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The spontaneous parametric scattering of light in an ionic nonlinear, noncentrosymmetric crystal over the entire range of
additional frequencies of the lower polariton branch (w,), including the resonance, is investigated on the basis of a specific model
by using the method of the theory of nonequilibrium fluctuations. The medium is assumed to be transparent at the pumping
frequency and at the frequency of the observed light. Formulas are derived for the linear and nonlinear (quadratic) susceptibility
tensors, describing the dispersive properties of the crystal in the frequency range under consideration.

The intensity of the scattered light as a function of the frequency and direction of observation is determined by the nonequi-
librium spectral function (BP'SP)E,I: _k of the nonlinear polarization, which is calculated for the regime of linear (with re-
spect to the intensity of the pump) scattering (luminescence). The investigation is carried out by a method which permits
an immediate generalization to the case of superluminescence. The obtained formula expresses the spectral function in terms
of phenomenological parameters of the medium (the linear and quadratic susceptibilities) and contains three terms: 1) po-
lariton, 2) polariton-phonon, and 3) phonon. The contribution of the cubic susceptibility to the spectral function is negligi-
ble for the regime of luminescence. The polariton contribution determines the parametric scattering in media which are trans-
parent or weakly absorbing at w,, but the contribution of the remaining terms is negligible in this region;in the region of
strong dispersion of the linear and nonlinear susceptibilities near the resonance w, =~ wj, where wj is the frequency of a
w, = wj and for large phonon wave vectors k, 2 10% cm™! the parametric scattering is completely determined by the pho-
non term. Accordingly, the well-known results for parametric luminescence in transparent and weakly absorbing media and
for Raman scattering by transverse optical phonons follow as limiting particular cases from the general formula derived for

the scattered power.

INTRODUCTION

THE question of the spectral distribution of light
scattered by a nonlinear crystal has been investigated
in a number of articles from various points of view.
The majority of these articles are devoted to an inves-
tigation of a limited region of the additional frequencies
w2: the case of parametric luminescence in a medium
which is transparent and weakly absorbing at w, was
investigated in the articles by Klyshko!!) and by
Zel’dovich,[z] scattering by polaritons far away from
the resonance was considered by Strizhevskil and
Obukhovskii,® and finally the resonance case w; = wj,
where wj denotes the frequency of a transverse optical
phonon (Raman scattering by phonons) has been
treated, for example, in the article by Loudon.[*

Macroscopic methods based on the fluctuation-
dissipation theorem (FDT) for the electromagnetic
field!*®) are usually used to calculate the line shape of
the scattered light associated with absorption at the
frequency w,. Such an approach is valid if the fre-
quency w, is far from a resonance frequency of the
medium. The case when the frequency w. approaches
and becomes equal to the resonance frequency of the
medium is also of interest. In this region the nonlinear
susceptibility is complex and strong dispersion is ob-
served. Remaining within the framework of the macro-
scopic approach, one can obtain information about the
shape of the line in the region near the resonance by
enlisting the aid of the generalized FDT relations for
nonlinear media, established in the article by
Efremov.!®]

We note, however, that, as will be evident from what
follows, even for the case of a weakly nonequilibrium
medium the generalized FDT does not completely de-

scribe nonlinear scattering, since it does not take the
polarization noise of second order in the pumping field
into account. The generalized FDT is not, in general,
applicable for a strongly nonequilibrium state. In
virtue of this, another approach based on a specific
model of matter and the application of the theory of
nonequilibrium fluctuations to this model (as is done,
for example, in the statistical theory of lasers!® or
parametric generators!™) is of interest. Precisely
such an approach is taken in the present article. In
this article the scattering of light by polaritons of the
lower branch is considered over the whole range of
admissible frequencies 0 = ws = wj for the case of a
noncentrosymmetric medium (a crystal of the type
GaP®). A classical model of a nonlinear medium for
this case was proposed and discussed in detail in the
article by Garrett.'®) (A similar model was used
earlier by Akhmanov and Khokhlov!*?! in order to de-
scribe Raman scattering.) A quantum model of the
medium, corresponding to the classical modell®! is
utilized in the present work, and on the basis of this
model the line shape of the spontaneous parametric
scattering is calculated. A calculation with the aid of
the generalized FDT is also carried out for compari-
son,

