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A method for consistently and exactly taking interactions into account is proposed and is applicable to
investigations of impurity levels in solids. The model case of a short-range potential, which yields an
exact solution, is considered. The impurity-level problem is solved exactly in the one-dimensional
Kronig-Penney model. An equation for the discrete energy values is derived and the explicit form of

the impurity-state wave function is calculated.

1. FORMULATION OF PROBLEM

THE inapplicability of perturbation theory to the in-
vestigation of the spectrum is one of the main difficul-
ties in the theory of impurity levels in solids. In the
case of shallow levels in semiconductors, the problem
becomes trivial because of the applicability of the ef-
fective-mass approximation. In the case of deeper
levels, anc also virtual levels lying within the limits of
the allowed band, it is necessary, generally speaking,
to take explicit account of the periodic potential of the
ideal crystal, The latter becomes fundamental for im-
purity centers with short-range interaction potential,
when the effective radius becomes of the same order
of magnitude as the lattice constant (or smaller). To
investigate such problems, one can start from the
method of successive and exact allowance for interac-
tions without the use of perturbation theory. In other
words, it is necessary to formulate the problem in
such a way as to be able to solve it with allowance for
one interaction and then take the second interaction
into account without thereby making any assumptions
(see below).

Let us assume that the Hamiltonian of the problem
of one electron contains two terms in the expression
for the potential energy, V,(x) and V,(x). The equa-
tion for the Green’s function Gi(x, x’), with allowance
for the interaction of the electron with the potential
Vi(x),is (i =1, 2):

[E—T.— Vi(x)]Gi(x, X')= —d(x — X'). 1)

The equation for the complete Green’s function takes
the form

[E—T.—Vi(x) — Vu(x) 1G(x, X) = —8(x —x'). (2)

We seek for the complete Green’s function an equa-
tion in a convenient form (i = j)

G(x,x')+ jdx”a,-(x, X)Vi(x") G (x", x') = Gi(x,X'). 3)

We can verify directly that Eq. (3) with allowance
for Eq. (1) actually reduces to Eq. (2).

Thus, on the basis of Eqs. (1) and (3) (or, in place of
(1), on the basis of an integral equation of the type (3)
with the unperturbed Green’s function Go(x, X')), we
can take into account the two interactions in succession
and exactly. It is immaterial which interaction is con-
sidered first, What is important is that the Green’s

function for the i-th interaction is the kernel of the
integral equation for the complete Green’s function. If
the i-th interaction leads to the occurrence of discrete
levels (corresponding to poles of the Green’s function),
then it is impossible to use ordinary integration near
these poles when solving Eq. (3), no matter how small
the j-th interaction may be,

We investigate Eq. (3) in the model case of a short-
range potential, which admits of an exact solution:

Va(x) = Vab (x — x0). “)

As the first interaction V,{(x) we can choose any
static interaction, which we shall not specify concretely
for the time being.

In our case (i =1, j = 2), the complete Green’s
function can be written in the form

VaGi (X, %) G (%, X')

G(x,x') =Gy (x,x")—. T VaGr (%0, %) (5)

Let us assume that the Green’s function G,(x, x’)
is known; it can be represented in the form

, P, X) i X’)

Gutxx) = — P RO, ®)
where ¢j(x) are the exact wave functions of the solu-~
tion of the Schrddinger equation with potential V,(x)
and ! numbers the states. The density of the energy
states of the system is determined in terms of the
complete Green’s function from the well known formula

p(E)\==2?jdemG(x,x). (7)

Taking (5) and (6) into account, as well as that the
functions yj(x) are orthonormal, we obtain for the
density of states the exact formula

2 1 ] .
p(E)=?Im{— };—E—_—El——-(flnli%— VZG,(xQ,x‘,)I}. (8)

