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Magnetic configurations arising in substances with small crystal fields, i.e., with an unquenched 
orbital angular momentum, are investigated. It is shown that the presence of several magnetic sub­
lattices may result in deformation of the crystal (formation of new crystallographic periods). 

1. INTRODUCTION 

WE consider in the present paper the possible mag­
netic configurations of dielectric compounds, connected 
with the existence of a free (unquenched) orbital angu­
lar momentum. Such a situation may possibly be 
realized in compounds of transition or rare-earth ele­
ments, in which the crystal fields are weak. 

It is usually assumed that the magnetic properties 
of dielectrics are connected with the system of local­
ized electron spins. Depending on the magnitude and 
sign of the exchange interaction of the spins, substances 
can be either ferro- or antiferromagnetic, or else 
possess a more complicated magnetic structure (some 
type of helical configuration). It is known (see, for 
example,[ 1l), that in dielectrics the spin interaction 
consists of ordinary and effective exchange. The latter 
is connected with the virtual transitions of the localized 
electrons at the nearest sites. Such a system of local­
ized electrons can be sufficiently well described by the 
Hubbard model Hamiltonian [2J 

H = v _Ec,:,c,+a,o + U ~ n,,tn•.l· 
r,a,a 

(1) 

Here ci- a( cr a) are the usual operators for the crea­
tion (ann'ihilation) of an electron with spin projection a 
at the site r. The sum with respect to a denotes sum­
mation over nearest neighbors. If v/U « 1 and the 
number of localized electrons coincides with the num­
ber of magnetic sites (the typical dielectric situation), 
second-order perturbation theory in the kinetic energy 
yields the effective Hamiltonian 

, 4v'.E H rr = - S,S,+•· e u· 
.If ~B L. t ' r,a 

(2) 

We note that the constant in the spin Hamiltonian (2) is 
always positive, and that the magnitude of this constant 
frequently turns out to be larger (at least in oxides), 
than the usual exchange energy[ 1l. 

However, the Hubbard model possesses a significant 
shortcoming, namely, a localized s-electron is con­
sidered whereas the magnetism is due to either d- or 
f-elect;ons. In the preceding paper[ 3l, we attempted to 
improve the Hubbard model so as to be able to use it in 
the case of a localized electron having an orbital angu­
lar momentum. The Hamiltonian (1) was written in the 
form 

'\1 + '\1 N,(N,- 1) 
H = V ~ Cr,m,crCr+a,m,O' + U ~ 2 • (3) 

r,a,m,o 

We have added here the summation with respect to the 
projection of the orbital angular momentum (m) and 

1n,a 

We note that in dielectric compounds, where the inter­
action of the magnetic atoms is indirect, the Hamilton­
ian (3) describes quite well a system of weakly-inter­
acting localized electrons. 

If the crystal fields are strong, i.e., the orbital 
angular momentum in the crystal is quenched, then (3) 
reduces to an effective Hamiltonian of approximately 
the same form as (2). 

On the other hand, if the crystal fields are weak, as 
in certain transition-metal com~ounds and in most 
rare-earth-element compounds 41 , then the orbital 
angular momentum is weakly coupled to the lattice. 
Therefore a good quantum number for the localized 
electron is not only the spin, but also the orbital angu­
lar momentum. In this case, when determining the 
magnetic properties of a substance, we cannot confine 
ourselves to one (ferromagnetism) or two (antiferro­
magnetism) magnetic sublattices. The presence of a 
free orbital angular momentum leads to the appearance 
of several magnetic sublattices. 

2. DERIVATION OF THE EFFECTIVE HAMILTONIAN 

We shall consider henceforth the simplest case, 
when the number of electrons coincides with the num­
ber of sites N. The problem consists of determining 
the energy and the wave function of the ground state of 
such a system, described by the Hamiltonian (3). 

