SOVIET PHYSICS JETP

VOLUME 34, NUMBER 6

JUNE, 1972

Vacuum Polarization and Photon Splitting in an Intense Field

V. O. ParanyaN anD V. 1. RiTus

P. N. Lebedev Physics Institute, USSR Academy of Sciences

Submitted July 2, 1971
Zh. Eksp. Teor. Fiz. 61, 2231-2241 (December, 1972)

Owing to vacuum polarization, splitting of a photon into two photons becomes possible in an intense electromagnetic field.
The general structure of the polarization operator which describes three-photon interaction in an intense crossed field is
determined. Its concrete expression for real photons in terms of two invariant functions is found. These functions describe the
spectrum and polarization of finite photons as functions of the initial photon energy and polarization. For an initial photon
energy of 25 GeV and a field strength of 4.10° Oe the photon mean free path with respect to photon splitting is of the order

of several centimeters.

1. INTRODUCTION

WHEN photons interact with an external field, they
can split into two: y — 3’ + 9", This process, which is
characteristic of nonlinear interaction of light with
light and is forbidden in vacuum by the charge sym-
metry of the theory (the Furry theorem), was con-
sidered earlier by Skobov'!), Minguzzi'®', and Sanni-
kov!®] in the lowest approximation in the external field.
Recently, the splitting of a photon was considered
again (also in the lowest order in the external field) by
Adler et al.!®), Bialynicki-Birula'®), and Gol’tsov and
Skobelev'® in connection with the possible existence of
exceedingly intense magnetic fields in pulsars. The
results of these investigations contradict one another:
whereas in*-*®] the amplitude of the process is linear
in the field, in'*®! it is proportional to the third power
of the field.

In the present paper we consider the splitting of a
photon in a constant crossed field (E L H, E = H) of
arbitrary intensity. The advantages ensuing from con-
sidering the process in precisely such a field are de-
duced from the following considerations: the magnitude
of the effect becomes decernible when the intensity of
external field in the system, where the incident photon
has an energy on the order of mc?, turns out to be
comparable with

Fo=m**/ eh = 4.4-10" ».

)

which is the characteristic field in quantum electrody-
namics”. Since the fields in laboratories or even in
pulsars are much weaker than F,, noticeable effects
arise for photons with energy much larger than mc?,
But then any external field in a system where the pho-
ton has an energy on the order of mc? will be very
close to a plane-wave field. If the characteristic wave-
length and the period of the field are in addition large
in comparison with m/eF—the length and time of for-
mation of the process in a field of intensity F—then
such a field can be regarded as a constant crossed
field.

YWe shall henceforth use a system of units in which h = ¢ =1,
a=e?/4n = 1/137 and the notation [, = (1, il), II' = W~Iolg, vy =7 ,
Fh, = (i/2)€pyng, Fpg is 2 tensor dual to Fy,.

In other words, if among the three invariants®
_ V(eFul)?
m3

(2)

e
£ = —

(JFFF =)k n=(F 5 +F)%

m?

on which the total probability of the splitting of the
photon with momentum [ in an arbitrary constant field
depends, the pure field invariants € and 1 are small
compared with unity and with the dynamic invariant &,
then € and n can be neglected, which is equivalent to
considering a process in a constant crossed field.

At k~ 1 the splitting probability is of the order of

. [ mc*\ mc?

¢ (T) L ®)
(1o and n,, are the energy and density of the incident
photons), corresponding to a reciprocal photon lifetime
relative to splitting 73", ~ 3+10"(mc?/1, sec™’. The
values k ~ 1 are reached, for example, for photons
with energy 25 GeV (the usual energy of modern ac-
celerators) in a field F~ 4x 10° Qe. Then ' .~ 6
x 10° sec™’. We note that fields F ~ 2x 107 08, i.6.,
smaller by only a factor of 20 than those mentioned
above, have by now been reached in lasers.

The splitting probability obtained by us for arbi-
trary « is proportional to x° and coincides with that
obtained in'®°) at ¥ <1, and behaves like ¥** at
k> 1.

