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The problem of Newtonian analogs, defined as limiting states for ¢ — =, is considered in a general
form for anisotropic homogeneous relativistic models. Expressions for the interval in a synchronous
reference frame and in an inertial frame with Eulerian coordinates are compared in the Newtonian
approximation. The construction of homogeneous models within the framework of Newtonian cos-
mology and the associated problem of the Newtonian gravitational paradox are discussed. Newtonian
analogs are considered for relativistic models containing matter and possessing transitivity hyper-
surfaces orthogonal to the 4-velocity, and for empty-space models (particularly for the Bianchi type

IX model).

IN general relativity theory (GRT) anisotropic homo-
geneous cosmological models are considered, which
are defined as gravitational fields whose metric per-
mits a group of motions acting transitively on space-
like three-dimensional transitivity hypersurfaces
Vi{»2!, In a synchronous reference frame with geodesic
lines of time 7 which are orthogonal to V3 the metric
has the form (where c is the velocity of light)

ds* = (cdr)* — dP, (1)

in which dI? the element of spatial distance in Vj, is
determined by a group of motions (Sec. 1). These
models are constructed for empty space as well as for
gravitational fields whose sources are matter. It is
important that in the general case (1) does not repre-
sent a reference frame that is attached to matter.

In the present paper we consider the construction of
analogs of these homogeneous models in Newtonian
cosmology (Newtonian hydrodynamics with a Newtonian
gravitational potential). Such models are known to
exist, as has been shown by Milne and McCrae for
Friedmann’s isotropic models. In'®! the analogs have
been constructed for homogeneous models of Bianchi
type I, and also type V for the case of transitivity hy-
persurfaces orthogonal to the 4-velocity. We shall
here consider a general formulation of the problem for
all possible types of homogeneous models. The struc-
ture of the interval in a quasi-Newtonian approxima-
tion is discussed (Sec. 2). Newtonian analogs are con-
sidered for homogeneous GRT models containing
matter in the case where the frame of (1) is also at-
tached, and for empty-space models. The Newtonian
gravitational paradox is also discussed (Sec. 3).

1. NECESSARY RELATIONS IN GENERAL RELATIVITY
THEORY

In GRT the element of spatial distance di® in V,
L(Eq. 1)] in the case where the group of motions G; for
the metric (1) operates in V3 in a simply transitive
manner has the form!"

Al = yosdy*dy® = Yar (7) Ll Ay dy? (1.1)

where the Greek indices of the spatial coordinates y®
take values from 1 to 3, and the basis vectors l?x are
labeled with the Latin letters a, b, ..., which also take
values from 1 to 3. The components of y,p, depend on
T l‘a depends on ya, We also introduce the basis lg
through the relations

(1.2)

The basis vectors in (1.1), combined with infinitesi-
mal operators of their common group, satisfy relations
with the structural constants cp**]

.t [ 0y® — Al [ By® = caplaly’. (1.3)
Nine nonisomorphic structural types are known for the
simple transitive groups G, classified by Bianchi.[!/%®]
A model with a metric permitting a given type of Gj
group will be called the model of the corresponding
Bianchi type.

Einstein’s gravitational equations (without the

cosmological term)

R = (8ak /) [T — (T /2)84]

Lo = 8% L =8 v =y (1) LoLP; v e ="

(1.4)

(in which the notation of!”! is used) for (1) and (1.1) are
written in basis components.!*»»® Then for an ideal
fluid, in (1.4) we have (with the notation e—energy
density, p—pressure, and u'—4-velocity)
Th = (e+ p)uwt — pdl, e=e(x), u'=1uo(r), v*=u'(D)L"
(1.5)
In the case of dustlike matter [when in (1.5) we have
p =0, e =pc’® p =mn, and n is the particle number
density] the conservation laws (Tlf); k = 0 lead to the
continuity equation
(nw');: =0 (1-6)
and to the equations of hydrodynamics (matter moves
along geodesics)

(1.7)
The motion of matter is characterized by isotropic

expansion with the expansion scalar @, the shear
tensor Q'lk(Q; =0), and the rotation tensor Qik. We

now split uj;kx as follows:

ui(u);: = 0.

