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The turbulence of ion sound in a plamsa in a magnetic field is considered. In a sufficiently dense plasma (w,;»wy;, where

Wpis

wy; are the plasma and cyclotron ion frequencies) and for frequencies » < wy;, the major nonlinear mechanism is three-

plasmon interaction. Within the framework of weak turbulence, we have found the kinetic equation for the waves; in the region
k<1 (ry==c/wy; ¢, the sound velocity) the solution is in the form of a power law. The solution may be interpreted as
representing the spectrum in the region of universal equilibrium. It is shown that the turbulence in this region is of a local

nature.

1. INTRODUCTION

IN the theory of turbulence, a central position is occu-
pied by the concept of the turbulence spectrum, i.e., the
energy distribution over the size scales. The solution
of Kolmogorov and Obukhov'*?! is well known for hy-
drodynamic turbulence, the so-called Kolmogorov
spectrum €k ~ k™¥®, This solution is based on the hy-
pothesis of the self-similar character of the spectrum
and the local nature of the turbulence. The latter sup-
position means that modes of the same order of scale
interact strongly with one another. In media with weak
dispersion, such solutions are obtained within the
framework of the theory of weak turbulence.® ! The
theory of weak turbulence assumes smallness of ampli-
tude, which allows us to change over to a statistical
description of the waves and to a kinetic equation for
the waves by using the hypothesis of random phase.

In plasma, the turbulence of the waves is due to two
types of interaction: scattering of waves by particles
and processes of decay, coalescence and scattering of
the waves with one another. The scattering of waves by
particles leads to energy exchange between the waves
and the particles. Nevertheless, situations are possible
in which a rather broad region of transparency exists
in k space. The character of the turbulence in this
region depends a great deal on the transfer of energy
from the pumping region to the damping region. Spec-
tra of such form have been found by Zakharov for
Langmuir oscillations in plasma in the absence of a
magnetic field'” and in a number of other systems,[®1°]
In the researches mentioned, only isotropic turbulence
has been considered. In the present research, a simi-
lar problem is solved for a nonisotropic medium. We
consider weak turbulence of the acoustic type in a
magnetized plasma (8 = 87p/H” < 1) with hot electrons
(Te > Tj). For ion-sound oscillations in an isotropic
plasma, it is characteristic that the principal contribu-
tion to the interaction between the waves is scattering
from particles in most cases./%'%'2] Turning on a
magnetic field materially changes the dispersion law
and leads to the result that three-wave interactions be-
come fundamental. Therefore, we have used the hydro-
dynamic approach in the research.

It is known!**~*®] that conservative hydrodynamical
systems are Hamiltonian. For the latter, analysis of
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the equations of hydrodynamics is conveniently trans-
formed to canonical variables, with the help of which
the kinetic equation for the waves can easily be ob-
tained. The kinetic equation has an exact solution €k
= const kll k‘zg/ %, This same solution is obtained from
considerations of dimensionality, while the constant is
proportional to I‘/z, where I is the energy flux in the
damping region. Furthermore, it is possible to prove
the local nature of the turbulence.

2. THE KINETIC EQUATION

We now consider the low frequency potentials of the
oscillation in a nonisothermal plasma (Tg > Tj) in a
strong magnetic field (8 < 1). We shall describe the
slow motions of the ions by the equations of hydrody-
namics. We close this set of equations by the equation
of quasineutrality. It is assumed that the electrons
have a Boltzmann distribution:

op |
%—t+d1vpv=0, (1)
3
iV = = Vo + [voul], (2)*
p=poexp (eq/T.). (3)

Here p and v are respectively the density and the
velocity of the ions, po the unperturbed density, ¢ the
electrostatic potential, and wy = wyj = eH/Mc. Equa-
tions (1)—(3) are suitable for the description of the
oscillations with phase velocities along the magnetic
field w/kg that are less than the Alfvén velocity vA.
We eliminate ¢ from Eq. (2) and as a result obtain

av]ot+ (vV)v=—Vuw + [vox], 4)

where w = c In (p/po) is the enthalpy, and cg the
sound velocity. The system of equations (1) and (4)
conserves the energy

3 = [ {hov* + & (p) ),

where the first term is the kinetic energy, and the
second the internal energy of the electron gas, which
is connected with the enthalpy by the relation
w = 36/3/_) .