2. KINEMATIC STRUCTURE OF POLARIZATION
OPERATOR OF THREE PHOTONS

In the lowest order in the radiation field, the inter-
action of three photons is described by the two Feyn-
mann diagrams shown in Fig, 1. They differ from each
other by permutation of two photons or by the change
of the sign of the momentum of the electron loop. In
vacuum, such diagrams cancel each other (the Furry
theorem), whereas in an external field with which the
virtual electrons of the loop interact their sum is not
equal to zero. The diagrams of Fig. 1 can also be
parts of more complicated diagrams, so that the mo-

DThe field invariants € and 7 have a simple physical meaning—these
are the values of the electric and magnetic field intensities in the system
where they are parallel, referred to Fy; §=1 /4Fz,, and G =1/4F, F* , are
the ordinary field invariants.

1195



1196

,
L%

"

21

T
FIG. 1

menta [, ]’, and [” will belong to virtual photons, and
their squares will differ from zero. The sum of the
diagrams of this type forms a third-rank tensor
Myua(2, U, 1), which we shall call the polarization
operator of the third rank. The kinematic structure of
this operator can be found by a method described in!”}
and is suitable for diagrams with any number of exter-
nal photon lines.

In an arbitrary constant field, the polarization op-
erator is given by the function of operators

— 18y, — iFBy, — iy, — iFpFoadh,

(4)

which commute with the momentum operator —iau.
Therefore the polarization operator is diagonal in the
momentum representation,

Maall, U, 1) — (20)*0 (1 + U + ) Lo (W'L7).

The operator IIj,y) should be a transverse charge-
and space-even tensor which is symmetrical with re-
spect to permutation of any pair of photons.

The polarization vector of a photon with momentum
I, can be resolved into four independent vectors:

®)

Ly Ly = Fuly, L," = Fu*ly, Gu= LIF WFub + 1,

which are mutually orthogonal if F,yF , = 0. Owing
to the transversality condition, the projection on the
momentum [,, will always be equal to zero: the photon
can be only in the three polarization states Ly, Lﬁ,
and G (a real photon, for which I* = 0, cannot be in
the state G“ , which in this case reduces to lu). The
polarization state ynnng(lip1, lapz, ... ,lnpn) of 2
system of n photons, of which n,, n,, and n; are re-
spectively in states of the type L, L*, G{n; + np + ns
=n), is a product of these single-photon states with
invariant coefficient cnm,n, (11, I2...In) of suitable
charge and space parity, symmetrized over all possi-
ble permutations of the photons. The charge and space
parities C =P = (-1)" of the state yn n,n, are deter-
mined by the parities C = (-1)"1""2 and P = (-1)01*0s
of the product of the single-photon states and by the
parities C = (-1)™ and P = (-1) of the invariant
coefficients. The transverse symmetrical states of
three photons are listed in the table, In this table, the
vectors (5) for the momentum [’ and !” are marked
respectively by single and double primes, the symbol
2, denotes symmetrization over the possible permu-

sym

tgtions of the photons, while the signs + and — of the
coefficients ¢ denote their charge and space parities.
The coefficients cp,n,n, With any index nj = 2 are
symmetrical with respect to permutation of the photons
of the i-th type. The symmetrization in the table is
therefore carried out over photons of different types,
for example
LuLV'ILA..”

'LV/LumL"t ”

L IILV'IL - ,
LT g .

Pizo = crao (W) + Cuan (V") + —or— ©)
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1 3 0 0 Gl WL, L, Ly/LLIL"
P) 2 1 0 N e wan L, L, LYLLL”
sym
3 2 0 1 N o Q1) Ly, LGy/LL'GY
sym
y 1 2 0 D gL, LY LyLL” L
sym
5 1] || Y g W L LGy LLY G
sym
6 1 0 2 N Gl L, G, Gy LG'G"
sym
— v - . 7 r % =’ L4
7 0 3| o | gn@unLy Ly LIl L L
8 0 2 1 N co—;i 220} L; L:l G;/L- Fa e
! sym
9 0 | 1 2 > ol WYL GLGHL'G'G”
sym
10 ol o 3 Coay (1" G, GLGL/GG'G"

From the tensor of the constant crossed field F,, , and
the momenta [, I’, and [”, which are connected by the
conservation law [ + 1’ +[” =0, we can form, besides
the three squares of the momenta, also four independ-
ent invariants, namely, two charge-even scalars x and
k' (the third is connected with them by the conserva-
tion law « + k" + ¥ = 0), one charge-odd scalar

p= Faﬁl&lﬁ, and one charge-odd pseudoscalar

T = F4plolp. The last two are antisymmetrical with
respect to permutation of any two photons. Their
product p7T forms a single charge-even pseudoscalar
which is symmetrical with respect to permutation of
the photons, Therefore, from parity considerations,
the functions czg;, Cos1, and Cggs are proportional to p,
the function c¢3;7 is proportional to 7, and the functions
€510, Co30, and cop are proportional to p7. The first
three cannot be symmetrical with respect to permuta-
tion of a photon of one type, and therefore the states
Y201, Poz1, and Poos are missing. Thus, there are only
eight states of the system of three photons.