For concreteness, let us consider the case of im-
purity levels in a solid with a short-range interaction
potential, when it is reasonable to use the model poten-
tial (4). As the first interaction we take the periodic
potential of an ideal lattice. We then have for the
quantum number [ ={n, k}, where n is the number of
the band and k is a quasiwave vector; E = Ep(k) is the
dispersion law and ¢;(x) = elkxun,k(x) are Bloch func-

648



THERMOMAGNETIC PHENOMENA IN FERROMAGNETIC METALS

tions. The density of states assumes in this case the
form
2 1
E)=-" D . A
o (E) nlm{ ZAE—E(k\

ln|1— y, § L) [* }

b E,,(k)

)

The obtained formula gives an exact criterion for
the existence of a discrete level. Namely, a discrete
level can arise only if the energy E lies within the
limits of the forbidden band. On the other hand, if the
energy is in the allowed band, then we have a virtual
level, owing to the presence of an imaginary part in
the denominator of (9). We see that the position of the
level is influenced, generally speaking, by all the bands
of the ideal lattice. It is important to emphasize that to
determine the position of the level it is not sufficient
merely to know the dispersion law of the ideal crystal
{as is done in an analogous situation in the paper of
I. M. Lifshitz[”); it is necessary also to know the Bloch
functions.

2. EXACT SOLUTION OF THE IMPURITY-LEVEL
PROBLEM IN THE KRONIG-PENNEY MODEL

The exact formulas obtained above are valid both in
a real three-dimensional case and in a model one-
dimensional case. It is of interest to consider the
model problem, where an exact solution can be ob-
tained.

Assume that we have a one-dimensional chain of
periodically arranged atoms with §-like potentials for
the interaction with a light particle. Assume that the
“‘crystal’’ deviates from ideal at one point x,. The
deviation may be a vacancy, a foreign atom, or an
atom in an interstice, In accordance with the formula-
tion of the problem in Sec. 1, we can solve the problem
first without taking into account, the deviation from
ideality, and obtain the corresponding Green’s function.
Further, substituting this function in (5), we can obtain
the exact Green’s function for the system in the pres-
ence of the violation. We are interested in the spectrum
of the system, which is determined from the equation

1+ VoG (x4, 2,)=0. (10)

The determination of the Green’s function of the
ideal ‘‘crystal’’ entails no difficulty in our case. Its
explicit form is known (see, for example,'?)):

1 eiex—igx 7,
)= G Y+ —— 1\ dgdq >
G;(I,.‘B) 0(x,1?)+ 2112!1-‘. qaq (qlz_az)(q2_02)1_yﬂz

=Y've(a—a +b),

1
Vo=1—-V _— e,
2 Z (¢ + b))t —at

Here Go(x, x') is the Green’s function of the free parti-

cle, a is the ‘‘lattice’’ constant, V is the amplitude of

the 5-like potentials located at the ‘‘lattice’’ sites,

a=vE(@ =2m=1),bp=2m/a(n=0,+1,+2,...).
With allowance for the equation (P =aV/2, 0 < x,

< a)

(1)

2 Vetix . P
(g+b.)"—a*  a(cos ga— cos aa)

X [e~"==% sin ax, + e~ sin a(a — o) ],
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the expression for the Green’s function takes the form

® dq’ el veE—)
Gz, 2y = [ {

J o0n qlz —a?

(Plaa) [e~ "I sin ax + e *sina(a — z) ] }
cos ¢'a — cos aa — (P/aa) sin aa

To calculate this integral it is convenient to use the
following method, We break up the integral with re-
spect to q' into integrals from by to bp.; and sum
over all n. Then, carrying out the corresponding sum-
mation under the integral sign, we obtain at x = x" = x,

sin aa
G (o, 20) = [ 1
1 (%o, o) Sa. (1 2)
P 2sinax,sin a(a — z) ] 1 ]’.‘ dz
oa sin aa 2n ¢ cosz — cos aa — (P/aa)sin aa ’