Following Zakharov,*®) we make the transition to

canonical variables by the formula

*[vWHi] =v X le
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v="5p""(AVu—uV1r) 4+ VO — (e/ Mc)A, (5)

where A = 1/2H X r is the vector potential of the con-
stant magnetic field. Here (X, ) and (p, &) are pairs
of canonically conjugate quantities. The equations for
the new variables have the form of Hamilton’s equa-
tions:

ar 876 0u 6% 8p e D 876 (6)

ot o ot o s et op

In the next stage, we eliminate r from Eq. (5):
A=A+ on'p'z,
h 1,
W= — o Py,
O D — o o (hy + uz)
This gives
v =501 (AWp— pnV2a) + VO — (0x/p)% (ir + jp).
We note that the transformation is canonical, i.e., the
equations (6) keep their form.
We next expand v in terms of the canonical variables
v=vit+v.+...,

v =VD — (‘l)H / Po) e (1} + ]H)
Vo="000"" (AVp— nV2) + "2 (0x/po) % (ir + ju).

We perform a similar operation with the Hamiltonian:

H =y + Hin;
v €260
e (25
=1t 20 )4
Spv 520p°
Hint = j‘{ iy + povive — chS‘" }dr.

The equations for small oscillations can be obtained
by variation of the Hamiltonian 54, in the corresponding
variables. Analysis of these equations gives the follow-
ing dispersion equation:

2 a2 2 o’ 2

of = (k).
This equation has two branches of oscillations. We
shall be interested only in the low frequency branch
(0 < wy, k rg K 1). For these oscillations,
w =kzeg(1 - /okirk), where rg = eg/wyg. Departure
from quasineutrality would lead to a dispersion contri-
bution -7:k’*r%. However, under the condition wpi
> wy (wpi is the plasma frequency of the ions) this
contribution can be neglected; it is significant only in
the region of small angles of propagation relative to
the magnetic field. The resultant spectrum is a decay

spectrum, i.e., it satisfies the condition:
k=Fki+ k..

0n = On, F Ony

Let us simplify Eqs. (6). For this purpose, we limit
ourselves to a quadratic nonlinearity and assume that
the dispersion is weak. It is convenient to carry out
this procedure in the Hamiltonian, which gives

= {5 (72 ]+
e {22 -

By varying the Hamiltonian in op and &, we obtain

a6 L0
"+pu (1+r,ZAL)<D+ (6972—) =0,
‘z 1 D\ 2
0_‘I’+c,zée_0_6_9__(ﬁ_) _
at Po 2 pof 2\ 0z

The resultant equations are close to the equations for
potential motion of one-dimensional gasdynamics.
Their only difference lies in the dispersion term.

For waves traveling in one direction along the mag-
netic field, we can obtain an equation for u =9%/8z
within the framework of the assumptions specified:

du J 1 u

a—t—c. 7 (u+—r. ALu——ZT‘_) = 0.
This equation is the analog of the well known Korteweg-
de Vries equation.

We carry out a Fourier transformation over the
coordinates and transform to a representation in which
the Hamiltonian &%, is diagonal:

8px = (pown / 2¢,*) % Sa;. +a.),
O, = “i(caz/zpoﬁ)k) s (an — a_*).
The equations of motion can be written in variational n
form:

day | 0t = —i076 | day,

where the Hamiltonian ’#, has the form

1
7 = J(Dhahak' dk + thk.k, {?(anak\ahz +ec)d(k+ ki + k)

+ (0 B+ €. €) 8 (k — ky — k2) }dk dk, dk..

