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A method is proposed for calculating the ground-state energy of relativistic plasma at T = 0. The 
method is based on the determination of the Fermi momentum using the electron Green function. 
The expression for the energy of a relativistic Fermi system is obtained in an explicitly renormal­
ized form. The ultraviolet and infrared divergences are removed. The radiative and correlation 
corrections to the energy are written down explicitly in the lowest order in terms of finite integrals. 
The nonrelativistic limit is discussed in detail. 

1. INTRODUCTION 

THE determination of corrections to the energy of a 
relativistic Fermi system, due to interactions with the 
quantized electromagnetic field, is an interesting prob­
lem, both in the case of homogeneous systems (high­
density plasma) and for systems in an external field 
(heavy atoms). In principle, the problem does not, of 
course, present any fundamental difficulties. However, 
practical calculations encounter not only purely compu­
tational difficulties but also those connected with re­
normalization and the removal of ultraviolet and infra­
red divergences which are characteristic for quantum 
electrodynamics. Mass renormalization which is neces­
sary for the calculation of correlation terms of order 
e4 ln e2 was discussed to some extent in [lJ. However, the 
standard method used in[lJ to calculate the energy cor­
rections, which does not involve the well-known formula 
in which the integration is carried out over the bare 
charge, is extremely inconvenient for the analysis of 
radiative corrections because it requires the introduc­
tion in explicit form of the bare mass and bare charge 
(both infinite), which must be converted in the process 
of calculation into renormalized quantities. 

In this paper, we propose a different method of calcu­
lating the radiative corrections to the energy at tem­
perature T = 0. The method is based on the determina­
tion of the Fermi momentum and can be used to write 
down the expression for the energy of a relativistic 
Fermi system in an explicitly renormalized form. It 
avoids the use of infinite nonrenormalized quantities. 
This automatically ensures the removal of ultraviolet 
divergences, and the entire question of radiative correc­
tions is reduced to a purely numerical problem. 

For the sake of simplicity, we confine our attention 
to the idealized case of a homogeneous system of 
charged particles of a particular kind (electron plasma). 
We shall show that for this particular system the calcu­
lation of radiative and correlation corrections to the 
energy at T = 0 in the lowest order reduces to the de­
termination of properly defined and finite integrals, the 
explicit form of which is reproduced. The integrals are 
readily evaluated in the logarithmic approximation in e2 

in the case of nonrelativistic plasma, and this leads to 
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the well-known formula of Gell-Mann and Brueckner. 
In the general case, the evaluation of the integrals is an 
independent problem and will not be considered here. 

It is important to note that problems connected with 
the renormalization of Green's functions for relativistic 
Fermi systems were considered in[2 l, where another 
method for the determination of the ground-state energy 
was proposed. However, the analysis of the ultraviolet 
and infrared divergences and estimates of the contri­
butions of individual diagrams were not given in[ 2 J. 

2. GROUND STATE ENERGY OF A RELATIVISTIC 
FERMI SYSTEM IN TERMS OF RENORMALIZED 
QUANTITIES 

A relativistic Fermi system containing No electrons 
at T = 0 can be described by the usual equations of 
quantum electrodynamics with a new rule for bypassing 
the singularities in the electron Green function G(p). 
This reduces to the replacement of the usual negative 
imaginary additions to the electron mass, i.e., -i€ 
(€- 0), with 

. "( )- {-ie, Po<O, Po> 1.1 
-~e~ Po = - . 

+ie, O<po<l.l 
(1) 

In these expressions J.J. > 0 is the chemical potential 
(of electrons). The quantity J.J. is defined in terms of No 
through the equation 

No=N(f.L)==iV(2n)-•f d'pe'•o'Sp{y,(G(p)-G0 (p))}. (2) 
'[-r-o 

The subscript 0 carried by the Green function means 
that J.J. = 0, i.e., we have the usual quantum electrody­
namic Green function, and Vis the volume of the sys­
tem. The system contains three types of particle, 
namely, electrons, positrons, and holes. The holes 
have negative energies. 

