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The turbulence of ion sound in a plamsa in a magnetic field is considered. In a sufficiently dense plasma (wp;>wH;• where 
wP;' wH; are the plasma and cyclotron ion frequencies) and for frequencies w < wH;• the major nonlinear mechanism is three
plasmon interaction. Within the framework of weak turbulence, we have found the kinetic equation for the waves; in the region 
k,r,< I (r,=cjwH;, c, the sound velocity) the solution is in the form of a power law. The solution may be interpreted as 
representing the spectrum in the region of universal equilibrium. It is shown that the turbulence in this region is of a local 
nature. 

1. INTRODUCTION 

IN the theory of turbulence, a central position is occu
pied by the concept of the turbulence spectrum, i,e,, the 
energy distribution over the size scales. The solution 
of Kolmogorov and Obukhovr 1 ' 21 is well known for hy
drodynamic turbulence, the so-called Kolmogorov 
spectrum '"k ~ k- 513 • This solution is based on the hy
pothesis of the self-similar character of the spectrum 
and the local nature of the turbulence. The latter sup
position means that modes of the same order of scale 
interact strongly with one another. In media with weak 
dispersion, such solutions are obtained within the 
framework of the theory of weak turbulence.r3- 61 The 
theory of weak turbulence assumes smallness of ampli
tude, which allows us to change over to a statistical 
description of the waves and to a kinetic equation for 
the waves by using the hypothesis of random phase. 

In plasma, the turbulence of the waves is due to two 
types of interaction: scattering of waves by particles 
and processes of decay, coalescence and scattering of 
the waves with one another. The scattering of waves by 
particles leads to energy exchange between the waves 
and the particles. Nevertheless, situations are possible 
in which a rather broad region of transparency exists 
in k space. The character of thP- turbulence in this 
region depends a great deal on the transfer of energy 
from the pumping region to the damping region. Spec
tra of such form have been found by Zakharov for 
Langmuir oscillations in plasma in the absence of a 
magnetic fieldf7l and in a number of other systems.CB-lOJ 
In the researches mentioned, only isotropic turbulence 
has been considered. In the present research, a simi
lar problem is solved for a nonisotropic medium. We 
consider weak turbulence of the acoustic type in a 
magnetized plasma ({3 = 811p/H" « 1) with hot electrons 
(Te » Ti). For ion-sound oscillations in an isotropic 
plasma, it is characteristic that the principal contribu
tion to the interaction between the waves is scattering 
from particles in most cases. r 6 ' u, 121 Turning on a 
magnetic field materially changes the dispersion law 
and leads to the result that three-wave interactions be
come fundamental. Therefore, we have used the hydro
dynamic approach in the research. 

It is knownP3 - 15l that conservative hydrodynamical 
systems are Hamiltonian. For the latter, analysis of 
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the equations of hydrodynamics is conveniently trans
formed to canonical variables, with the help of which 
the kinetic equation for the waves can easily be ob
tained. The kinetic equation has an exact solution E:k 
= const kj_1 k.Z3/2. This same solution is obtained from 
considerations of dimensionality, while the constant is 
proportional to I112 , where I is the energy flux in the 
damping region. Furthermore, it is possible to prove 
the local nature of the turbulence. 

2. THE KINETIC EQUATION 

We now consider the low frequency potentials of the 
oscillation in a nonisothermal plasma (Te » Ti) in a 
strong magnetic field (j3 « 1). We shall describe the 
slow motions of the ions by the equations of hydrody
namics. We close this set of equations by the equation 
of quasineutrality. It is assumed that the electrons 
have a Boltzmann distribution: 

ap 
at+ div pv = 0, 

av e 
at+(vV)v=- M Vrp+[vwmJ, 

p = Po exp ( erp I T,) . 

(1) 

(2)* 

(3) 

Here p and v are respectively the density and the 
velocity of the ions, po the unperturbed density, cp the 
electrostatic potential, and WH = WHi = eH/Mc. Equa
tions (1)-(3) are suitable for the description of the 
oscillations with phase velocities along the magnetic 
field w/kz that are less than the Alfvim velocity VA· 

We eliminate cp from Eq. (2) and as a result obtain 

av I at+ (vV)v =- Vw + [vwH], (4) 

where w = c~ ln (p/ p 0 ) is the enthalpy, and cs the 
sound velocity. The system of equations (1) and (4) 
conserves the energy 

de= J {'l,pv' + e(p)}dr, 

where the first term is the kinetic energy, and the 
second the internal energy of the electron gas, which 
is connected with the enthalpy by the relation 
w = at:/ap. 