For kjri < 1, the matrix element takes the form

Vi, = % (f&)/{( Ik#lllfl)/ Kk + ( Ik”flk|| ) b
N ( Ilclflz|2k'4 ) ko — (1 EllbeallEec ) /} )

We now proceed to a description of a system in a
weakly turbulent regime. As was shown above, weak
turbulence assumes smallness of amplitude. However,
in media with weak dispersion, this is insufficient.®]
A 11m1tat1on should be placed on the amplitude: ép/ po
K kirg, but for waves with k) =0 this criterion is
wolated Here it is necessary to take into account dis-
persion at the Debye radius. Then the criteria would
be written in the form

Sp/pe<<krd or W /[nT.<< (kry)t,

where W is the energy density of the noise.

We now proceed to the statistical description of the
wave system, We make a hypothesis on the chaotic
character of the oscillation phases with different k and
transform to the new variables

{wan*y =nd(k — k),

where the angular brackets denote averaging over the
random phases. We obtain the kinetic equation for the
waves:
ony [ 0t == St (ns) + yiru;
St(m) = an [ Vi |28 (b — ke — k2) 8 (04 — o0, — @)
X (7w, — Pttn, — matn,) + 28 (k + ky — k2) 8 (on + @, — ®p,)
X (i, — g + my) } dk, dk,

@)

In the kinetic equation, the term vy n, has been intro-
duced; it describes the scattering of the waves by the
particles of the plasma. This term preserves the num-
ber of quasiparticles but does not conserve their energy.
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3. DIMENSIONAL ESTIMATES

We shall first ascertain what sort of contribution is
made by the term yyng. The expression for the incre-
ment can generally be written in terms of the proba-
bility R of scattering of a wave with momentum k on
a particle of type o with momentum p and the crea-
tion of a wave with momentum k' (f = 1);[*%*?

7}
yh= Z f Re(kk'p) nu (k. — k. ) v, %;dv dk’, 9)

R(KK'p) ~ 8 (s — o — (k. — k) v,).

In Eq. (9), we have discarded all the higher gyroreso-
nances (w < wy). We first note that the basic contri-
bution to scattering is made by the ions inasmuch as
in the scattering of an ion-sound quantum by an elec-
tron, the phase velocity of the quantum along H is of
the order of or smaller than the velocity of the elec-
trons participating in the processes of Cerenkov radia-
tion. In an equilibrium plasma (3f/6€ < 0) the scatter-
ing leads to a transfer of the energy into the region of
smaller wg, i.e., in the given case, into a region of
small k; and large k;. For scattering by ions, the
following criteria must be satisfied:

On— 0n < vpel ke — k). (10)
It is then seen that on the sound part of the spectrum
(kiré < 1), interaction leads to the ‘‘isotropization’’
of the oscillations: waves from the region k; > 0 and
the region kz > 0 with A |k | = 0 strongly interact
with one another.

The expression for the probability R(kk'p) can be
obtained by the method of test particles.!’” Using the
drift approximation for ions, we find

R=14(2n)*(e*] M)*d(0r — o — (k. — k) v.) (kv. ] 0pi) 2
The term yknk has the order
1 w-\’'W
o () s
where w_/ky. is the phase velocity of the pulsation

along the magnetic field.
The estimate for the collision term gives

Yulte ~

St(ns) ~ ox(W/nT)m,

i.e., the contribution to scattering in the interaction
between waves is small (see (10)).

In addition to the processes considered, processes
are also possible in which low-frequency non-potential
oscillations of the Alfven type (A waves) are excited.
These are processes of decay and scattering of the
waves by particles. In the first case in a plasma with
B &K 1, only decay of A waves into A waves and ion
sound are possible.[’®! Estimates show that the charac-
teristic time of this process 7 is of the order

vt ~ on(W [ nT.)p%.

In the second case, only scattering by ions is important.