1. MODEL OF A NONLINEAR MEDIUM. INITIAL
EQUATIONS

Let us consider the two subsystems of a diatomic
crystal. For a classical description, this system can
be described by effective ionic oscillators with fre-
quency wj and electronic oscillators with frequency
we. These subsystems interact among themselves
when the anharmonic terms are taken into considera-
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tion. Each of the oscillators possesses a dipole
moment; therefore both subsystems interact with the
field. Such a model is considered in the article by
Garrett.!”] Let us consider the corresponding quan-
tum model. We denote the displacement of the effective
ionic oscillators with eigenfrequency wi by u(R, t),
and the interaction energy of the ionic oscillator with
the electric field is denoted by Zeu-E. As the second
subsystem we consider a system of effective two-level
atoms; —er 'E denotes the dipole interaction of the
atoms with the field. The interaction of an ionic oscil-
lator with an atom is determined by the expression

C -u. The quantity C is connected with the optical
deformation potential ¢ by the relation C = 9/d, where
d is the linear dimension of the cell. It depends on the
electronic state of the effective atom.

Using the eigenfunctions of the effective atom, let
us write down the expression for the matrix element
of the Hamiltonian describing the interaction between
the atom at the point R and the field E(R, t) and the
displacement u(R, t) of the ionic oscillators:

H,J"=C,u(R, ) —e(ry, — Za(R, £)8,..)E.

The corresponding equation for the elements of the
density matrix of the atoms takes the form

int int

7} i
—at—an(R,t) HidnmBom = —7; {th Orm — Oundlm } (1 -1)

Let us denote the upper level by a, and the lower
level by b. In the approximation of two levels, paa
+ ppp = 1. Let D = pya — ppp denote the difference of
the populations, and let r = ra5 — rpp denote the dif-
ference between the diagonal matrix elements of the
displacement r. Here we confine ourselves to the ap-
proximation in which the matrix describing the inter-
action with the lattice is diagonal, that is, Cpm
= 6nmCnn, and we introduce the notation C = Cag
- Cpp. We then obtain from (1.1) the following system
of equations for the functions D, pap, and ppy:

9 2ie
(5 +¥0) D =S (rwpee — pura)E, (1.2)

ie

A

ie i
roED + TrEpab — e Cup; (1.3)

a
(a—t‘l-i(l)ub"‘\’ab) Pap = — 7

Pba == Pab”*. (1 ~4)
The relaxation constants yp and yap are introduced
in these equations.

Let us supplement this system by the equations for
u and E:

9*u du . Ze e, C

(57 +r5rtom) = —JreE—5pn,  (1.5)
0*E a°pP N
—p T CAE = —4n TR divE = 0. (1.6)

In these equations M denotes the mass of the ionic
oscillator, IT" denotes the attenuation coefficient of the

displacement, and P is the polarization vector:
P = en[ (fapum -+ Toupw 4 '/2xD) — Zul. 1.7)

Here e denotes the effective charge of the atomic
dipole, and n is the concentration of atoms.
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2. THE NONLINEAR SUSCEPTIBILITY

Let us denote the frequency of the external field by
ws, by w; the frequency of the signal, and by w. the
frequency of the additional field: ws = w; + w2, In
order to calculate the nonlinear susceptibility at the
signal frequency we assume that two average fields
act on the crystal:

E.(R, t) = el exp(—iodt +ik:R) + ¢ .c,
E.(R, t) = e,E; exp(—io:t + ik.R) 4 C.C.

(2.1)
(2.2)

E; and E, are complex amplitudes; e; and e, are
unit vectors along the directions of the field intensities.
Below we shall assume that the frequencies w,, W,
and ws are far away from the transition frequency
wap. In addition, w;, ws > wi, that is, there are no
resonances at the frequencies w; and ws; w: < wi,
therefore a resonance of the additional wave is possible
at the ion frequency wj.