We put v = 0 in the zeroth approximation. Then any 
state in which one electron is localized on each site has 
an energy equal to zero. This is the minimum possible 
energy. The ground state in the approximation under 
consideration is strongly degenerate (the degree of 
degeneracy is pN, where p is the number of different 
localized states of the electron on one site). Turning 
on the "jump-over" interaction ( v ""- 0) lifts the de­
generacy almost completely. At small values of v, the 
ground state can be represented as a superposition of 
the ground states of the unperturbed Hamiltonian Ho, 
i.e., states with one electron per site. Let A denote 
the number of the state of the electrons at the site 
(A = 1, 2, ... , p). The states with one electron on each 
site form a subspace A of the vectors (Al, 11.2, ••• ,AN). 

It is useful to express the eigenvalues of the Hamil­
tonian H in the representation of the quantum numbers 
ll.n· We confine ourselves to the second order of per­
turbation theory in v. The effective Hamiltonian is 
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(4) 

We recall once more that Heff acts only in the sub­
space A. Use was made of the fact that in A we have 
for the operator 

~ (+) 
~ Cr,f. Co. = 1. 

' 
It can be verified that the operator 

~ + + "-.J Cr,~ . .Cr,J..'Cr','-'Cr,,h 

"·"' 
is none other than the permutation operator Pr r', 
which interchanges the quantum numbers A. on the 
sites r and r'. The final form of Heff is 

Herr= g ~P,,,+>· (5) 
r,a 

Formula (4) remains valid also when an integer num­
ber of electrons, larger than one, is located at each 
site, but expression (5) does not hold, owing to Hund's 
rule. 

3. MAGNETIC CONFIGURATIONS 

The simplest approximation customarily employed 
in the theory of magnetism, the Hartree approximation, 
yields for the Hamiltonian (5) an obvious result, namely, 
the lowest energy, equal to zero, is possessed by all 
states in which the quantum numbers A. of the nearest 
neighbors are different. Thus, in the Hartree approxi­
mation, the ground state is multiply degenerate (with 
the exception of the cases p = 1 and p = 2, correspond­
ing to ferro- and antiferromagnetism, respectively). 
On the other hand, in the one-dimensional case with 
p = 3, the problem was solved exactly by one of the 
authors [sJ. The exact solution shows that the ground 
state is not degenerate and that the numbers of elec­
trons are the same for all three values of A.. From the 
nondegeneracy of the ground state it follows that in the 
one-dimensional case there are no sublattices filled 
with different states A., A similar situation also arises 
in an ordinary antiferromagnetic chain. In the three­
dimensional case, however, there arise antiferromag­
netic sublattices that disintegrate in the one-dimensional 
case as a result of the large fluctuations. It is natural 
to expect in the present model, too, that a regular 
order with several sublattices will occur in the three­
dimensional case. 

Let us show how to find the most convenient sub­
lattice. For simplicity we consider first a planar 
quadratic lattice and p = 41>. We seek the ground state 
in the class of regular lattices, on which the following 
limitations are imposed: 1) the neighboring sites are 
occupied by different states; 2) each state corresponds 
to an area equal to four; 3) the individual states form 
regular sublattices. 

In the case under consideration, three types of such 
sublattices are possible, which we shall designate A, 
B, and C (Fig. 1). 

0 A situation with p = 4 is perfectly realistic. It corresponds to 
large crystal fields but to a small spin-orbit interaction. In this case 
there remains a twofold degeneracy of the levels with respect to the 
projection of the orbital angular momentum. 

n 4 n If tl If n 2 r:t I tl 
tl If n ' tl 4 ti z n 3 I1 1 

1'1 B c 

FIG. I, Possible regular configurations in a planar lattice (p = 4). 

We have already shown that the Hartree approxima­
tion does not suffice for the determination of the en­
ergy and the wave function of the ground state. It is 
necessary to go outside the scope of the usual Hartree 
approximation. We proceed in the following manner. 
We break up the lattice into squares as shown in Fig. 1, 
and seek the wave functions of the corresponding con­
figurations in the form 

(6) 

where 1/Jj is the wave function of the elementary square. 
We start from a certain square configuration which we 
s~all call regular (Fig. 1). The state 1/Jj contains, be­
Sides the regular configuration, also certain irregular 
ones. The simplest irregular configurations are ob­
tained from the regular one by permuting neighboring 
sites (see formulas (7 )-- (9)) in the same or in different 
squares. 