The ground-state energy E is defined in terms of the 
function N(J.J.) through the well-known thermodynamic 
formula 

• 
E=Nol.l-s N(f.L')df.l', (3) 

0 

where J.J. is the solution of Eq. (2). It is exceedingly im­
portant that the expression given by Eq. (2) should be 
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capable of being transformed to the form known in the 
theory of nonrelativistic Fermi systems, [31 namely, 

N( 11) = 2V(2:n:)-• J d'p e{f'- p'), 

where f is the Fermi momentum which is defined in 
terms of 1J. by the equations 

(4) 

detG-'(p) =Owhen po=11· p'=f'. (5) 

The proof of Eq. (4) is in all ways quite similar to 
that given in the nonrelativistic theory, and is outlined 
in the Appendix. Equations (4) and (5) are convenient for 
the determination of N(IJ.) in the relativistic quantum 
theory because the main equation given by Eq. (5), which 
relates e and jJ.' admits of a simple transition to re­
normalized quantities. At the same time, Eqs. (3) and 
(4), which give the number of particles and the energy of 
the system, are also renormalized. 

The mass and charge renormalization in the theory 
of relativistic Fermi systems can, in general, be per­
formed by analogy with the usual quantum electrody­
namics[2'41. For the mass renormalization we shall 
assume that 

mo = m + };<o>(P =m), (6) 

where m is the physical electron mass and the proper 
mass !: <D> is calculated as already indicated for IJ. = 0. 
Let us introduce the renormalized electron Green func­
tion Gr, the photon Green function D~/3, and the vertex 
part r~ in accordance with the standard formulas 

(7) 

where G, notf3, and ret are the renormalized quantities 
and Z1, Z2, and Z3 are the usual quantum electrodynamic 
constants corresponding to 1J. = 0. The proper mass of 
the electron in our problem contains two irreducible 
graphs, namely, the usual graph and the graph shown in 
Fig. 1. 

The contribution of all graphs of the form shown in 
Fig. 1 to !: is the numerical matrix ~!:, and it is readily 
shown that 

(8) 

In this expression No is the number of particles, Vis 
the volume, and D<0 >00(0) is the component of the free­
photon Green function for zero momentum. In Eq. (8) 
we can readily transform to the renormalized quantity 

111 = - e'No V-'D~Joo (0). (9) 

The quantity '1J.1 is the numerical addition to the electron 
energy. If we substitute P~ = Po + jJ.1 it becomes clear 
that taking~!: into account is equivalent to the replace­
ment of the chemical potential jJ. by IJ.' = jJ. + jJ.1. There­
fore, 

N(11) = N'(11 + 11,), (10) 

where N' does not contain diagrams of the form shown 
in Fig. 1. To determine IJ. we now have, instead of Eq. 
(2), an equation containing No on the right-hand side: 

N, = N'(~- e'N,V-'D~o)oo (0)). (11) 

After eliminating diagrams of the form shown in Fig. 
1 for the renormalized quantities we obtain a closed 
system of equations which does not differ in any way 

FIG. I 

from the usual renormalized Dyson-Schwinger equations 
of quantum electrodynamics. All that remains is to re­
member that all the residue terms must be evaluated 
for IJ. = 0, i.e., they are exactly equal to the residue 
terms in quantum electrodynamics. We note further 
that because of the existence of a special reference 
frame, where the resultant 3-momentum of the Fermi 
system is zero, the relativistic invariance of the theory 
is violated and all the quantities depend on the additional 
4-vector 1J. which, in this particular special reference 
frame, has the components (IJ., 0). In particular, we have 
not one but two polarization operators for the ground 
state (II and II1) which are related to the polarization 
tensor rrctf3(k) by 

II"'(k) = (g"'- k"k' I k')II(k) + I11."I11.'II,(k), (12) 

where IJ. ct = IJ. a - kct (IJ. k) /k2 • The renormalized Green 
function lor a photon can therefore be chosen in the 
form 

g"' 11"11'11,, 
D,"'(k) = k'- II,+ (k' -II,) [k'- II, -(11' -Ckul'/k')II,;] ' (13) 

and the renormalization of Ilr is performed in the usual 
way, whereas for II 1r the residues are not involved. 
The zeros of the second denominator in Eq. (13) corre­
spond to plasma oscillations. 

