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The Klechkovskii rule of filling of one-electron states in the periodic table is considered; according to this rule, levels with
lowest values of N=n+/ (sum of principal and orbital quantum numbers) are consecutively filled up, and for equal values
of N the levels with smallest values of n are filled up. It is shown that for the potential U(r) ~r‘1(r+R)"2 which possesses
special focusing properties and which closely resembles the Thomas-Fermi potential, additional degeneracy occurs for levels
with identical values of N and an energy E=0. The degeneracy is lifted at E <0 and the sequence of split levels corresponds
to the second part of the rule. Good agreement is observed between values Z=Zy for which levels with a given N appear in
the model potential, and values of Z for which electrons with the same N values first appear in atoms in the periodic system.

THE focusing potentials considered in the earlier arti-
clest*’?] can be used in a somewhat unexpected manner,
by applying the results to the problem of the order of
filling of levels in the periodic system of elements.

There is a well known rule, investigated in particular
detail by Klechkovskiil®J, according to which the filling
of the single-electron states in neutral atoms occurs
with increasing charge of the nucleus Z in accordance
with the law (n + 7, n), i.e., the electron occupies free
states with the smallest value of the sum N = n + [ of the
principal quantum number n and of the azimuthal quan-
tum number /, and in the presence of several states
with identical N, the state with the smallest n is filled
(and hence with the largest /). The rule (n, ), which is
valid for a slightly screened Coulomb potential and
which is satisfied for deep levels of the atom (x-ray
terms), is not very useful at a low electron binding en-
ergy, and therefore is not satisfied upon successive
filling of the levels in the periodic table. A comparison
of the two rules is shown in Figs. 1 and 2. Ideal satis-
faction of each rule would correspond to a strictly tri-
angular diagram. We see that the exceptions to the
(n + 1, n) rule are few (to be sure, not all the ground-
state configurations have been determined at present
uniquely; we have used the data given in["]). Deviations
from the rule by one electron are found in 16 cases, and
by two electrons in two cases, but usually the atom has
an excited state satisfying the rule near the ground
state. It is perfectly possible that some of the ground
states of the atoms are not described at all by the
single- configuration approximation, but, be it as it may,
it is seen from the figure that the (n + Z, n) rule reflects
objectively the properties of the effective field of the
atom in which an electron moves. Thus, the single-
electron potential gives at low energies groups of almost
degenerate levels with the same value of N, and the
splitting within such a group should increase with in-
creasing binding energy.

The family of potentials

2v
U= = SRRy + T M

(1, v, R are certain constants), which have an exact
focusing action in classical mechanics for zero-energy
particles, was considered int?), In the corresponding
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FIG. 1. Empirical data on the filling of single-electron states with
increasing number of the element Z in the periodic table. The dark
squares correspond to occupied states. The grouping is carried out in
accordance with the rule (n +/, n). In the right-hand column are indi-
cated the elements for which exceptions from the rule are observed.

wave problem, the values of v at which there are levels
with energy E = 0 depend only on the sum n + (u™* — 1)I.
Thus, with increasing v, the potential well becomes
deeper and new levels appear in groups with identical
value of the indicated linear combination of the quantum
numbers. In particular, putting . = 1/2, we obtain the
potential

2v

U%(f)=*m, (2)

in which states with identical n + [ appear simultaneously
at the value v = vy,
vy =4 R*'N(N +1). (3)

If we choose the single-electron potential in the atom in
such a form, then the splitting of the levels inside a
group with given N will be due to the difference between
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FIG. 2. The same as Fig. 1, but
grouping in accordance with the (n,
D rule.

I

their energy and zero. As shown in the Appendix, the
larger n at fixed N, the deeper the given level. Thus,
the second part of the (n + [, n) rule is satisfied also for
the potential (2).

What is remarkable is that merely the specification
of the character of the level degeneracy produces at the
point r = 0 a Coulomb singularity connected in the
single-electron potential with attraction to the nucleus
(none of the other potentials U, (r) has such a singular-
ity). To obtain U, .(r) ~ —Z/r as r — 0 it is necessary
to stipulate the equality

/R = Z. 4

At large r, the single-electron potential in a neutral
atom behaves like — 1/r, leading to a Rydberg condensa-
tion of the levels, whereas the potential (2) decreases
more rapidly. Some improvement (with decrease in
simplicity and clarity) could be obtained by taking a po-
tential U, /z(r) — 1/r by simultaneously replacing Z by

Z — 1 in (4), but we shall not do so, assuming that our
potential is suitable for energies that are not too close
to the boundary of the continuous spectrum. In the sta-
tistical theory of the atom, the single-electron potential
is given by — Zy (x)/r, where x(x) s the well known
Thomas- Fermi function, x = b*Z*r and

b = (1/2)(37/4)*” ~ 0.8853. 1t is natural to compare
this potential with our potential (2), which can be repre-
sented, taking (4) into account, in the form U, »(r)