For real photons 1% ={'* =1"? =0, and it follows
from the conservation law that the momenta [, I’, and
1" are collinear, In this case p =7 =0 and there re-
main only the states isoo, Y120, and yPi02. For real pho-
tons, however, G ={, and therefore the state 02 is
missing because of the transversality condition, and
the system of real photons is described by the two
states ¢so0 and Pizo.

The respresentation of the polarization operator
1ITENN in terms of the invariant functions cppn,n,
arises automatically if we put Myvx =30 éyﬁénﬂaﬁy
and expand the § symbols in the system of vectors
(5) pertaining respectively to the momenta [, I’, and
1", for example,

W | L,

LsL,* GG,
o=+ +

Ltz Gz

Owing to the transversality, Iy Ia8y =0 etc., only 27
terms remain in the product of the three § symbols,
and form ten groups with different sets of single-
particle states (see the table). The coefficients cpn,n,
arise as contractions of the tensor 1, g, with the vec-
tors L, L*, and G, for example ¢2;0(11'1")

=My gy LoL/dt"/LL'L*", Three of them, a0, Cozu,
and cgos, are equal to zero owing to the absence of
charge-odd scalars that are symmetrical under permu-
tation of at least one pair of photons.

)
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3. POLARIZATION OF VACUUM AND SPLITTING OF
PHOTONS

If we describe the motion of an electron in a con-
stant crossed field by the Green’s function G(xz, x,) in
the proper-time representation(®’

G (2, x,) = exp (iexj' dz'A (') ) S (2. — ),

Ser= g 5 e[ 15— e(me G | [ -
ise"\;FFz ’imszeoF ey,yzF"z ], (8)

then the matrix element of the first diagram of Fig, 1
can be represented in the form
Mn(WUV'F) = (22)0(L+ U + ") [ (WI'F),
L (WV'F)= —e”j d'zd'z” Sp[S (z”) S (27) ¥sS () v]

©)

where x + x’ +x” = 0. Owing to charge symmetry, the
matrix element of the second diagram in Fig, 1 differs
from the given one in that its sign is reversed and the
substitution F — -F is made. Thus, the polarization
operator is determined by the formula

X exp ( 3 z"Fr —il'z + il"x ”)

W (WV'F) = L (WI'F) — L (W17 — F), (10)

which shows explicitly its odd dependence on the field
F.

After integrating with respect to x and x”, the in-
tegral I takes the form
ds ds’ ds” N '
uvA 23‘()2 jjj e~ Q.WA, (11)

(s+s" +57)?
in which the phase of the integrand is
2 l/ 2

0= (s o 4 )+ B oy ) o 2Bl P

12
+% [(eFl)z,Y + (eFll) Zv/ +(eFlll)2Y”]) ( )
where g =ss’s”/(s +s’ +8"), y =s — s’ +8” +ss"/s’,
and 7’ and 7" are obtained from y and 3’ respectively
by cyclic permutation of the proper times: s — s’

— 8" —s. The tensor Q) can be represented as a
result of the action of the operator Q“,,x, which is dif-
ferential in the momenta, on el¥, namely Q pvAe ig
=e 1‘PQW;\ This operator is determined by the trace

Qui = YaSp[(m + iyV” + iaT” 4 ysyA” ) ya(m + iyV’

13)
+ i + ysyA') yo(m + iyV + ioT + ysvA4) v.], (

in which
Vo= — 2o/ 25+ FasFssty/ 3, Tup = mseFoy /2,

. 14
Ay = eFq*zp /2, (14)

Vi = Vo(X', s) etc., and the operators Xg, X, and

X are defined by the relations
d ~,, .0
PR T = —1

The explicit expression for Q;,w)\ contains terms

that are linear and cubic in the operators x, and is

given in the appendix. The tensor QMW\ differs from

Q UVA in that the operators of the coordinates are re-

placed by their ‘‘eigenvalues,’’ and in the linear terms

l’u———-l, W, ;+;I+A$”=0. (15)
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v
Fa> 2o = 2P [——T—em"——ﬁ(mz' ¥ — FFl.y) ] (16)

while all the others are obtained by cyclic permutation
of the primes of the momenta and of the proper times,
and in the cubic terms we have

~a oA
oy Ty > Tz 2, — 2ip { Zq

ez 17
—— Py

Oap

o [ (P ] 2 22

o

+eFap~—(Fﬁ>uay ]}

1)
Thus, the tensor v 1s a complicated function of the
momenta, of the field, and of the proper times.