The above equations for the ground-state energy of 
a Fermi system can readily be written in terms of re­
normalized quantities. It is sufficient to rewrite Eq. (5) 
in the form 

det G,-'(p) = 0, Po= Jl, p' = f'. (14) 

The solution of this renormalized equation enables us to 
relate 1J. and f and then, with the aid of Eq. (4), to find 
N'(IJ.). Mter that we find N(IJ.) in accordance with Eq. 
(10), and then use Eqs. (3) and (11) to obtain E = E(No). 
The entire problem thus reduces to finding the renorm­
alized proper mass !:r of the electron for Po = 1J.. We 
note, by the way, that this also yields the spectrum of 
single-fermion excitations of the system near the Fermi 
surface. 

3. GENERAL ANALYSIS OF SECOND- AND FOURTH­
ORDER CONTRIBUTIONS 

The proper mass of the electron evaluated to the 
order of e2 and e4 (!: <2 > and !: <4>) is formally specified 
by the usual set of Feynman graphs (Fig. 2) in which, 
however, the electron Green function must be taken with 
allowance for Eq. (1). In the zero-order G(O) = a:gl 
+am, where Glgl is the free Green function for 1J. = 0, 
and 
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We can now isolate in each of the graphs that part which 
corresponds to quantum electrodynamics at JJ. = 0, i.e., 
the quantity !:reo>, and hence represent the entire proper 
mass in the form !:r =!:reo> + !:r<l> (henceforth we shall 
be dealing exclusively with renormalized quantities and, 
for the sake of brevity, we shall omit the subscript r). 
The quantity !: (1) is directly the contribution of diagrams 
2a-2d in which at least one of the electrons is replaced 
by Gt0 > and, moreover, residue terms have been added 
and are necessary for the renormalization of the 
internal vertices or the proper energy parts. Care 
must be taken in this procedure in the case of diagram 
2b which must, in fact, be considered separately. 

In the lowest-order approximation, when !: is not 
taken into account at all, the solution of Eq. (14) is 
clearly of the form 

f<'l = 11' - m' == x'. (16) 

In this expression m is the renormalized electron mass. 
When Eq. (16) is satisfied, we have P 2 = m2 and, there­
fore, !:co>= 0. Hence, it follows that the quantity !:l~l 
provides a contribution to Eq. (14) but only beginning 
with the order of e4 because the electron momentum 
does not, in fact, lie on the mass shell and the deviation 
from the mass shell x = m2 - JJ. 2 + f2 is of the order of 
e2• The contribution due to !: l~l is important only to the 
order of e6 • Therefore, in the second order, the quan­
tity !: (2 ) on the mass shell is identical with !: m and 
corresponds to diagram 2a with the electron propagator 
am. Taking !:l~l into account is equivalent to allowing 
for the exchange interaction in the system. In the ex-
plicit form, · 

2e' J d'k - - , ~f.\(p) =- (2n)' k'(2m- p + k)6(m' -(p- k) ) (17) 

X 9(p,- k,) 9(!1- Po+ ko). 

The quantity !: ~~:, just like !: ~~~, has the matrix structure 

~<'>= ll+a, (18) 

where b is the 4-vector with components (c, dp), and 
a, c, dare certain scalar functions Po and p2• There­
fore, to within second-order terms, the electron Green 
function can be written in the form 

m- a +P-+ b 
G= ' (m- a)' -(p +b)' 

(19) 

and the Fermi momentum can be found with the same 
accuracy from the equation 

(m-a)'- (!1 +c)'+ f(1 +d)'= 0. (20) 

Let us begin with the simplest contribution!:~~:. This 
can be taken directly from quantum electrodynamics 
(see, for example, [4 1) and, when the fact that the devia­
tion x from mass shell is small is taken into account, 
we have 

-e'{x( x' ) - ( "-' )} "J:,<~!=--- ln--1 +2(p-m) ln,-1 . 
16n' m m' m 

(21) 

In this expression A is the photon mass. The quantity 
m - p must be replaced by !: m on the mass shell and, 
therefore, we have finally 

<•> e' { x ( x' ) j.t) ' ~-· ) } "J:.(o)=--- - ln--1 -2~(1) ln--1 . 
16n' m m' m' 

(22) 

The dependence on the photon mass in this expression 

a 

c P q, q3 qz P 
d 

FIG. 2 

is due to the residue term (1 - Z2)!: l~l. We shall see 
later that this dependence can be removed from the 
complete expression for !: , since it cancels out with the 
analogous dependence in the fourth-order diagrams 
(Figs. 2b and 2d). 