If we are interested in discrete levels lying within
the limits of the forbidden bands, then the denominator
of the integrand in (12) does not vanish and the integra-
tion yields

G (2o, 2,) =

sin aa [ 1
2a aa sin aa

_l/z,
X[(cosaa—!—Psmaa)—1] .
aa

The corresponding equation for the determination of
the positions of the discrete levels is

P 2sinar,sina(a — x,) ]

sin aa
P, -

P 2sinaz,sin a(a — x,) ]

[+t

i 2 2
= — [(cosaa+P smaa) —1]

aa

sin aa aa

(13)

under the condition

sin aa

I cos ag + P l > 1.

As is evident from (13), the equatlon for the deter-
mination of the discrete levels depends on the location
of the impurity atom x,. Consequently, the position of
the discrete level can vary when the impurity atom is
moved from a site to an interstice, It is also easily
seen that the levels can be produced in all the forbidden
bands both in the case P, < 0 and when P; > 0.

We now turn to the determination of the wave func-
tions of the discrete impurity states, The wave func-
tion satisfies the integral equation (compare with (3))

P(x)+ j'dx”Gl(x, XY Vo (X)) (x") = 0.
In our model case, obviously, we have
Yi(z)=
where ¢(x,) is determined by the condition for the
normalization of the wave functions. The explicit ex-
pression for the Green’s function G,(x, X,) of the ideal
‘‘lattice’’ is

1 1
_— {sina(r—ro)e"’"”“‘ + [sina(a—r—{—xo)
20 shy U,

—(20) VoG (z, 20), (14)

2P !
+ —sina(a —r)sin ax,,] evirl }
aa
when r = x, and
1t sina(z, —rye"-" 4 [Sln a(a--r—x,)
2ashy

2P
+ ——sina(e — z,)sin ar] e“’[”"}
aa
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when r = Xx,, where

inaa | _
chy= cos(m—{—P————S1 ¢ >1,
aa

z=ma+r, 0<r<<a <z <a
(m is a positive or negative integer).

We see that with increasing distance from the loca-
tion of the impurity x, the wave function decreases

in the main like
Y(z) ~exp{—vy|z—=z|/a},

and therefore the quantity rj = a/yi serves as the
radius of the local state.

The wave function of the discrete state depends on
the position of the discrete level in the forbidden band.
In the expression for the wave function (14), it is neces-
sary to substitute those values of the energies (or o)
which are obtained by solving Eq. (13). For the radius
of the local state of the i-th level we have

r; = a/Arch [cos aa + P———sm ad ] s

[T P

where qj is the i-th solution of Eq. (13). It is easy to
verify that the smallest localization radius is obtained
when the discrete level is in the center of the forbidden
band, and rj ~ a in order of magnitude. In the case of
shallow levels, when the values of aj are sufficiently
close to the values of a corresponding to the edges of
the forbidden bands, the radius of the local state can
greatly exceed the ‘‘lattice’’ constant a.

In conclusion we note that the problem was con-
sidered in an analogous formulation by Koster and

Slater'®), who confirmed themselves, however, to a
one-band approximation, with the result that the solu-
tion obtained by them differs appreciably from the
exact (13). In our case allowance is made for the con-
tributions of all the bands, by determining the explicit
form of the green’s function of the ideal ‘‘crystal.”
Thus we see that it is not always convenient to repre-
sent the Green’s function in the form of a bilinear ex-
pansion in eigenfunctions. By forgoing the expansion
here, we succeeded in solving the impurity-level prob-
lem exactly in the Kronig-Penney model. It is not
particularly difficult to consider by the same method
the problem of impurity levels in a one-dimensional
diatomic chain with §-like potentials (the analog of
III-V crystals). Moreover, we can pose the problem of
two, three, etc. impurity centers and obtain exact solu-
tions. The indicated approach is equally valid in the
three-dimensional case, but encounters computational
difficulties.
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