In this case, estimates give
w-
’

T~ o (W/nT) BT/ T

i.e., the effect of nonpotential oscillations can be
neglected, at least for g < Tj/Te.

We now consider Eq. (8). In the collision term, we
replace the product of § functions of k and w by the
expression:

1
_G(kJ_'_‘kJ_iiku)ﬁ(lk,l-lknlilkzz“

ey’

X G(Ik'lkJ}_lklllkleilkzzlklzz).

Generally speaking, such a substitution is not correct;
the substitution is valid only in the region kir; < 1.
This subdivision means that the waves interact strongly
with a single value of k,; therefore, it suffices to con-
sider only the region k, > 0. In what follows, we shall
consider only such a reduced kinetic equation. This
equation possesses the following integrals of motion:
P=[lkimar, E= [|k|k 0.
The first quantity is the momentum of a system of
waves traveling in one direction along the magnetic
field, the second can be interpreted as the ‘‘energy.
It is well known'"?! that the Kolmogorov spectrum
in the inertia region is determined by only a single
quantity —the energy flux in the region of high k (in the
inertia region, of the energy is an integral of motion).
Similar results were obtained for sound turbulence.'*”
For waves on the surface of a liquid,’ two spectra
are possible: one corresponds to a constant flux of
quasiparticles, the other to a constant energy flux.
Here, in the region of transparency, the number of
quasiparticles and the energy are integrals of motion.
We make the hypothesis that to each integral in the
transparent region there corresponds its own Kolmo-
gorov spectrum. In our case, the flux of motion and of
“‘energy’’ can easily be expressed in terms of the
characteristics of the turbulence:

I, =0P |3t ~ k.’k,’nm,
,=0E [0t ~ k.°k,‘n,.

1s1)

We then have for the energy spectral densities:

%, =, - Yy =, ~
e~ LUK PR e~ LR

(11)

We note that these estimates are explicitly based on
the hypothesis of the local nature of the turbulence,

As also in hydrodynamics, the integral jekdk is
divergent. The divergence of the integral at large k;
for both spectra can be explained by the assumption
that was made on the smallness of k rg. The diverg-
ence for small k, appears as in the case of hydrody-
namics; therefore we must divide the whole region of
k into energy-conserving, inertial, and dissipative
regions. The obtained spectra (11) are valid in the
inertial region.

4, EXACT SOLUTION OF THE REDUCED KINETIC
EQUATION

We shall seek cylindrically symmetric stationary
solutions of Eq. (8) for the assumptions made above.
Inasmuch as the kernal of the equation does not depend
on the angles in the k; plane, we carry out averaging
over these angles. For this purpose, we represent the
6 function of k| in the form

UThe total energy 1s c,(P— 1/2r2E).
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1
8k, —ky k)= oo j expli(k, —k,, = k,,)r]dr.

After averaging of this expression, we obtain

<6(kJ__k¢1 ikL2)> =1 /‘A(kh k‘u, k¢g),
A(kJ.kJ_ikJ_Z) =1 [2 (k,uzkﬂz + ki ks
"‘ kJ_sz_zz) - kJ_A - kuk - ku‘] qu
where A is the area of the triangle formed by the
vectors k|, k| ;,k .. Averaging yields an identically
zero result if these vectors do not form a triangle,
i.e., when the radicand in (12) is negative.

We now make the substitutions ki = s, >3 and kg
= k. We integrate over s, and Kk, in the collision
term. As a result, we obtain

k sk/ky
dk, S ii/fs—l TEE (Mpys, s — Mptipe. — s Tys,)
0 0

2o,
o

12)

(13)

o

ds.

1 kkk

ST- Tses.t (Miys,Me.s, -F Dpslegs, — Naghps) = 0,
'

0

where -
e

T:s.s, = I th,h;lz/A(S&Sz)y
ke =k + k&, sy = (ks = kisy) | (k£ k).