Let us now consider the fourth-order diagrams. We 
note that when polarization is taken into account this 
leads to the appearance of Eq. (13) as the photon Green 
function. It is clear from its structure that when the 
photon and plasma momenta are small, the main contri­
bution is due to the region lkl ~ e and, therefore, in the 
electron propagator G = (m - p - !: t 1 the quantity 
!:(~e2) is always smaller than (m- p) (~e). Therefore, 
we are entitled to expand the electron Green function in 
the perturbation -theory series subject to the condition 
that the photon Green function is taken into account ex­
actly. The only exception is diagram 2b, where the elec­
tron Green function must be taken into account in a 
more rigorous fashion. Having used Eq. (19), we find 
that 

G= (m -p- ~)- 1 j.,....,+,.,(•ol +'.9(Po)6(!1- p0) [(m --p- ~<-J)- 1 
- (m- P- ~<+>)-~]. 

(23) 
where !: <:!:> is the proper mass on the upper ( +) and lower 
(-) edges of the cut. Hence, it follows that 

G = G<o> + G~:~ + ~~\, (24) 

where G<o> corresponds to JJ. = 0, am is given by Eq. 
(15), and 

c~:l = cr.r~f~c~:l- 2ni9(Po)ll(!l- Po) { (m + p) [b(m'- p' 

- 2Re(ma(1) + pb(!)) )- b(m'- p')] 

- 2(m + p)Re(ma(o) + pb(o))6'(m'-:- p'- 2Re (ma(!) + pb(1))) 

- i -+ Re(b- a)b(m'- p')+-Im(W> 
n 

-a<+>)P(m'- p')-1 +~Im(ma<+>+ pb<+>)P(m'- p')-'}· (25) 
:t 

In these expressions the scalar a, aco» a(l> and the vec­
tors b, bc0 ,, and bc1 > are related, respectively, to 
!:<2 > = !:l~: +!:m, !:l~L and !:Hl through Eq. (18). The 
symbol P denotes the principal value of the integral. 
Equation (25) cannot be simplified further because of 
the logarithmic singularities of !: on the mass shell. 
The contribution of the diagram of Fig. 2b thus turns 
out to be 

ie's (1) () Aa =- (2n)' d'k D"'(k)y"G<•> (p- k)y,. 26 

The contribution due to the ground-state polarization 
diagram (Fig. 2c) is obviously given by 

te• J "' o k) (27) An=--)-' d'k(D"'(k)-Dco> (k))y"G<>(p- y,. 
(2n · 

The subscript (0) indicates, as usual, that JJ. = 0. The 
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superscript (0) represents the zero order of the pertur­
bation theory. The polarization operator rra.B in the 
expression for Da,B is given by the usual (second-order) 
formula 

iez J IT"~=--- d'qSp{y"G<'>(q)'\'~G<'>(p-q)}. (28) 
(2rr)' 

The denominators in Da,B (see Eq. (13)] should retain 
only that part of the functions II and II 1 which is non­
zero for k - 0. The remaining part should be taken 
into account in accordance with the perturbation theory 
and only in Eq. (27). 

To write down the remaining contribution due to the 
vertex parts (Fig. 2d), let us introduce the following 
notation. We shall use rl~: to represent the vertex part 
in the second order, in which the electron propagators 
are free and of the Feynman type (J.L = O), but the photon 
propagator is taken in accordance with Eq. (13), taking 
rra,B in the lowest order. The complete vertex part in 
the second order is r<2> = r\~: + rm, where rm con­
tains the contribution of diagrams in which at least one 
of the electron propagators is replaced by am. The 
quantity rm consists of three terms, namely, 

r<;~> = r<;~: + r<~;l + r<;'J>· 
The contribution r m> corresponds to the diagram in 
which both electron propagators are replaced by am. 
The contributions r~~L and r~~~> correspond to dia­
grams in which am replaces only one of the electron 
propagators touching, respectively, the internal (i) or 
external (e) vertex in ~. The total contribution to~ of 
vertex-part diagrams can then be written in the form 

te• J <•> <•> a<•> <•> + z 1) Ar = - -- d'k ])('>{ (f(o) + Z,- 1} G(1) y + '\' {!) (f(o) 1-
(2rr)' 

+ va<!~r<~~ + yG<~~r<~:? + r~~!p~:\v + vat~?rg!> + v~~ln:~>}· (29) 