Our approximation is none other than the Hartree 
method, but no longer for sites, but for squares. Such 
an approach is reasonable if it is recalled that even the 
eigenfunctions of an ordinary antiferromagnet contain 
besides the regular configuration, also spoiled confi~­
rations2>. 

Getting ahead of ourselves, we note that, as shown 
by calculation, the fraction of irregular states due to 
permutations between squares is small (of the order 
of 1--~). In the zeroth approximation, such states can 
be disregarded. 

.The simplest of the three is configuration A, in 
wh1ch all squares are the same. Lattices B and C are 
made up of squares of two different types (I and II). 
Using the symmetry properties of the obtained lattices 
we seek the functions 1/Jj in the form ' 

n (n, I 04 wz wz\ aA +PA + + + • 
3 4 3 Z 4 J I 41 

a W' (tl' tl' (tl' U") B +flB + +Y.I + ' 
3 4 3 44 3 I 43 Z 

5i'Bn = U (w3 04) (Ij" wz) « B + PB + +J'H + ' 
I ZZI 3 214 

2lin principle, the lattice can be subdivided into squares of larger 
dimension. The results become asymptotically exact if the dimension 
of the square is allowed to tend to infinity, Our method of calculation 
is the first step in such a process. One can expect, however, that it will 
give better results than the usual Hartree method. For an ordinary anti­
ferromagnet, the energy of the ground state, calculated by the Hartree 
method, yields € = 0, our method yields € = -0.17, and the spin-wave 
method yields € = -0.31, 
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~ 0---0 cb----0 0---G> cb----0 ~c! = «c ~ +fJc(cp---<p + cp-<p + cp--<p + cr---<P) • 

f/'cu = «c qr--<p + Pc(r-cp + qr-<p + <p--<p + cp--<fJ) · (7 ) 
cb---4 cb---4 0---4 dr--4 dr--4 

The corresponding energies are expressed in terms 
of the coefficients u, {3, and y as follows: 

EA = 'f,N(BaA·~ .. + 8aA2~A2 + 16~A'), 
E8 = '/.N(4aM~s + 4asi's + 4y.'- 4y.'), 

Ec = 'f,N (Bac~c + 8~c2 - B~c') 

with the additional conditions 

aA2 + 4~A2 = 1, 
<fls2 + 2~s2 + 2y.' = 1, 

ac' + 4,~c2 = 1. 

Table I shows the results of the calculation for 
configurations A, B, and C. 

(8) 

(9) 

We carried out the calculations analogously in the 
case of a simple cubic lattice with p = 4. The energy­
wise most favored lattice turned out to be made up of 
the small cubes shown in Fig. 2 (type A). Table II 
lists the results of the calculation for two configurations 
(see Fig. 2). 

A calculation of the coefficients of the irregular 
configurations connected with the permutation of the 
sites between squares can readily be carried out by 
perturbation theory. The results yield in all cases a 
limit of :1fo for the fraction of such states. 

Our calculation shows that the energywise favored 
configurations are those in which atoms of one type are 
as far from one another as possible. The reason for 
this is simple. If we let the Hamiltonian (5) act on the 
state with regular configuration, in which identical 
atoms are close to one another but are not neighbors, 
then we obtain irregular configurations with identical 
neighboring sites. Such configurations make a positive 
contribution to the ordinary Hartree energy. Thus, for 
the configurations shown in Fig. 1, any permutation in 
A and C gives two pairs of nearest neighbors of one 
type, and in the case B one permutation gives on the 
average one such pair. 

We shall henceforth assume that our hypothesis with 
respect to the location of the identical atoms is satis­
fied, and we shall construct the magnetic configura­
tions for sufficiently complicated lattices. 