Here T is a positive definite function of degree of
homogeneity +3 in k, -1 in s. Therefore, we shall
seek solutions of Eq. (13) in the form nk g = Akg® "B,
where A is a constant, and o and g are unknown
quantities.

We carry out a bilinear transformation of the region
of integration of the second integral in (13) to the region
of integration of the first:

k—Fky

Fey—

k 2
k, dlky— — (—) dky;
3 ko
(ks — kisy)s k ( s Yds.

(k—ki)s, F—k \sy

81—

In this substitution, the integrals in (13) are joined to-
gether and the expression under the integral can be
reduced to the form:

khyky

j dky dk, ds, ds (kkuks) = (55,52) =T seme-

20—4 2p—1 20—4 2p—1t
1

X (k*s® — ky%s® — kos,?) (K**'s®' —ky sy — ks )
X 8(k — ky — ka) 8 (s — k1, — Ksa) = 0.

It is evident that the integrand vanishes for the follow-
ing values of o and g:

1) a=1, Bp=0;2) a=1, p=1;

3) a=5%h PB=I 4) a =34 p=1.

Inasmuch as the function T is positive definite, there
are no other power solutions of Eq. (13). The first two
solutions correspond to the Rayleigh-Jeans distribu-
tion for the reduced kinetic equation. The total energy
diverges for large k; (the ultraviolet catastrophe).
The third and fourth solutions were obtained previously
from considerations of dimensionality:

e =Ask, k" = Ak, k] "

5. LOCAL NATURE OF THE TURBULENCE

In order to prove the local character of the turbu-
lence, it is necessary that the interaction between
waves with scales of the same order be larger than the
interaction of waves with scales of different orders. In

other words, it is necessary that the integrals in (13)
converge. We first consider the convergence at small
k],s. For k >k, and s > s,, we have

A(kisi) = Yy [4ss, — s* (k / k,)*] %

and the integration is carried out only over the region
where the radicand of the expression is greater than
zero. Taking this into account, we collect all terms
that go to infinity for k; — 0 and s; — O:

Kk,
J. dk, jds, mnkm{nh—k,, s(1+hy/k) ™ Nis

+ 2(nin, s(1—hy/n) — n;.,)}.
These terms have the order
ons _om) K ke (14)
(57 o ) s J i ds. Ak
Integration in Eq. (14) is first carried out over k.
After the substitution

& = 4s,/s, n = kkE"

the integral is transformed to the form
J(0n s  on H bas2 ¢ dynr-e

sk (E—k_ﬂ)-[dgg = -‘;(1—1]2)'/2.
It is seen that these integrals converge for a < 3,
B + a/2 < 2. The inequalities are satisfied for the
distributions 1) — 3) but not for the fourth. This means
that the contribution from the energy-conserving region
in the inertial region is small for the distributions
1)—3). The fourth distribution is nonlocal.

We now consider the convergence for k; — « and
s, — =, For k; >k, s, > s,

A(kssi) = Y [4ss, — s, (k/k)?] ®.
In this case, the most dangerous terms will be

2jdk fas ﬂ—(n —m)n
1 1 A(kisl) h+hky, 8;(1—R/Ry) k,s k,8
ke (om0
~ Ky, [k, [ s~ ( 2o )

A(ksi) \ Ok, 0s: ke

Similarly, we carry out the integration by making the
change of variables

E=4ds/s, n=k/kkE"

As a result, we obtain

aﬁ_ans b a_’dnna—z
sk ( % —a—k—~k—) :!' dg gprere zo T —_—nz)'/' .
The convergence of the integrals is guaranteed for
a >1 and B + a/2 > 1. It is then seen that these in-
equalities are satisfied only for the third and fourth
distributions.

Thus, the contribution of the dissipative region to
the inertial is small for the third and fourth distribu-
tions. The only local distribution is the spectrum
corresponding to a constant momentum flux.

In conclusion, the author expresses his gratitude to
V. E. Zakharov for valued advice and constant interest
in the research.
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