For simplicity, we have omitted the arguments and some 
of the vector indices of photons. The photon propagator 
in its explicit form can be taken to be free, since the 
vertex parts have no poles for photon momenta k- 0. 
However, the vertex parts themselves should be evalua­
ted with the photon propagator which takes into account 
the ground-state polarization in accordance with Eq. 
(13). The complete contribution to ~m is the sum of 
three terms given by Eqs. (26), (27), and (29), i.e., 

~~~~=A,+ An+ Ar. (30) 

It is readily verified that the integrals in Eqs. (26), 
(27), and (29) are finite and satisfactorily converge for 
high and low momenta. The dependence on the photon 
mass is given by Eqs. (26) and (29). The infrared con­
tribution to am is of the form (1 - Z2)am and, there­
fore, the infrared contribution to A~ is (1- Z2)~m. 
The infrared contribution to Ar is due to terms with Z1 
and is equal to 2(Zl- 1)~ m. Altogether these contribu­
tions cancel out with the infrared contribution due to 
~ g1 considered at the beginning of this section. There­
fore, the dependence on the photon mass is, in fact, re­
moved completely. 

The evaluation of Eqs. (26), (27), and (29) is, in gen­
eral, quite a complicated independent problem. Here we 
shall confine our attention to a brief discussion of the 
limiting cases, namely, the nonrelativistic (K/m « 1) 

and ultraviolet (J.L/m » 1). This will be done in the next 
section. 

4. NONRELATIVISTIC AND ULTRAVIOLET LIMITS 

The nonrelativistic limit is characterized by the 
inequality Kjm « 1. The relative value of the two small 
parameters a = e2 /41T and Kjm may be quite different. 
We shall now largely confine our attention to the case 
where a « Kjm (high-density cases). In the nonrela­
tivistic limit the proper mass in the second order 
[ Eq. (17)] can be evaluated without difficulty, and is 
given by 

<•> 2ax ( 1 ) ( "' 2 
- n' x + I PI ) ~l•>(p)=-- 1--y, 1+---ln--- . 

n 2 2xiPI x -jpj 
(31) 

When y0 is replaced by unity this becomes identical with 
the well-known formula in the nonrelativistic theory 
(see, for example, (sJ ). Equation (20) gives the following 
relation between f and K in the exact form in the non­
relativistic limit: 

r = x• + 2axm /n. (32) 

Hence, after simple transformations involving Eqs. (2), 
(3), and (4), we obtain the following well-known expres­
sion for the exchange energy in the nonrelativistic 
theory: 

a 
E, =- 4n' V(3n'N,V-')'1•. (33) 

Let us now estimate the contribution, in the non­
relativistic limit, of the various fourth-order terms, 
neglecting logarithmic terms. The quantity x in Eq. (22) 
is equal to the difference (f2- K2) and, according to 
Eq. (32), it is of the order of e2Km. Therefore, the con­
tribution of Eq. (22) is of the order of e4K. When A~ is 
estimated with our adopted accuracy, we can expand 
all the B-functions in Eq. (25) around the neighborhood 
of p2 = m 2, The principal contribution to the integral in 
Eq. (26) is then due to the region of small k ~ K. The 
contribution due to the region of large k is nonzero only 
for the first term in Eq. (25), and is of the order of 
e4 K3 because well away from the mass shell ~ m is Of 
the order of e2K3• For k ~ K both~~~: and~ m in Eq. 
(25) are of the order of e2K. The integrand in Eq. (26) 
also contains the photon propagator which is of the 
order of K- 2 and either two electron propagators or 
B'(m2- p2) which, in any case, gives a further K- 2• If we 
take into account the phase volume ( ~ K 4) we find that 
the contribution of A~ is of the order of e2K. 

In precisely the same way we can estimate the con­
tribution of the vertex parts Ar. In the diagram of Fig. 
2d, at least one of the internal electron 3-momenta 
should be small (~K). Suppose that it corresponds to, 
say, the line touching the external electron (momentum 
q1 in Fig. 2d). The photon momentum k1 is then also 
small. If k2, which is the momentum of the other photon, 
is large, the denominator referring to q3 is also large 
and the overall estimate for the integral is determined 
only by the denominators connected with k1 and q1o The 
phase volume gives K4 , and the two propagators contri­
bute K- 3• The entire integral is of the order of e4K. If 