4. MAGNETIC CONFIGURATIONS WITH ALLOWANCE 
FOR THE SPIN EXCHANGE INTERACTION 

So far we have considered to some degree a model 
situation for dielectrics. In addition to the "effective" 
exchange connected with the jumps of electrons to 
neighboring sights, there exists also the usual spin ex-

Table I 

A 1-1.341 0.661 0.091 -B -1.72 0.55 0.18 0.04 
c -1.28 0. 70 0.08 -

Table II 

A 1-2.651 0.62 
B -1.80 0. 77 

A B 

FIG. 2. Elementary cubes used to construct the lattice (p = 4). 

change interaction. The Hamiltonian (5) with allowance 
for this interaction takes the form 

II= .E { 2;' P•,•+- -.fS,SHa }· (10) ... 
We consider the most interesting case / > 0. 

We should expect transition-metal compounds to be 
described by a Hamiltonian similar to (10 ), with both 
terms of (10) of the same order. Such an estimate fol­
lows from the fact that v is proportional to the overlap 
of the Wannier functions of neighboring sites, while ,: 
is proportional to the square of this overlap. 

Let us see which magnetic configurations will be 
convenient in this case. The first term in (10) has a 
tendency to form the maximum possible number of 
sublattices, which in our situation is equal to 10, while 
the second tends to align all the spins in parallel. 
Since the quantities v2/U and rare of the same order, 
the problem of the type of magnetic state is quite com­
plicated. One should expect the energy gain following 
the addition of an extra state to decrease with increas­
ing number of competing states. Thus, in the one­
dimensional case, in accordance with[sl, for p = 2 the 
energy per atom is approximately -0.4, for p = 3 we 
have E; R~ -0.7, and finally for p-oo we get E;- -1. 

. The energy gain relative to the energy itself becomes 
small already at p = 4. This causes the spins at the 
magnetic-lattice sites to become aligned in parallel, 
and the orbital angular momenta should form five 
sublattices. The formation of a new, sixth sublattice, 
in accordance with the foregoing, gives an energy gain 
on the order of a small fraction of v2/U, and a loss on 
the order of .1. 

The magnetic configurations constructed in accord­
ance with our hypothesis concerning the arrangement 
of the magnetic ions with identical A. are shown in Fig. 

I 
10,0, 1) 

I 
I 

dr---
/ 

/ 

10,0,0) 7 (0,0,0) 

a b 

FIG. 3. Magnetic configurations at p = 5. The basis vectors of the 
sublatticesare(2, 1, 0), (-I, 2, 0), (0, I, 1)(a) and(3/2, 1/2, 0), (-1/2, 
3/2, 0), (1/2, 1' l/2)(b). 
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3 for the cases of primitive cubic (PC) and face­
centered cubic (FCC) lattices. 

5. MAGNETIC CONFIGURATIONS WITH ALLOWANCE 
FOR THE JJ INTERACTION 

In rare-earth elements the spin-orbit interaction is 
no longer small. Therefore such elements or their ions 
are characterized not only by a spin S and an orbital 
angular momentum L, but also by a total angular mo­
mentum J (see[ 61 ). Thus, in our case of one localized 
£-electron, we have S = Y2, L = 3, and J = Y2. 

The exchange interaction is described by the product 
of the total angular momenta of the neighboring sites. 
Instead of the Hamiltonian (10) it is necessary to con­
sider 

IJ = .E C;' Pr,r+a-/J,J,+a}· (11) ..• 
We shall consider only the case v2/U » I. In the 

reverse situation I>> v2/U we obtain ferromagnetic 
(I > 0) or antiferromagnetic (I < 0) ordering. 

The intermediate case I~ v2/U is more compli­
cated. The following can be stated concerning the mag­
netic properties of matter in this region of energy 
parameters: The subdivision with respect to magnetic 
sublattices remains in force, but their number is less 
than six. 

Since v2/U » I and p = 6 (the number of different 
projections of the total angular momentum), six mag­
netic sublattices should be produced. Were we to con­
sider the Hamiltonian (5), we would obtain a state that 
is degenerate with respect to the permutations of the 
sublattices. In other words, we can arbitrarily ascribe 
a total-angular-momentum projection to each sublat­
tice. The second term in (11) lifts this degeneracy 
partly, and a correlation appears in the distribution of 
the projections of the total angular momentum over the 
sublattices. Before we proceed to complicated lattices, 
let us consider the effect of the JJ interaction in the 
one-dimensional case. We shall henceforth take this 
interaction into account in first order of perturbation 
theory. 