The proper-time representation is convenient be-
cause of its symmetry. However, for practical calcu-
lations and for an examination of particular cases, it
is more convenient to use the u, v, 11 representation,
which is obtained from (11) by changing over to the
dimensionless variables

n=m2(8+sl+s”)’ u=(s+sll)/(s+sl+sll)’

18
v=s"/(s+s"). (18)
In this representation
ie* | y o )
L =—Wojdu u.’: dvﬁ[d’r] e Quw,y (19)

where the phase ¢ and the tensor QMVR turn out to be
polynomials in u, v, and 7:
, . o
¢=An+Kn*+ =5

2 172

lZ
A=1 +72—u7v(1 ——v)-}—%u(i —u)(1—v)+ pr uv(1—u),

K = 2u*(1 —u)v(1 —v) el Fl

Q=»v*{[v(1—uv) —0(1 —u)]*+ 49u(1 —u)v(1—v)?,
0= —n"/x. (20)

We note that @ is positive for all real 9 and «.

We present in this paper the form of the polarization
operator on the mass shell of the photons, i.e., at 1®
=1'® =1"% = 0. In this case it is characterized by two
invariant functions

LL’L” Csoo(lll -I—Z

sym

L Lv LA.”
LL'L"

mh(ll l”F) Cuo(ll,l”), (21)

which depend on two independent invariants, chosen to
be k and ¢ = ~«'/k. The coefficients cn, n,n, are
determined by the integrals

Cryngny = e em Iduu Jduz [pf (z)— qu’(z) s (22)

zsr f///
@]
which contain a special function f(z), which arises as
a result of integration with respect to n and is charac-

teristic of processes in a constant field (seel” ®1);
f(Z) = jdt e_i(t:u:/a)'

Its real and imaginary parts are tabulated, the imag-
inary part being the well known Airy functmn
z = QY* see (20). Thus, the coefficients csg and ¢y
differ only in the polynomlals p, 4, and r, to which the
index njn.ns; on the right in (22) pertains.

For p, q, and r we have obtained the following ex-
pressions:
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DPsoo == @soo = —1 4 2u — 2uv + 2u* — u’v® — Ou(2 —u) (1 — 2v),
a0 == u*0* (1 — 2u 4 2u®v — u*?) (3 — 10uv + 11u*?)
+0uw[—2 — 8v 4 2u (1 + 15v + 10v?) + u*v(—15 — 100s + 8v%)
+ 2u'v(—8 + 500 + 17v* — 10v°) + u‘v(8 — 16v — 47v* 4 220°) ]
+ 6%u*(1 — u) [—1 + 4v + 8v* 4 u(3 + 4v — 520%)
+ u?(--2 — 280 + 890" 4 160° — 8v*) + uw (22 — 47v — 160* + 8v°) ]
+ 6% (1 —u)*(4 — 12z + 11u?) (1 — 2v); (23)

Przo=—uv(2—uv) —0u(2—u) (1—2v),
rizo = u*v* (1 — uv)*(1 + uv) 4 6u’v (1 — uv) [2—8v + 2u(—34-8v — 2v?)
+u?(4 — 5v + °) + uv(—4+ Tv — 6v%)] 4 6°%u*(1 —u)
X [—3 4 4v 4 8v* + 3u(1 — 4v*) + u®v (2 — 13v + 160° — 8v°)
+ u'v(—4 + 150 — 160* + 8%) ] + 0%u* (1 — u)?(4 — u®) (1 — 2v).
(24)
We define the function c(«, §) for real x by the repre-
sentation (22), in which x"*® stands for the real value
of the root having the same sign as k. In general, on
the other hand, the representation (22) defines the
analytic function c(k, 6) in the regions -7/2 < arg «
< 31/2, 51/2 < arg k < 9% 2 etc., with an essential
singularity and a branch point at x = 0. Its values at
the real points x and -k of the same region of ana-
lyticity are connected by the relation c(-«, 6)
= -c*(«k, 6), and at the same points but belonging to
neighboring regions (as is the case in our, causal,
definition), they are connected by the relation c(-«, 6)
= -c(k, ). These relations reflect the charge sym-
metry of the theory (cf. the mass and polarization
operators in'™),
The symmetry of the function csglx, §) relative to
the substitutions 1 == [, I’ == 1", and |”" == | is expressed
by the relations