= —Zx(x)/r, where

1(z) = (1+02)™, (%)
@ = bZ-"R"", (6)

(@ and x are dimensionless). It turns out that if we
choose o = 1/2, then the functions x(x) and X(x) will be
quite close to each other in the region of medium values
of x, which is vital for the determination of the energy
levels. In the interval 3 < x < 6, the absolute error is
approximately 0.003. At smaller x, the absolute error
reaches 0.034, but the relative error is still small (less
than 4%). As x — « we have x(x) ~ x°, whereas y(x)

~ x?, 1t is well known, however, that in the region of

large x, just as close to the nucleus, the conditions for
the applicability of the statistical approximation no
longer hold, and the Thomas-Fermi function itself is
insufficiently accurate here.

In classical mechanics, the potential U, (r) is focus-
ing for electrons with zero energy (Fig. 3). In this case
all the trajectories with E = 0 close after two turns
around the origin, i.e., the period of the initial oscilla-
tions is twice as large as the period of revolution
(Tp = ZTQJ), corresponding to a dependence of v on only
the linear combination N— 1 =n + 21, where n. =n
— 1 — 1 is the radial quantum number. At E < 0, an addi-
tional precession of the orbits appears, and the addi-
tional degeneracy is lifted.

An approximate expression of the type (5), among
various other analytic approximations, is proposed also
by TietzL®"*? , who started from entirely different con-
siderations. Tietz sought an approximate solution of the
linear Thomas- Fermi equation for the atom. The con-
stant @ was chosen by him in two ways: from the norm-
alization of the electron momentum distributionl®’

-

FIG. 3. Focusing properties of potential (2) for particles with zero
energy. Only half of each trajectory is shown. All the particles that are
emitted simultaneously from the source A fall in the focus F at the
same instant of time.
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(@ = (7/8)*”* ~ 0.569) and a variational principlel®]
(a = 27%357/4)*”* ~ 0.538), but this leads to a larger
deviation of Y(x) from the exact function x(x), in the
region of medium values of x, than obtained by us.
Tietz then substituted this function into the Fermi
formula, which describes, within the framework of the
statistical theory, the construction of groups in the
periodic system "1, The Schrodinger equation with a
potential of the form (2) was solved approximately for
deep levels using the fact that in this case the potential
can be regarded as being almost of the Coulomb typetsj.
An exact solution of the equation at zero energy was ob-
tained by Tietz only in the case [ = (18 (Tietz used an
analytic potential of a somewhat more general form,
which did not admit of exact solution at other values of
1). The focusing properties of the potential (2), and also
the presence of additional degeneracy at E = 0, was not
considered by Tietz.

The values Z = Zyg at which levels with a given N ap-
pear, is determined from the formula

ZN;[%N(N—!— 1) ] " )

which follows from (3), (4), and (6). It is curious that,
as seen from the table, the values of Zy calculated with
this formula at o = 1/2, agree well with the values

Z(N) at which electrons with the same N first appear”.
Generally speaking, the filling of a given level could be-
gin also at values of Z considerably larger than Zy.
The proximity of these numbers shows that levels with
a given N, which appear with increasing Z, are almost
immediately filled by electrons, so that the binding en-
ergy of the last electron never turns out to be too large.
This is exactly why the (n +, n) rule, which is strictly
valid at small binding energies, is so well satisfied for
realistic atoms.

N |zy |z N Zy | 2N

1 0.44 1 5 24.7 21
2 2. 3 6 40.8 39
3 6.2 5 7 62.9 7
4 1134 13 8 91.7 88

We see thus that the considered model potential
makes it possible to explain important properties of
neutral atoms, although it does not take into account
certain essential properties of the effective fields in
which the atomic electrons move. The main inaccuracy
consists in neglecting the Coulomb potential —1/r, which
acts on the electron at large values of r. However, if
the binding energy for the electron is larger than sev-
eral electron volts,.then in the region where the wave
function differs noticeably from zero the Coulomb poten-
tial —1/r is small compared with the main part of the
atomic potential, and it can be neglected (or regarded
as a perturbation). Only for very low energies (Rydberg

DAfter this article was sent to press, an article by Abrahamson was
published!'?), in which a single-electron potential of the same type as ours
is used. The Schrodinger equation is not solved in!'¥), and it is assumed
that the first level with a given / appears for those values of Z at which
the effective potential (with allowance for the centrifugal term) begins to
take on negative values. It is well known, however, that this is not true
in the three-dimensional problem. Therefore the good agreement between
the results of!'*! and the empirical data should be regarded as accidental.
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condensation levels) does the Coulomb potential play the
principal role, but these states of the electron corre-
spond to highly excited atoms and are not connected
directly with the configuration of the ground and first-
excited terms.