The contribution made to the energy by the second 
term of (11) is 

The energywise favored configurations are those shown 
in Fig. 4. 

Let us consider now a realistic three-dimensional 
problem. Figure 5 shows the arrangement of the 
equivalent magnetic ions in an FCC lattice. The con­
tribution of the JJ interaction of site 1 with the nearest 
neighbors is 

- !J,'{3(J,' + !,') + 2(!,' + !,' + J,')} 

and the total energy increment is 

N ' , 
EJJ = -112{2 ( _EJ:) -(J,'-J,')'-(1,'-/,') 2 ... 
-(1,' -/,')' -(/,'- !.')' -(/.' -/,')'- (l,'- J,')' t 

Minimizing the quadratic form (12) (it must be re­
called that the Ji are not equal to one another and 

(12) 

b 

FIG. 4. Distribution over the sublattices in the one-dimensional 
case (p = 6). The projections of the total angular momentum at sites 
(I, 2, ... , 6) are respectively equal to (5/2, 3/2,-1/2,-5/2, -3/2, 
1/2) for I> 0 (a) and (5/2, -5/2, 3/2, -1/2, -3/2) for I< 0 (b). 

assume half-integer values from -%to + Y2), we ob­
tain for I > 0 

EJJ =lN. 

For I < 0, we obtain 

E.rJ =- ''/,fl[N. 

The calculated correlations in the arrangement of 
the sites are demonstrated in Fig. 5. 

So far we have considered a localized electron. For 
a localized f-hole we have J = Y2, and under the as­
sumptions made above concerning the energy parame­
ters, eight magnetic sublattices should be produced. 
The energy increment due to the JJ exchange is 

EJJ =-IN { ( fr) 2-(J,' -t:J,')' -(/,' -t-Js')' (13) 
i=i 

) 

- (!.' + J,') 2- (/,' + /,')' 

and takes on values EJJ = 0 (I > 0) and EJJ 
= -10 I II N (I< 0). The correlations in the arrange­
ment of the projection of the total angular momentum 
over the sublattices are indicated in Fig. 6. 

FIG. 5 FIG. 6 

(7,1.1) 

FIG. 5. Distribution over the sublattices in FCC lattice (p = 6). The 
projections of the total angular momentum at the sites (I, 2, ... , 6) are 
equal to (5/2, -3/2, 3/2,-5/2, 1/2, -1/2) for I> 0 and (5/2; 1/2,-1/2, 
-3/2,-5/2, 3/2) for I< 0. The basis vectors of the sublattices are (2, 0, 
0), (-1/2, 3/2, 0), (1/2, I, 1/2). 

FIG. 6. Distribution over the sublattices in FCC lattice (p = 8). The 
projections of the total angular momentum at the sites (I, 2, ... , 8) are 
(7/2, 5/2,-5/2,3/2, 1/2,-3/2, 1/2, -7/2) for I> 0 and (7/2, -7/2,-5/2, 
3/2,-3/2, 1/2, -1/2, 5/2) for I< 0. The basis vectors of the sublattices 
are (1, I, 0), (-I, I, 0), (0, I, 1). 
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6. SHIFT OF MAGNETIC SUBLATTICES IN CRYSTAL 

The formation of several sublattices can lead in the 
case of rare-earth compounds to a shift of the sub­
lattices relative to one another. Let us demonstrate 
this using as an example a simple one-dimensional 
chain with J = %, described by the Hamiltonian (11 ). 
The energywise favored arrangements of the total­
angular-momentum projections over the lattice are 
shown in Fig. 4. But the exchange integral I depends on 
the distance between the sites. It is therefore clear 
that the distance between 1 and 2 (see Fig. 4a) de­
creases (with I I I increasing), and the distance be­
tween 2 and 3 increases. This effect leads to the ap­
pearance of a new crystallographic period. The new 
period is equal to three for I > 0 and six for I < 0. 