Following Zakharov, r 151 we make the transition to 
canonical variables by the formula 

*[vWHj] = v X WHi. 
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(5) 

where A = Y2H x r is the vector potential of the con
stant magnetic field. Here (A., JJ.) and (p, <I>) are pairs 
of canonically conjugate quantities. The equations for 
the new variables have the form of Hamilton's equa
tions: 

&p {j:Jfi &cD {j:Jfi 

i)t {jeD' &t llp 

In the next stage, we eliminate r from Eq. (5): 

'A-*'A+wi;2p!fzx, 

~------)- 1-L- w~J'p1f2y, 

This gives 

v = 1lzp-' (leV fL- fl VA) + Veil- (wn /.p) '/• (i/c +if!). 

(6) 

We note that the transformation is canonical, i.e., the 
equations (6) keep their form. 

We next expand v in terms of the canonical variables 
V=V, +vz+ ... , 

v, = VcD- (wH I Po) y, (if.+ ifl), 
Vz='l,p,-'(/cVfl- [LVJ.) + 'lz(wniPo)'~>(i/c + ifl). 

We perform a similar operation with the Hamiltonian: 

:Jfi = dfio + :Jfiinl; 

dfio = J { pov,' + c,'6p' }ar, 
2 2po 

S { llpv,' c,'llp' } 
:Jfi,., = - 2- + pov,v,-~ dr. 

The equations for small oscillations can be obtained 
by variation of the Hamiltonian :Je 0 in the corresponding 
variables. Analysis of these equations gives the follow
ing dispersion equation: 

w' = c 2 (k 2 + w' k ') 
' z (l)z - COnz .L • 

This equation has two branches of oscillations. We 
shall be interested only in the low frequency branch 
(w « WH, k1 rs « 1). For these oscillations, 
w = kzcs(l- Y2kir~), where rs = es/wH. Departure 
from quasineutrality would lead to a dispersion contri
bution - Y2k2 r~. However, under the condition Wpi 
>> WH ( w pi is the plasma frequency of the ions) this 
contribution can be neglected; it is significant only in 
the region of small angles of propagation relative to 
the magnetic field. The resultant spectrum is a decay 
spectrum, i.e., it satisfies the condition: 

Let us simplify Eqs. (6). For this purpose, we limit 
ourselves to a quadratic nonlinearity and assume that 
the dispersion is weak. It is convenient to carry out 
this procedure in the Hamiltonian, which gives 

J{ p [( &cD)' ( &cD)'] c 21lp2
} dfio= i a;: -r.' VJ.a;: +~ dr, 

:Jfi,., = J { llp ( ocD) '_ c.'llp' } dr. 
2 oz 6po' 

By varying the Hamiltonian in o p and <I>, we obtain 

a Bp a' a ( acD ) 
-+po-(i+r.'~J.)rD+- llp- =0, at !Jz' f}z oz 

~+c,'llp =':l_ llp' -~( acD)'. 
at Po 2 Po2 2 iJz 

The resultant equations are close to the equations for 
potential motion of one-dimensional gasdynamics. 
Their only difference lies in the dispersion term. 

For waves traveling in one direction along the mag
netic field, we can obtain an equation for u = a <I>/a z 
within the framework of the assumptions specified: 

au {) ( 1 1 u' ) "-c,-a u+-r.'~J.u--- =0 ut Z 2 2 c, · 

This equation is the analog of the well known Korteweg
de Vries equation. 

We carry out a Fourier transformation over the 
coordinates and transform to a representation in which 
the Hamiltonian :Jfi 0 is diagonal: 

bp, = (pow, I 2c,') y, ~a,+ a_.'), 
cD, = -i(c,' I 2p,w.) '• (a,- a-.'). 