In principle one might use the formulas obtained in
the Appendix to determine the ionization potential of
different atoms, but such a calculation without allowance
for the Coulomb term can claim to yield only qualitative
results.

The relation between the considered model and the
real problem of electron motion in an atom is unique.
At E = 0, when the equation for the model potential can
be solved exactly, this equation cannot be used, owing
to the incorrect behavior of the potential as r — «, and
at large negative values of E the model yields nothing
new compared with the usual problem of a screened
Coulomb field. Only in a certain relatively narrow reg-
ion, starting with a binding energy of several electron
volts, can one expect reasonable results, but it is pre-
cisely this region which is the fundamental one for the
solution of the problem of the order of the filling of the
levels.

From among other applications of the model, notice
should be taken of the possibility of describing the scat-
tering of slow electrons by atoms, including resonances
resulting from the transition of states that are bound at
Z > Zy; into quasistationary and virtual states when
Z < ZyN. Here, again, the scattering of very slow elec-
trons will be described by the model incorrectly, since
the model does not take into account the real polariza-
tion forces between the electron and the atom. However,
starting with an energy on the order of 0.5—1 eV, the
polarization forces make a small contribution to the
scattering, and at high energies, up to the start of the
inelastic processes there should be a reasonable agree-
ment between scattering by real atoms and by our model
potential. Thus, for atoms with Z S Zy we can expect
the immediate appearance of an entire aggregate of
resonances in the electron scattering for different
values of /.

The approximate properties of the atomic potential
considered here, namely the focusing of classical trajec-
tories and the additional degeneracy at E = 0, should ap-
parently have also other physical consequences.

APPENDIX

To ascertain the order of the energy levels with
identical N in a potential U, o(r) at E < 0, let us deter-
mine the course of the terms E, ;(Z) near the point
Z = Zy (the potential (2) depends on Z via the relations
(3) and (6)). The wave functions (non-renormalized)
corresponding to these points are expressed in terms
of the Gegenbauer polynomials CAL*J:

= (5) (1) " e (B et a1

We have used perturbation theory, taking the functions
(A.1) and the zeroth approximation and regarding the
difference between the potential with the given value of
Z and with the value Z = Zy; as a perturbation. As a re-
sult, the slope of the terms determined by the well
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known theorem of Gell- Mann and Feynman:
0K,

1 (aU.,,)
02 Voay  Mu \ 0Z /.7

where My = (¥ yml¥nim)>

(248 = (o222, )

However, the question of applying perturbation theory
to a discrete level with zero energy is not quite true.

It is discussed in greater detail in'’°J., We indicate here
only that for a given value of the orbital momentum 1
the correction of (I + 1)-st order to the energy, calcula-
ted in accordance with the usual perturbation theory,
becomes infinite. In this case, we are interested in
first order, so that the indicated circumstance makes
the formula (A.2) inapplicable only for the s-states.

The general expression for the correction to the s- state
energy

(A.2)

aUy,
oz

=2y

2 <\Pnnn| ve NJnoa>

2
Cno

V—ZE,.n = — Cnuzlimr\pnon(r),

>0

(A.3)

where V% is a perturbation, can be obtained with the
aid of arguments analogous to those used in the theory
of the effective scattering radius (see alsot'®J). It fol-
lows from (A.3), in particular, that on the E(Z) diagram
the s-terms touch the boundaries of the continuous
spectruml*J | and consequently lie higher than all the
remaining terms with given N.

The matrix elements (38U, /8 Z)nl reduce to normal-
ization integrals for the Gegenbauer polynomials, as a
result of which we obtain

Uy, _ b? a2- N4+ n. + 3)
( 0z ) T 3% nl(n. 2+ ) [T+ )]

. (A.4)

The calculation of M;,; is more cumbersome, but can
still be considered analytically by using the recurrence
relations for Cr); and formula (16.316) fromt*?3:

b* 2142/,
mm{ﬂnr‘*—i) f(n. —1)}

(1=+0),

M= (A.5)
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where

)= L@ —1)T(2+3)T(v— )T (4 + n-+3)T (4l + v+ 4)
n (v — )T (4 +n, + 1) (T(4+ 3)T (4l +5)
X Fs(—n, 4l 4n, +3,20—1,—3; 20+ 2,40+ v 41, — v — 2; 1).

The series for the generalized hypergeometric function
4F3 reduces here to a finite sum.
A comparison of the values 8E /3 le =Zx shows that

the second part of the (n + 7, n) rule is satisfied.
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