The average nonlinear polarization at the frequency
w, is given by

(P ONL= endrapee + Toafas -+ 1/2"D>NIT (2_3)
where pgg‘ and DNL are the solution of Egs. (1.2)—
(1.5) in second-order perturbation theory with respect
to the parameters

erkl c Zelk

e <1
A(0w — 0123) Mol A(ws — 013)

(In Eq. (2.3) we have neglected the contribution from
u, which is small at the frequency w; > wj.) Let us
determine the nonlinear susceptibility in the usual
fashion:

PONL e = y 0 (03, — @) Eape™ By e, (2.4)
Solving Egs. (1.2)—(1.5) we obtain the following result
for the range of frequencies in which w,;, ws > wi and
We S Wi

Yapy (@2, — W3) == X;ﬂv((ﬂh — ;) + X:ﬂv(wm — o),

(2.5)

where the contribution from the electronic part of the
polarizability is given by

X;Bv((ﬂzq - (1)3) = Culiv,f(mh 0)3) + Cﬁavf(m% 033) -+ Cavﬁf(mh - (1)2) )
Copy = — AN rapalslan{D?,

) ) (2.6)
((Dab + ‘031) ((l)ab -+ (»03)

j(mh m;) = (UJaz; - (1)1) ((Dab - (03) ’

where the components of the vectors rgp, r, and sub-
sequently C are denoted by the Greek letters a, 8,
and 7. The contribution from the electronic-ionic part
of the polarizability is given by
ei Znearubacﬁrabv<D>
Kapy = — M
The formula for ng y agrees with the corresponding
expression from the article by Graham and Haken'™
(in Eq. (2.6), just as inl™ it is assumed that rap
=rpa), and X%i corresponds to the classical formula

of .Garrett.[gl et us note the connection of the tensor
X?;BY from (2.7) with the nonlinear polarizability tensor

f(mlv (’)3)
0 — 0" — io.I

(2.7)

a,g, due to the lattice displacements; the cross section
for Raman scattering by transverse optical phonons is
usually expressed in terms of this tensor (see, for ex-
ample,'*1). The tensor a4g, is defined by the relation
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<Pu>NLeiwlt = Gapy (02, —3) Upe~ Byt

From Egs. (2.4) and (1.5) we obtain

Zen (J)zz__ iﬁ)zr) ei ((1) ——(1)) (2.8)
am(wz,—ma>=—m( Tor Tor Yapr (02 — ),

where i(0) = nZzez/Mwi is the static ionic polarizability.

3. THE SPECTRAL FUNCTION OF THE FLUCTUA-
TIONS OF THE NONLINEAR POLARIZATION

Now let an average pumping field ( Es(R, t)) act on
the crystal. Let us find the power of the electromag-
netic noise, scattered in a given direction s,, as a
function of the frequency of the observed radiation.
The assignment of the direction of scattering together
with the synchronism conditions

ke =ki+k, 5= (3.1)

and the dispersion law for the signal (scattered) wave
o= |kile/ (e)® (3.2)

determine the vector k; =s,|k;(w:)| as a function of
w, such that a maximum will be observed in the scat-
tered power at the frequency w. (in this connection,
the vector Kk is also uniquely determined:
ke = kz(wz))-n

The power of the electromagnetic noise, scattered
at a frequency w in the direction s, per unit spectral
interval dw and angular interval dQ,, can be ex-
pressed in terms of the spectral function of the fluc-
tuations of the nonlinear polarization according to the
formula
(8;’)‘/’0)14

o jdka (k— K — -(57')—(@ — ) ) (6PSP)L s, (3.3)
11 1

Wos ="V
where 8P denotes the negative frequency part of the
fluctuations of the nonlinear polarization, and v,
=0w,/9k, is the group velocity. Expression (3.3) is
obtained from Eq. (1.6).

