qv)=?£ dA, _[dAEE dyAA; siny (15)

P Y 4 1
valAlfJ(AhAhV)Z s

n=0

Jans 1 (91A1) Jons % (g2A2) Pay(cos y) Pan(cos ).
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To inverse this transformation, it is necessary to con-
struct a delta-functional with the aid of its kernel. To
this end we use the well known relations

fJ,(kx)J,(k’z)xdx =%6(k—k’),

2

P, (cos ®)P.(cos ¥)sin®dd = ]

Snnr.

cl—n

In addition, in the space of functions that can be ex-
panded only in even Legendre polynomials in the seg-
ment (0, ), the §-functional is defined by the formula

4n 41

P, (cos ©) Py (cos §') = 6(cos® — cos 9).
n=0

We then readily obtain

ZZI‘L dg, j g:dq. j' sin AP, (cos P) Pzm (cos )

m=0 n=00

X P2y (€08 ¥) Pom (€08 ¥') Jan+ 4 (91A1) Jomi 1 (91A,)
4n+14m+41
2

X Jonity (G2A2) amsy (2A:7) 3

1
= a0 (A — AN B8 — A

Consequently, the sought inverse transform is

)8 (cosy — cosy’).

VAB: f5(Ao Any) = — [ ¢, dg. [ g dg. | sinpd
( 8]; qfoq qg‘ Yy (16)
xV2:9: 1+(q1, @ lb).Z— Jons 1 (1A ) T2 (g2A2) Pan (cos ) P, (cos y).

Summarizing, we note once more that the fundamen-
tal functions of statistical mechanics of many-particle
systems, namely the correlation functions of the proba-
bility distributions, can be determined experimentally
from the correlation characteristics of radiation scat-
tered by these systems. In the present paper we inves-
tigated only the second-order coherence of light scat-
tered by density fluctuations, but the formalism can be
used without limitations for higher orders of coherence
of light, and also for other scattering mechanisms (for
example, scattering of light by anisotropy fluctuations
in liquids and crystals, scattering of neutrons in mag-
nets, etc.). Hopefully, the experimental investigations
in this direction will help explain the general structure
of many-particle distribution functions and determine
the accuracy of the approximations used in the theory.
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advice and discussions.
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