the second photon momentum k2 is also small, the esti­
mate for the integral consists of the K 8 due to the phase 
volume and K-7 due to the two-photon and three-electron 
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propagators. As a result, we again obtain e4K. All that 
remains is to consider the case when q3 is small and 
the remaining momenta are not small. The contribution 
will, of course, be small and of the order of e4K3, Thus, 
all the diagrams of the vertex part Ar, like the dia­
grams of the proper mass AE, and the contribution due 
to El~:. are of the same order in the nonrelativistic 
limit, i.e., e4K. 

Let us now consider the polarization diagram (Fig. 
2c) which, in the nonrelativistic limit, provides the prin­
cipal contribution to the proper mass. The region of 
large kin the integral given by Eq. (27) provides a 
small contribution because, in this region, the polariza­
tion operator is of the order of e2K3 and the overall 
estimate for An is e4K3• In this region, where k << m, 
the polarization operator can be calculated in an explicit 
form (lJ • Using the results reported in (lJ , we find that 

where 

II= (2ax• I n~t)[1 + (TJ'- 1)/(rl')], (34) 

II + {~t'- (k~t)' I k') II, = -4ax~tn-'/(TJ') (k' I k'), (35) 

1 TJ+1 
/{TJ')= 1--T)ln--, 

?. n-1 
(36) 

and T/ = J.Lko/KI kl. We note that the second denominator 
in Eq. (13) in the region where k « m assumes the form 
which is well known in the nonrelativistic theory of 
plasma oscillations. In the nonrelativistic limit, the 
quantity Il is clearly of the order of e2K3, On the other 
hand, Il1 is much greater in the region where T/ ~ 1 
(i.e., ko ~ Klkl/m), where it is of the order of e2K. It is 
precisely this region which provides the principal con-
tribution to the integral given by Eq. (27). · 

When I kl ~ K and ko ~ K 2 the electron propagator in 
Eq. (27) is of the order of min {1/K2 , 1/e2Km}. The phase 
volume provides K5• Finally, the difference D - D <O> is 
of the order of e2K- 3m (e2Km due to Il 1 in the numerator 
and K-4 due to lkl 4 in the denominator). The overall esti­
mate for Eq. (27) yields min {e4m, e2K}, i.e., a result 
which is greater than that provided by the other dia­
grams in the ratio of mjK (for high density) or 1/e2 

(for low density e2 ::P Kjm). Therefore, in the nonrela­
tivistic limit the principal contribution to the proper 
mass is due to the polarization diagram (Fig. 2c) and the 
region of integrationisT/ ~ 1. In the usual nonrelativis­
tic theory this corresponds to taking into account the 
correlation interaction in the low-density approximation. 
Corrections due to more precise allowance for correla­
tion effects, and those due to radiative effects are clearly 
of the same order of small quantities, i.e., Kjm or e2 , 

as compared with the principal term and should, in prin­
ciple, be taken into account at the same time. 

Each special calculation of the contribution due to 
the polarization diagram in the above nonrelativistic 
region immediately reduces to the corresponding prob­
lem in the nonrelativistic theory. The integral given by 
Eq. (27) is written in terms of the variables k1 = K-1k 
and T/, and when all the terms containing Kjm are 
neglected we obtain 

Au=- (~:~~'t2 {1+y,) Jd'k,dTJf{TJ') /lk.f(k,'+~f(TJ')) H-~ 
+k,'+2TJik.l-2lk~lcose}, (37) 

where {3 = e2mj1r2K and the singularity in the second 

FIG. 3 

parentheses in the denominator lie in the second and 
fourth quadrants of the plane of the complex Tj. In Eq. 
(37) we have substituted p0 = J.L and p2 = K2• 

When f is calculated in accordance with Eq. (20) to 
the order of e4 we can replace the matrix Yo in Eq. (37) 
by unity, in which case this equation becomes identical 
with the expression for the correlation proper mass in 
nonrelativistic plasma on the Fermi surface when only 
polarization diagrams are taken into account. There­
fore, the energy calculated from Eqs. (2)-(4) will also 
be equal to the corresponding values in the nonrelativis­
tic theory. In particular, when {3- 0 (high-density ap­
proximation) the correlation energy is given by the 
usual Gell-Mann-Brueckner formula 

E, = a'(1-ln2)n-'N,m In (amV'l•N,-'1•). (38) 

When {3 - oo (low-density approximation) we must, in 