Let us calculate (6P-6P)NL _, by using Egs.
(1.2)—(1.7). We recognize that the average pumping
field produces additional (nonlinear) fluctuations in a
nonlinear quadratic medium. Therefore, we represent
the operators of the system in the form

Pur = Cpud + 80w + SNy D = (D) 48D + 8D (g 4
u= () +du+du, E = (E)+SE+ BN+ sEN,

where the spectra of the fluctuations GE{‘IL and §E,
aEyL are concentrated, respectively, near the fre-
quencies w, and w». In (3.4) the additional fluctuations
satisfy the condition 6p§bL = 6DNL = suNL - GEH.} =0,
provided that ( Es) = 0. The fluctuations of the non-
linear polarization can be expressed in terms of the

nonlinear fluctuations 6p§bL and 6DNL:

OPNL= en (rs8pss + Tasdpar + !/2xdD). (3.5)

In what follows we confine our attention to an inves-
tigation of the linear scattering region, in which one

DWe note that the fulfilment of the dispersion relation @, = w,(|k,i)
for the polaritons is not assumed beforehand; this dispersion relation is
not valid in the resonance region w, < w;.
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can neglect the reaction of the pump-produced noise on
the system, Then, in calculating 8PNL one can
neglect suNL and GEI:I}' in (3.4) and regard 6pap, 6u,
6E, and 5D as the ‘‘natural’’ fluctuations of the
medium and of the field. In this approximation we ob-
tain from Egs. (1.2)—(1.7) a closed system of equations
for the fluctuations spNL, 6DNL, 6u, spap, and 6E

7 i iC
(5 + 100+ Vo ) 80w = — £ (CE) 00 +0uYOE) — = bu¢p.r>. (3-6)

The first two terms on the right-hand side of Eq. (3.6)
are nonresonant, but the third is a resonance term

(at w2 = wj). They are of the same order of magnitude,
since C/Mwill = r. The term containing (u) is
omitted since it is not resonant and it is I'/¢j times
smaller,

) 2i
(5 + vo) 8D = =2 (<o YOE +<En)dp1c)

— 1 ({PaoYOE -+ (Es>8 0wr) ), (3.7)

lia a . sy Ze
(052;+I‘T+mi)(6u~—6u )——T(euéE). (3.8)

Here it is taken into account that the contribution from
the term CD/2M in Eq. (1.5) is small (of the order of

(Cr/fiwj) (ersENL /fiwgy)); 6uS denotes the random
source of the fluctuations 6u. It is introduced in ac-
cordance with the methods expounded in!® by one of
the authors.

The equation for the linear fluctuations 6pap has
the form
ie

Fl
(Tt+imub+vvab)(ﬁpab—ép£ )=— & ru0E(D).  (3.9)

On the right hand side, only the major contribution ac-
cording to perturbation theory is taken into account;
6p5p denotes the corresponding source of the fluctua-
tions 6pap. The equation for 6E has the form

o :
OE o AsE — — 40 0P (3.10)
at* at*
8P = en (rwdpse + radpa, — Zou). (3.11)

The average value {pap ) in Egs. (3.6) and (3.7) is
determined by the equation

; .
(0—t+m.,.,+vub)<mb>=— ‘f r, (E) (D). (3.12)

1

In what follows we shall omit the source of the fluctua-
tions 6p§b in Eq. (3.9) since its role is negligible for
the frequency region w, < wap (we recall that w;

S wi).

Let us determine 5PNL. In order to do this, we
substitute 5pN- and 6DNL, found with the aid of Egs.
(3.6)—(3.9), into expression (3.5). As a result we ob-
tain

OPNL (— o, — k) = 3(Q, — ;) Es*0E (2, q)

(3.13)
- e €N ) DD g 0, 0 op* (2,0,
where
8P 5 (Q, q) = —Zenbdu® (L, q), (3.14)

Q = ws — w, q =ks — k denote, respectively, the
changes of the frequency and wave vector of the photon
upon scattering;

%(Q, —©3) = Yapy(Q, —03) C1aL2p€sy,
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e, and e are unit vectors along GPII\IL and SE.
Let us also express 8E(, q) in terms of 6PS(&2, q):

O () = — 5P (3.15)

. Q%(Q) — ¢°c?
where €(Q) = €a3(9)e2ae23, and eaB(Q) is the die-
lectric constant tensor of the electron-ion system, de-

termining the dispersion law of the polarizations:[al

S(Q,q),

€ap (Q) = Bap + 40’ (Q) + 4maas® (),

) nZ'e* Cualup
Cop (Q)"‘ o UJ,“’*Q"‘*I"QF ! (3-16)
. 2n620)abrubarabﬁ<D>
e T

where a&B(Q) and agﬁ(u) denote the linear polariza-

bilities of the ions and electrons, respectively. From
Egs. (3.13) and (3.15) it follows that (6PoP)NL . is

determined by the spectral function (GPGP)& q°

We obtain an equation for the double-time correla-
tion function ( §P(t)6P(t’))+ q = = (6P5P )+ ,q from
Egs. (3.8) and (3 14):