1
Csoo(%, 9) == — Cs00 (%e,'—e—) = Uaoo(%, 1— 6)

[t}
1—9 ) '
whereas c20(k, 6) is symmetrical only with respect to

the substitution 1’ = 1"
C!zu(%, 6) = Cizo()ﬁ, 1— 6)

(25)
= — Cs00 (%(1* 6),—'

(26)

We have used in (25) the fact that the functions c(«x, 6)
are odd in k. The proof of these relations is easiest to
obtain from the representation of the proper-time, in
which the obtained functions «p, xq, £’r, and z go over
into themselves following the indicated substitutions if
the integration variables are also suitably redefined;
for example, the substitution I == [’ calls for the sub-
stitution s’ = s”, which corresponds in the representa-
tion ((22) to the substitutions u— u’ =1 - uv and
v—v =(1-u)(l-uv)’

At small values of k, the effective values in the
integral (22) areu, v~ 1 and z ~ %* > 1. In this
case f(z)~ z ' + 227 if we neglect the terms ~z’
for the real part and the exponentially small terms for
the imaginary part. We then obtain
8 13e’m
105 n* 3152
These expressions lead to the photon-splitting ampli-
tude obtained by Adler et al.[*] and by the Bialynicki-
Birulas'® in the lowest approximation in an external
field.

At larger values of x the values effective in the
integral (22) are u, v~ 1 and z ~ x%® < 1. In this
case, replacing the function f and its derivatives by
their values at zero, we obtain

Ca0 (2, 0) = wO(1—0), Cuao(x, 0) = (27)

x0(1 — 0).

V. O. PAPANYAN and V. I.

Giz0= (1—uv)2—0u(2—u) (1——21)),

RITUS

e‘m (3x) '

1 _
(4 0) = 1T () (14 98 0o (®), (2g)
Griynans (0) =J du ua‘. dvﬁ%j]"&’_, ® = x%"2Q.

The functions gse(6) and g,20(6) were obtained
numerically and are shown in Fig, 2.

The amplitude Ty;/;” of the splitting of a photon
with momentum [ and polarization e into two photons
with momenta [’ and [” and polarizations e’ and e” is
determined in terms of the polarization operator on
the mass shell by the relation
[ (— WI'F)epe) e,

It is obvious that the functions c¢ are the invariant
splitting amplitudes with definite momenta and polari-
zations of the initial and final photons. Thus,

Cizo( =11'l") = —c120( k, 6) is the amplitude for the
splitting of a photon with momentum [ and polarization
along L into photons with respective momenta {’ and
1" and polarizations along L*' and L*”, while c20(1’
- 11") = c120( k6, 1/6) is the amplitude for the splitting
of a photon with momentum [ and polarization L* into
photons with momenta I’ and [” and with polarizations
along L' and L*". The splitting probability per unit
volume and per unit time is
| Tua |* &V &L
v __I VT~ (2x1)°

(29)

T, = (20) 6 (1 — U — 1)

32nl0 j 40| Tn(— W) ese/e . (30)
The factor 7, in integration over finite states, takes
into account the identity of the two final photons, see!*®),
p. 285. For the probability of splitting of an unpolarized
photon into photons with arbitrary polarization we have

T jde[ [Ca00 12 +Z|cm| ]

S;
361 a’m*x® m

992250 n*l, '

I ('/.) a’m?(3x)
36:1°1,

<< 1.

- Ide [gsﬁn(9)+gfzﬂ(0)+ 9”=gfzo(19_) (31)

(1 — 8)igh, (ﬁ )] x> 1.