addition to fourth-order diagrams, take into account 
diagrams of higher order, which describe multiple 
interactions between the particles, i.e., diagrams of the 
form shown in Fig. 3. 

We emphasize that the parameters m and e in the 
nonrelativistic formulas turn out to be automatically 
renormalized in our approach. No intermediate diver­
gent quantities need to be used, which is in contrast to 
the method described in (lJ • 

In the ultrarelativistic case, the small parameters 
are 0! and m/ J.L. The proper mass in the second order 
can again be evaluated in an elementary fashion. Near 
the mass shell it is given by 

<•> a{1 ~[1 4x' 1(2-6 ~<•>=-- -PV+P -ln-+- --
n 2 4 m' 4 1-6 

2 
{1 - s)' ln(1- 6) 

+I{~(~~):) Ins)]} , (39) 

where x = m 2 - p2 and~ = x/m2• It is assumed in Eq. 
(39) that ~ is substantially different from unity. When 
p2 jm 2 is large, the term proportional to p does not 
contribute to the equation for f2 given by Eq. (20), and 
independently of ~ we obtain 

r = x'{1- afn), (40) 

from which it also follows that x = -K2<l!j1T. From Eq. 
(40) we find that the exchange energy in the ultrarela­
tivistic case is given by 

E,=3a(8n)-'N,(3n'N,/V)''·, (41) 

which agrees with the results reported in (lJ • 

Let us now consider the higher orders. Assuming 
that the electron momentum is p = KP1, and performing 
the analogous replacement for all the momenta involved 
in the integration, we find that, to within logarithmic 
terms, any proper mass diagram is proportional to K, 

Therefore, the contribution of all the diagrams in fourth 
order is of the order of e4K and, moreover, it contains 
ln e2 and ln(m2/K2). If the quantities e2 and m2/K 2 are of 
a substantially different order of small quantities, then, 
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of course, one must retain the dependence on the logar­
ithm of the larger of the two. An exception is the con­
tribution of I: ~~l. When x « m 2, it follows from Eqs. (22) 
and (40) that I; m is Of the Order Of e4K 2jm and, there­
fore, it is greater than all the other fourth-order contri­
butions in the ratio of Kjm. However, in Eq. (20) the 
matrix structure in the relativistic case ensures that 
the contribution of I: gl is suppressed in the same ratio 
and, therefore, is not a dominant factor. The final re­
sult is that in the ultrarelativistic limit all the fourth­
order diagrams provide a comparable contribution to the 
proper mass and must be taken into account at the same 
time. Therefore, the expression for the correlation en­
ergy of an ultrarelativistic system which was found 
in[1 l and which took into account only the polarization 
diagram cannot be regarded as valid. 

DERIVATIONS OF EQS. (4) AND (5) IN THE 
RELATIVISTIC THEORY 

APPENDIX 

From the analytic properties of d{p) = det G- 1(p) as 
a function of the complex Po it follows that the equation 
d(p) = 0 has, in general, a solution on the nonphysical 
sheet of the complex plane with the exception of the 
case when Po = iJ., and the three-dimensional momentum 
is fixed by Eq. (5). When p2 > e (p2 < f2) the zero of 
d(p) moves under the cut to the left (right). Because of 
the zero of d(p) the function ln d(p) has an additional cut 

which for p2 < e intersects the real axis (see Fig. 4 
which shows the cuts for ln d(p)]. Therefore, the func­
tion ln d(p) undergoes a discontinuity on the real Po axis 
at Po = iJ., which amounts to - 21Tig8 (f2 - p2). In this ex­
pression g is the multiplicity of the zero of d(p), which 
is determined by the degeneracy with respect to the in­
ternal quantum numbers. For electrons g = 2. 

Let us now use the equation ln d = Sp ln G- 1• If we 
take into account the discontinuity in ln d on the real 
axis, we have 

~Ind = -4ni6(p,- f1}8(f- p')- Spy,G- SpG~~. (42) 
ap, ap, 

If we subtract from Eq. (42) its value for iJ. = 0, and 
integrate with respect to all the 4-momenta p with a 
weight function exp(ipoT) for T- 0, we find that the left­
hand side becomes zero and on the right-hand side the 
third term vanishes for the same reasons as in the non­
relativistic theoryYl The remaining two terms yield 
the formula given by Eq. (4). 
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