( AT + o )<6P6P>T: =o0. (3.17)
Let us solve this equation for the initial condition
which corresponds to taking only the Stokes component
into account:”
. hZ%en
(BP8PY.loq = —(Nq

1),
Mo, +

(3.18)
where ng denotes the occupation number of the phonon
state with wave vector q. Formula (3.18) is obtained
with the aid of Eq. (3.14) if we change from 5u(R, t)

to the annihilation operators of the transverse phonons:

) %
su®, 0= (G )" Y eanue®

qAr=12

(here, just as in the initial equation (1.5), we neglect
the dispersion of the long-wavelength phonons). From
(3.17) and (3.18) we obtain
__he"(Q)
25

(6P8P)o’ = (3.19)

(ne + 1),

where €”(§) is the imaginary part of the dielectric
constant tensor given in (3.16). By using (3.19), we ob-
tain the spectral function (5P - 5P)NL of the fluc-

tuations of the nonlinear polarization from Egs. (3.13)
and (3.15).

It is convenient to present the final result in the
following form:

ind ind-s

(6PoP) Ny — (5PsP) 1%, 4 (5P6P) % - (5PSP)w. (3.20)

The induced (polariton) part is defined by the expres-
sion
(5PoP) 1%,

=[2(Q — 05) |*| £s|* (8ESE) aq,

(3.21)
where the spectral function of the polaritons is given
by

Snﬁs” (Q) Q*

6E6Eu,q= 2q+1
(BEOE) o0 = oo — s+ ).

(3.22)

YHere SP denotes the positive frequency part of the fluctuations of
the linear polarization.

Yu. L. KLIMONTOVICH

The crossed polariton-phonon part has the form

ind-s

(bPéP) —0—k T 2)(”2(9, - (03) IEsV(‘SE&E)Q q
1R, —wa) Q% (Q)— gc* (3.23)
X(i—i— ¥(Q,—ws)  Q%(Q) ) ’

The contribution from the phonon source of fluctuations
is given by the formula
2H(Q, — o) | Es|?

3.24
S”(Q) ( )

(6P6P) _o i = 8ntht (ng+1).
The notation @ = w3z ~ w, q = ks — kK is used in Eqgs.
(3.20)—(3.24).

Formulas (3.3), (3.20)--(3.24), simultaneously with
the expressions for y given by Egs. (2.3)~(2.5) and
formula (3.16) for €, give the solution to the problem
of determining the power of the noise, scattered in a
given direction, as a function of the frequency of the
observed radiation over the entire range of the lower
branch of the polariton frequencies: 0 < Q = wj. In
this connection, the position of the maximum of the
power scattered in a given direction (that is, the fre-
quency w;) and also | k.| in the general case are de-
termined from Egs. (3.1) and (3.2), where by w» one
should understand the value of the frequency @ which
maximizes the expression for (5P - (SP)NL k Obtained

from Eqs. (3.20)--(3.24).

In calculating §PNL we have neglected the back
effect on the system of the electromagnetic noise
created by the pump, By a similar method one can
give a more accurate description and systematically
take the effect of the nonequilibrium nature of the
medium on parametric scattering into account. We
note that in the assumed approximation the crossed
polariton-phonon part—given by expression (3.23)—in
macroscopic approach can be obtained from the
generalized FDT for nonlinear media (see the Appen-
dix). The contribution (6P -6P)S , _i is not deter-
mined by this theorem.