The last integral is numerically equal to 0.88. At

0.2

-0.2

=04

-0

-0.5

—1.0

FIG. 2. The functions g30¢(0), 8,20 (8), characterizing the spectrum
and polarization of the final photons at k > 1.
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large x, the splitting probability varies like the prob-
ability of pair production by a photon[“], but its coef-
ficient is smaller by a factor 1377,

When g < 1, the splitting probability is propor-
tional to the sixth power of a small parameter with a
small numerical coefficient on the order of 107%,
Therefore even at the exceedingly intense fields in
pulsars (F ~ 10% Oe), the effects of splitting of opti-
cal or x-ray photons are small, owing to the low pho-
ton energy. The splitting of photons with energy of
several dozen GeV is a different matter. Here, even at
fields F ~ 10° Oe, the parameter x becomes of the
order of unity, and the probability becomes of the
order of a’m?/1,, see (3). The effect can be used in
principle for photon polarization.

In conclusion let us make a few remarks concerning
the behavior of the polarization operator (or amplitude)
at small and large values of «.

The linear dependence of the amplitude on the field®,
obtained in error in!**! has led to the remarks (
(see®®)) that such a dependence is inadmissible by
considerations of relativistic and gauge invariance.
However, relativistic and gauge invariance, charge
symmetry, and Bose statistics of photons only limit
the polarization operator to the form (21) and the sym-
metry relations (25) and (26) for the invariant func-
tions, and do not forbid, for example, a linear depend-
ence of ci20 ON «.

A linear dependence as ¢ — 0 is actually excluded
by the physical requirement that the polarization oper-
ator be finite at finite values of the field and momen-~
tum, In fact, if the angle ¢ between the momentum 1
and the vector E X H tends to zero, then the dynamic
variable « tends to zero like £°, and the third and
zeroth components of the vectors®

=10 h), (o - =)

L AR L I (32)

tend to infinity like ¢ *. Inasmuch as in this case the
polarization operator should not only not diverge, but
vanish, the invariant functions c¢ should tend to zero
more strongly than ¢® or «*/2. The real parts of the
functions cnn,n, vanish like k® as x — 0 because they
can be expanded in a perturbation-theory series in
terms of the field and because they are odd. We note
that the imaginary parts of the functions cpn,n, be-
have like e¥¥ as x — 0, and cannot be expanded in a
perturbation-theory series. In general, the point x =0
is essentially singular.

In the opposite limiting case, x > 1, the functions
Cnn.n,, together with the splitting amplitude and prob-
ability, have the remarkable property that they are
independent of the electron mass (k ~ m™), This
means that in a system where the electrons have an
energy on the order of mcz, the process evolves in a
region that is small compared with the Compton length.

*The error was due to failure to take the phase factor of the Green’s
function’® into account.

“Expressions (32) are expressed in a special coordinate system with
axes 1,2,3, along E, H, and EXH, while /_=}— .

1199

A similar scaling law is characteristic of the simplest
processes in an intense field!'"), but is violated by
radiative corrections!”,

We also call attention to the fact that when « > 1
the amplitude for the splitting of the polarization
channel L* — L'L*” vanishes at the point ¢ ~ 0.18

owing to a certain interference effect, see Fig. 2.

APPENDIX

We present here an explicit expression for the
tensor Quu), defined by the formula (13):

quh = i[Puvl + Pv,ﬂ«u ‘,Tpkrnlv + GM(_ Ripe - Rl’a.a + R:.{zu.)

"

+ ahv (Rpuza - Rua; + RuZa) + 6Au(Rvu.a + Rw:a. - quta)

— Ry — Rojs — Riv— Run + Ry — R

+ /s [1na (Sass + Saro + Sute) + (Busrasy + Svitras
+ BuEvasr) Supy — 26umap (S — Sap) — 2eunap (Suap

- Suap) - zemzp (Sva.ﬂ - S:uﬁ)]- (A,l)

Here

Py = 8u{m* (—V - V' 4 V") 2m[—T (V' — V") 4 T (V" — V)
+ T/I(V . V/) + T A — T4’ — T*//A//] + SVT/T”};_

+ dm(TW V"1V +T WA — T4y — 2imeuna (T*V' + T*'V),

= 8[(TT) V" + (TT") V3] — Bitwasda(T'T"),  (A.2)
Run= Vu(WWV — AVAY) — A4SV + VVA),  (A.3)
Sun = Vu(ASV + VA + AWV — A7), (A4)

and analogous primed and double-primed tensors are
obtained from the presented cyclic permutations of the
primes of the quantities V, A, and T. Since the tensors
R and S go over into themselves following cyclic per-
mutation of the indices and primes, we get

Ruvl = R:Au == Rﬂxv, Suvx == S:'Au = S}.’;v (A- 5)
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