The equations of motion can be written in variational n 
form: 

aa, I at= -i6:Jfi 1 6a,, 

where the Hamiltonian )( 0 has the form 

:Jfi = J w,a,a' dk + J V,,,,, {+( a,a,,a,, + c. c.) 15 ( k + k, + k,) 

+ (a,•a,,a,, +c. c.) 6(k- k,- k,) }ak dk, dk,. 

For k1r~ « 1, the matrix element takes the form 

(7) 

We now proceed to a description of a system in a 
weakly turbulent regime. As was shown above, weak 
turbulence assumes smallness of amplitude. However, 
in media with weak dispersion, this is insufficient.rsJ 
A limitation should be placed on the amplitude: op/ p0 

(< k~r~, but for waves with k1 = 0 this criterion is 
violated. Here it is necessary to take into account dis
persion at the De bye radius. Then the criteria would 
be written in the form 

6plpo~k'r,' or WlnT,~ (kr,)', 

where W is the energy density of the noise. 
We now proceed to the statistical description of the 

wave system. We make a hypothesis on the chaotic 
character of the oscillation phases with different k and 
transform to the new variables 

where the angular brackets denote averaging over the 
random phases. We obtain the kinetic equation for the 
waves: 

an,, I ot = Sl (n,) + y,n,; 

Sl(n,) = 2n s I v,,,,,,i'{6(k- k,- k,) 6(w,- w,,- w,,) 

X ( n,,n,, - n,n,, - n,n,.,) + 26 ( k + k, - k,) 6 ( w1, + w,, - w,,) 

X (n,,,~,,,,- n,.n,,, + n1,n,,J} dk, dk, 

(8) 

In the kinetic equation, the term rknn has been intro
duced; it describes the scattering of the waves by the 
particles of the plasma. This term preserves the num
ber of quasiparticles but does not conserve their energy. 
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3, DIMENSIONAL ESTIMATES 

We shall first ascertain what sort of contribution is 
made by the term Yknk. The expression for the incre
ment can generally be written in terms of the proba
bility R of scattering of a wave with momentum k on 
a particle of type a with momentum p and the crea
tion of a wave with momentum k' (li = 1):[11• 121 

v•= ~f R"(kk'p)n,.(k,-k,')v, O:edvdk', (9 ) 

R"(kk'p) ~ 6(oo.- til••-(k,- k.')v,). 

In Eq. (9), we have discarded all the higher gyroreso
nances (w « WH). We first note that the basic contri
bution to scattering is made by the ions inasmuch as 
in the scattering of an ion-sound quantum by an elec
tron, the phase velocity of the quantum along H is of 
the order of or smaller than the velocity of the elec
trons participating in the processes of Cerenkov radia
tion. In an equilibrium plasma (afja€ < 0) the scatter
ing leads to a transfer of the energy into the region of 
smaller Wk, i.e., in the given case, into a region of 
small kz and large k 1 . For scattering by ions, the 
following criteria must be satisfied: 

til• - C!l•• < Vr; I k,- k/ 1- (10) 

It is then seen that on the sound part of the spectrum 
( k~ r~ « 1), interaction leads to the "isotropization" 
of the oscillations: waves from the region kz > 0 and 
the region kz > 0 with il l kz l ~ 0 strongly interact 
with one another. 

The expression for the probability R(kk'p) can be 
obtained by the method of test particles Y2l Using the 
drift approximation for ions, we find 

R= 4(2n)'(e' I M)'ll(oo,- oo,.- (k,- k/)v,) (k,v,l til••)'. 

The term Yknk has the order 

1 (til-)' w y"n" ,._ -, til• - - n,, 
Vr; k,_ nT, 

where w-lkz- is the phase velocity of the pulsation 
along the magnetic field. 

The estimate for the collision term gives 

St(n,) ~ oo,(W lnT,)n,, 

i.e., the contribution to scattering in the interaction 
between waves is small (see (10)). 

In addition to the processes considered, processes 
are also possible in which low-frequency non-potential 
oscillations of the Alfv~n type (A waves) are excited. 
These are processes of decay and scattering of the 
waves by particles. In the first case in a plasma with 
f3 « 1, only decay of A waves into A waves and ion 
sound are possible. r 161 Estimates show that the charac
teristic time of this process T is of the order 

,-• ~ til,(WinT,)~"· 

In the second case, only scattering by ions is important. 
In this case, estimates give 

T_, ~ til•(W/nT,)~(T,fT,)~. 
kz_ Vri 

i.e., the effect of nonpotential oscillations can be 
neglected, at least for f3 $ Ti/Te. 