Formulas (3.20)— (3 24) take into account the con-
tributions to (5P -5P)N _k determined by the quad-
ratic susceptibility tensor x. Consideration of the
cubic nonlinearities of the polarization gives an addi-
tional contribution. In this case one can represent
(6P -6P)NL & in the form

(6P6P) NL | = (sPsP) ™, _, + (5P8P)

where (6P - GP)(X)
connection it turns ‘out that

(€2
-~k

x is given by Egs. (3.20). In this

(8PSP) ) _y = 4hy" | Es|*n s, (3.25)

where ¥ = Yggyo(ws, —ws, —w))erqespgesyews, Yog,0
is the cubic susceptibility tensor, n_k, is the number
of thermal phonons in the state —k;. By using the
methods of Sec. 2 of the present article, one can obtain

an explicit expression for r. In this connection one
finds that

'Y” ~ (ne“r‘/ﬁ‘mnb‘) (Cz/‘M(\)LF).

By using this estimate, from (3.25) and (3.24) we have

(x)

(6P6P) )« ~ n_« (6PSP) 1% i,

that is, the contribution from y is negligible in the
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luminescence mode, when
oy, = [exp(ho, /xT)—1]7' << 1.
In concluding this section we note that for certain
applications another way of writing (&P - 5P)ij -k is

more convenient, By combining Egs. (3.21) and (3.23)
we obtain

(5P6P) N, — (OEOE) aq| Esl* {Ré (@, — o)

qZCZ_ S’(Q) QZ} X”Z(Qv —
8nh
e” (Q) Q* + 8w e”(Q)

(3.26)

) 1, (n + 1).

+ Im x*(Q, — 0s)

4. ANALYSIS OF THE GENERAL FORMULA FOR
(6P-sP)NL _,. CERTAIN SPECIAL CASES

Let us divide the admissible range of the additional
(polariton) frequencies 0 < @ = wj into three charac-
teristic regions: a) the region of transparency: €”(Q)
— 0 and x"(R, —ws) — 0; b) the region of weak absorp-
tion and weak dispersion of €(f), x(£2, —ws); and
c) the region of strong absorption and strong disper-
sion near the resonance. For cases a)and b) one can
neglect the contributions (3.23)—(3.24) to
(6P-oP)NL _g» 2nd also one can simplify (3.22) by
making use of the narrow-band nature of (5E - 6E)q,q
in these regions. The dispersion relation w:
= | ka| ¢/ (€3)"? follows from (3.22) as €”(Q) — 0; this
dispersion relation together with Egs. (3.1) and (3 2)
uniquely determines k., w. and k,, w, for a given s,.
Therefore in (3.22) we set

Q=0 — 0 =10+ 0;— 0 — 0, = 0+ Ao,
|q|=:|k;—-———ki:|k2+k3—l(—kz|E|kz+ Ak|

and expand in powers of Aw and Ak. Then we obtain

4rth®evs (N, + 1) v2

, 4.
c(e) B[ (0 — o — Va(k —ki))* 4 v*] (4.1)

(SESE) o

where

A 2, 7
B . 0ws’e,
T Y= W2°€: 5
0w, ®>

are, respectively, the damping constant and the group
velocity of the polariton.

The parametric scattering due to the induced part—
given by Egs. (3.21)—was calculated in"»*) on the basis
of the macroscopic theory. Expressions are obtained
from (3.3) with the aid of (3.21) and (4.1) which agree
with the results given in!*? In the article by Bur-
stein et al.['"] (see also!*®})® a calculation of the para-
metric scattering by polaritons is carried out for
T =0, that is, without taking the damping of the pho-
nons into account. In this case we have x"“(Q, — ws)
=0 for < wj; therefore expressions (3.23) and (3.24)
vanish and only the induced contribution remains. In
this approximation, by using (2.8) we have

Ze a

U o) = =T

Substituting expression (3.21) into formula (3.3) and

In the article by Benson and Mills,'? the analysis is carried out with
the damping of the phonons taken into consideration.