We note that in the case of ordinary ferromagnetism 
or antiferromagnetism, there can be no such shift of 
the magnetic ions, since all the ions are in identical 
positions. 

We present a detailed analysis for the three­
dimensional lattices considered above and determine 
the displacements of the sites from the equilibrium 
positions. In the nearest-neighbor approximation, the 
exchange energy I is proportional to exp{ -I r 1 
- r 21/d} (d is the radius of the magnetic ion). The 
expansion of the exchange energy in terms of the dis­
placements of two neighboring sites or1 and 6r2 takes 
the form 

dl I r0 (6r,-6r,) 
f(l6r,-6r,+r,j)=l(r,)+rodr ,~,, r,' (14) 

( r 0 is the "equilibrium" distance between sites 1 and 
2). In the nearest-neighbor-approximati<?_,n, it is obvi­
ous that d I I 1/ dr < 0 and r 0dl/ drr=ro = I is of the 
order of Ir 0 / d. 

Let us examine the contribution made to the energy 
by the displacement of the magnetic sites. From sym­
metry considerations it is clear that the sites belong­
ing to one sublattice shift in identical manner. This 
means that each sublattice shifts as a whole. Taking 
(14) into account, we obtain in the case of a localized 
electron 

!!.E =- '/,TN{(z, + y,)J,'(l,'- /,') + (z, + y,)l,'(l,'- /,') 
+ (z, + y,)/,'(1,'- /o') + (z, + y,)l.'(l,'- /,') + (z, + y,)/,'(1.'- /,') 

N' 
+(z, + y,)/6(1,'- /,')} + BG I: (x.' + y;' + z,'). (15) 

i:=:.l 

The last term in (15) represents the elastic energy (we 
confine ourselves to the simplest form of elastic en­
ergy for crystals of cubic symmetry), and the quanti­
ties Xi, Yb and zi are the relative displacements of 
the site in sub lattice "i" from the equilibrium posi­
tion. Upon minimization of .6.E we obtain both a shift 

Table III. Relative shift of sublat­
tice sites (in units of I I 1/2€) 

I> 0 I -10 I -3 I 
I<O 15 -2 

a 

FIG. 7. Shift of magnetic sublattices (p = 6): a-I > 0, b-I < 0. 

of the magnetic ions and a further lifting of the de­
generacy due to the distribution of the projections of 
the total angular momentum over the sublattices. The 
shift of the magnetic sites, determined from (15), is 
given in Table III. 

Each sublattice in Fig. 5 forms a set of planes. 
Each plane is made up of a grid of equilateral triangles 
and is perpendicular to the principal diagonal of the 
cube [1-11 ]. The shift of the magnetic ions occurs 
precisely in these planes (see Figs. 7a and 7b). 

It should be noted that in transition-element com­
pounds, such an effect can hardly be realized, since in 
such elements the spins are ferromagnetically ordered 
and the contribution made to the Hamiltonian by the 
expansion of the exchange energy begins with terms 
quadratic in the displacements of the sites. The same 
can be stated also with respect to a rare-earth com­
pound with a localized f-hole. In this case the arrange­
ment of the magnetic sites has a sufficiently high sym­
metry and the terms that are linear in the displace­
ments of the atoms are cancelled out. 

7. CONCLUSION 

All effects connected with the formation of several 
magnetic sublattices in the crystal can be observed in 
those compounds of transition or rare-earth elements 
in which the crystal fields are weak. Several sub­
lattices can be observed experimentally with the aid of 
neutron-diffraction investigations of the substances. 

In the present" paper we have considered only one 
localized electron (hole). If the number of such elec­
trons is a multiple of the number of sites but not equal 
to it, then Hund's rule comes into effect, and greatly 
complicates the calculation. Apparently, several mag­
netic sublattices are produced again, but their number 
and structure can hardly be determined by such simple 
rules as in the case of a single electron (hole). 
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As to the effects of the shift of the magnetic sites, 
they are observable in principle, since the magnitude 
of the relative shift of the site t:..r/r 0 ~1j€ can be of 
the order of several percent. 
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