We now consider Eq. (8). In the collision term, we 
replace the product of o functions of k and w by the 
expression: 

1 
--, 6 (kJ. - k_u ± kJ.,) 6 < 1 k, 1-1 k,. I± 1 k,, 1 l c.r. 

X 6(ik,lkJ.'-Ik,.lkJ.,'±Ik.,jkJ.,'). 

Generally speaking, such a substitution is not correct; 
the substitution is valid only in the region ki r 2 « 1. 
This subdivision means that the waves interacr strongly 
with a single value of kz; therefore, it suffices to con
sider only the region kz > 0. In what follows, we shall 
consider only such a reduced kinetic equation. This 
equation possesses the following integrals of motion: 

The first quantity is the momentum of a system of 
waves traveling in one direction along the magnetic 
field, the second can be interpreted as the "energy. " 1> 

It is well knownP, 2l that the Kolmogorov spectrum 
in the inertia region is determined by only a single 
quantity-the energy flux in the region of high k (in the 
inertia region, of the energy is an integral of motion). 
Similar results were obtained for sound turbulence.f 17l 
For waves on the surface of a liquid,f1°l two spectra 
are possible: one corresponds to a constant flux of 
quasi particles, the other to a constant energy flux. 
Here, in the region of transparency, the number of 
quasiparticles and the energy are integrals of motion. 
We make the hypothesis that to each integral in the 
transparent region there corresponds its own Kolmo
gorov spectrum. In our case, the flux of motion and of 
"energy" can easily be expressed in terms of the 
characteristics of the turbulence: 

I, = aP 1 at ~ k.'kJ.'n,, 

I,= aE 1 at~ k.'k1.'n •. 

We then have for the energy spectral densities: 

We note that these estimates are explicitly based on 
the hypothesis of the local nature of the turbulence. 

(11) 

As also in hydrodynamics, the integral J€kdk is 
divergent. The divergence of the integral at large k1 
for both spectra can be explained by the assumption 
that was made on the smallness of k1 rs. The diverg
ence for small kz appears as in the case of hydrody
namics; therefore we must divide the whole region of 
k into energy-conserving, inertial, and dissipative 
regions. The obtained spectra (11) are valid in the 
inertial region, 

4. EXACT SOLUTION OF THE REDUCED KINETIC 
EQUATION 

We shall seek cylindrically symmetric stationary 
solutions of Eq. (8) for the assumptions made above. 
Inasmuch as the kernal of the equation does not depend 
on the angles in the k1 plane, we carry out averaging 
over these angles. For this purpose, we represent the 
o function of k1 in the form 

1>The total energy ts c,(P- l/2r:E). 
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6(k1_- kl_l ± kj_,) = - 1- J exp(i(k1_- kj_, ± kl_z)r]dr. 
(2n) 2 

After averaging of this expression, we obtain 

(6(kl_- k1_1 ± k1_2)) = 1 /J'J.(kl_, k1_1, kl_,), 

/J.(kl_kl_,kl_,) = 1/2(2(/cu'kj_,' + k1_'k1_12 

+ kl_'k1_2 2 ) - k1_ 4 - k1_ 14 - k1_,'] 'h, 

(12) 

where ~ is the area of the triangle formed by the 
vectors k1 , k 11, k12· Averaging yields an identically 
zero result if these vectors do not form a triangle, 
i.e., when the radicand in (12) is negative. 

We now make the substitutions ki = s1 2 3 and kz 
= k. We integrate over s2 and k2 in the c'oilision 
term. As a result, we obtain 

R sk/k1 

f dk (' dg, Tkk,L ( 
~ 1 j r S~tL nktStnk_s_- nksnk_s_- nksnk 1s1) 

0 0 

= 00 

+ 2 r dk I a,, rRk,kt ( , 
\ '1 ,) k ss,h nk 1s,nk,s+ -r nksnk+g+- nksnk 1 ~ 1) = 0, 
0 0 + 

where 

s± = (ks ± k,s,) / (k ± k,). 