415

using the expression for the spectral density of the
fluctuations of the field in the region of transparency
(formula (4.1), where v, — 0), we obtain

L hefe)t  (ef—edM \E
Wos =V 4ne’noM S.(a Ze X) 2]
% IWI (re, 4+ 1)8(0 — 1), (4.2)
g — AnnZte*®.wsv,
i = M(es) ke (0F — w7)*
This expression differs from the result cited inf'***
by the presence of the factor |v,/s;*(v1 — vz)|. The

presence of this factor is due to the fact that v.--the
group velocity of the scattered oscillation (polariton)—
does not vanish, and parametric scattering differs
from Raman scattering, for which vz = 0 (seel®]),

In the region near the resonance it is necessary to
take all the terms in (3.20) into account, Let us con-
sider the limiting case of large q 2 10° cm™ in more
detail. From (3.16) we obtain €”(wj) = 4nai(0)wi/T".
For GaP, for example, wi/T" ~ 88 and j(0)~ 1.4
x 1071.[1°) Then from (3.26) and (3.22) we obtain the
result that the contribution proportional to
(6E - OE)Q is negligible and of the order of

2 €i'/q’ Z 10'1 of the contribution from the phonon
source In this case from (3.3) and (3.26) we have
26 (&) host ¥ (Q, — 0s) | Es|?
gy 7 E‘,”(Q) (nx2+1).
Let us proceed in (4.3) to the nonlinear susceptibility
due to the displacement of the lattice—that is, the
quantity a (given by formula (2.8)), and we use the
explicit expression for €“() given in (3.16). Then we
obtain '

Wos, =V

Weu=V 4.3)

fi(e)) ho,t @|E |2 Qr
2nc'Mn ’ — o)+ QT

(nx, + 1),

which agrees with the usual expression for the power
of Raman scattering by transverse optical phonons
(see, for example, “2]) Thus, the general formula ob-
tained for (6P - 6P)_ -k w1th increasing Q and q
describes a gradual transmon from cases of para-
metric luminescence in transparent and weakly ab-
sorbing media to the case of Raman scattering by
transverse optical phonons.

The authors express their gratitude to D, N. Klyshko
for reading the manuscript and making a number of
comments, and to G. F. Efremov for helpful discussions
of certain questions pertaining to the present work.

APPENDIX
SCATTERING IN NONLINEAR MEDIA AND A
GENERALIZED FDT

Let us calculate the contribution to the spectral
function (5P - 6P) -k (see (3.20)) described by a

generalized FDT for nonlmear media.[®! The nonlinear
polarization ( P) NL js related to the average field by
the relationship

PR, OINL= [y(R—R,t—t;R—R",t—1")
X KE(R/, ') >E(R”,¢"") dR'dR"dt'dt".

(A.1)

Let an average field specified by (2.1) act on the sys-
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tem. Let us represent the fluctuation GPNL in the
form

SPNL(R, 1) = 6P exp li(wst — k:R)] -+ c.C. (A.2)
From (A.2) we have
(5PSPYNE_, = (5P6P)a s, (A.3)

where © =ws - w and q = ks — k.

From (A.1) (neglecting the spatial dispersion of y),
by changing to random deflections and introducinga
source of the fluctuations, we obtain an equation ana-
logous to (3.13) for 6B(%, q):

§P(Q, ) = %(Q, —0) EsSE(Q, @) +6P ° (2, q).  (A.4)
From (A.4) we obtain
(6P8P) 0. = [1(RQ, — @s) |*| Es|*(SESE) 0,4
(A.5)

£t (R, — 02) Es(8P 5 8E) aq +cC. 4 (5P6P)arg -

Using Maxwell’s equation, let us express 6E(, q) in
terms of the source:

4nQ?

- A.6
Qe (Q) — g*c* P ( )

SE(Q,q) = — *(Q,q).
Now the problem reduces to the calculation of the spec-
tral function (8P - lSP)s , and it is expressed in

terms of a fluctuation funct1on of first order in the
pumping field from the work by Efremov.!” We have

(A7)

(8P8P) oy = 2hy" (R, — 03) Es* (nq + 1).

(In (A.7) it bas been taken into account that, in com-
parison with“’], here twice as large a value of y is

L. KLIMONTOVICH

used.) .
Using (A.7), (A.6), and (A.5) we obtain formulas for
(6P -5P) and (5P - 6P)md sk which are in agreement

with (3.23) and (3.21). As is clear from this considera-
tion, the contribution (&P - bP)Q P (6P - OP)_w -k
(the polarization noise of second order in the pumping
field), which is responsible for Raman scattering by
transverse phonons, remains indeterminate upon using
the generalized FDT.
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