(13) 

Here T is a positive definite function of degree of 
homogeneity +3 ink, -1 in s. Therefore, we shall 
seek solutions of Eq. (13) in the form nk,s = Ak~ a -{3, 
where A is a constant, and a and f3 are unknown 
quantities. 

We carry out a bilinear transformation of the region 
of integration of the second integral in (13) to the region 
of integration of the first: 

k-k, 
k -+---lc 

1 kt ' 

(lcs -lc,s,)s 

(lc-k,)s, ' 
lc ( s )' ds,-+---- - ds. 

/c-k, s, 

In this substitution, the integrals in (13) are joined to
gether and the expression under the integral can be 
reduced to the form: 

X (kas'P- kto,S/'- kzasl) (k2a:-~s 2~-l- k:a-r. St2 'P-l -- k:a-r. s:l)-t ) 

X 1\(k -lc, -lc,)b(ks- k,s,- k,s,) = 0. 

It is evident that the integrand vanishes for the follow
ing values of a and f3 : 

1) a=1, ~=O;Z) a=1, ~=1; 
3) a='/,, ~ = 1/2; 4) a :;;til~.- ~ = 1. 

Inasmuch as the function T is positive definite, there 
are no other power solutions of Eq. (13). The first two 
solutions correspond to the Rayleigh-Jeans distribu
tion for the reduced kinetic equation. The total energy 
diverges for large kz (the ultraviolet catastrophe). 
The third and fourth solutions were obtained previously 
from considerations of dimensionality: 

5. LOCAL NATURE OF THE TURBULENCE 

In order to prove the local character of the turbu
lence, it is necessary that the interaction between 
waves with scales of the same order be larger than the 
interaction of waves with scales of different orders. In 

other words, it is necessary that the integrals in (13) 
converge. We first consider the convergence at small 
kl,s· For k >> k1 and s >> s1, we have 

L'.(k,s,) = 1h[4ss,-s'(k/k,)'J"> 

and the integration is carried out only over the region 
where the radicand of the expression is greater than 
zero. Taking this into account, we collect all terms 
that go to infinity for k1 - 0 and s 1 - 0: 

+ 2(n,.,,, ,,,_,,1,1- n,,) }. 

These terms have the order 

( ons on)k'S S k.' fhk- ok -;- dk, ds, L'.(k,s,) n,,,,. 

Integration in Eq. (14) is first carried out over 
After the substitution 

·£ = 4s,/s, '1 = k,/k£'h 

the integral is transformed to the form 

sk' (!!':.!_-!!!) st" d£ q,•-,-a/2 s' dl'] '1'-" 
OS k iJk " "(1-l']')'l•' 

It is seen that these integrals converge for a < 3, 

(14) 

{3 + a/2 < 2. The inequalities are satisfied for the 
distributions 1) - 3) but not for the fourth. This means 
that the contribution from the energy-conserving region 
in the inertial region is small for the distributions 
1 )-3 ). The fourth distribution is nonlocal. 

We now consider the convergence for k1 - oo and 
s 1 - oo, For k1 >> k, s1 >> s, 

!'. (k,s,) = 1/2 [ 4ss, - s,' (k/k,) ']'h. 

In this case, the most dangerous terms will be 

S S kk, 
2 dk, ds, /J.(k,s,) (n,+>,. ,,,,_,1,,1 - n,,,)n,,, ~ 

S S 
lc, (an on s, ) 

~ k'n,. dk, ds,--- ----- . 
/J.(lc,s,) ok, os, k, 

Similarly, we carry out the integration by making the 
change of variables 

s = 4s / s,, '1 = k/ k,£'1•. 

As a result, we obtain 

( on on s ) to { d a-2 
sk' ---- J d£ q,~+a/z-z J '1 '1 

ok ok k 0 0 (1-'1')'1• 

The convergence of the integrals is guaranteed for 
a > 1 and {3 + a/ 2 > 1. It is then seen that these in
equalities are satisfied only for the third and fourth 
distributions. 

Thus, the contribution of the dissipative region to 
the inertial is small for the third and fourth distribu
tions . The only local distribution is the spectrum 
corresponding to a constant momentum flux. 

In conclusion, the author expresses his gratitude to 
V. E. Zakharov for valued advice and constant interest 
in the research. 
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