Uizn + Up;i

cuin = D + Qus; 3

Dy=c

236



ANALOGS OF ANISOTROPIC HOMOGENEOUS MODELS

cu,
0 ==,
3

Using (1.1), (1.3), and (1.5), we obtain (denoting differ-
ention with respect to 7 by dots)

= 6(ga — i) + Qu; (1.8)

HaplU°

N b bds, .
—‘i‘F=Duo;%nb == Yaby ®a =Y Yda;

| . .
30 =’ + =" + cucu’, uy = —
2D5uls® = %eglt® + tha, 2Dpla™lf = —taitte — U (VacCod® + VocCaa®) 5
(1.9)
For empty-space models with Tix =0, (1.8) is con-
served, with u! representing a 4-vector that is tangent
to a geodesic.

2Q0ale® = — il = Cucuu® [ u°, 2Rl %l = calcua.

2. THE INTERVAL IN THE QUASI-NEWTONIAN
APPROXIMATION

It is the purpose of this investigation to study the
behavior of homogeneous GRT models in the limit
c — «, These limiting states will be called Newtonian
analogs of the corresponding GRT models. The coordi-
nates and the metric will be transformed as follows:

ya = ka + z® / c,
g =" fu = Yu/C,

k* = const;

2 b 2.1)
dl* = gula"ly’dz*dz®,

The components of the 4-velocity 31 in the coordinates
7,2% are

F'=u", 0= 0%%"=cu", @, = —guoll® = U,/ c.

(2.2)

Einstein’s equations (1.4) with i = @, k =0 and
i = a, k = B in the basis components with the metric
gab (2.1) become for dustlike matter in virtue of (1.3)
(ref. 7, Sec. 99; ref 4)

CCRAL* = %ot + %eCadt = BkpHA®; %’ = €"'§ua; (2.32)
—CRAL = P+ Ynxa + ok = 8mkp (gac@c + /:8.%). (2.3b)
The Ricci 3-tensor in (2.3b) is{*®
P Aol = P, = —caca’[2g°°04" (056 + 8%gcs) 9
_gdsgthgjabcb_*_2gg-hﬁcd(_8536jb +g‘”’ga/)] /4. ( .30)

The component R3--(R/2) of Einstein’s equations with
gap of (2.1) has for dust the form?

(%2)?] + (2.3d)

In accordance with (2.3a) we have u? = 0 (and Qik
=0) identically only for the type I model (c§p = 0); for
the other types u? =0 only in special cases.

In the coordinates z%®, 7 the equations of (1. 9) are
conserved with gap, U2, "and cgp/c instead of cg, as
a consequence of (2.1) and (1.3).

In accordance with (2.1) the components of the vec-
tors l:’l in the limit ¢ —~ for groups of all Bianchi
types are transformed into the constant quantities La
which equal la for y* = k@ and depend, in general, on
the constants k®. Then the L correspond to an
Abelian group of motions in three-dimensional
Euclidean space. In accordance with (1.2) the vectors
1Y are also reduced to the constants L for ¢ —«. In
accordance with (1.3) and (2.1) we have, accurately to
1/c terms,

[ — 2P, = 8kpi' .

DThe equations (2.3a), (2.3b), and (2.3d) are valid for an arbitrary
metric in a synchronous frame under the transformation (2.1).
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1
a = L + Aa— ) lua = Laa - —AprbaLua; LG“L,,“ = 6[,“',
[

Aot =)5615"La’ Lyfs® + Sag2®,  Sap® = Spu® (2.4)

The value of the constant symmetric tensor Si
(2.4) is associated with the allowed transformations of
z% that conserve (1.3). The equations (2.4) and the
relations that will be presented below in the quasi-
Newtonian approximation are valid in GRT for values
of y® that are close to a fixed value k@, and can be
interpreted as local relations in the vicinity of the 7
geodesic that passes through the point y® =k of a
transitivity hypersurface.

In a synchronous frame the metric, according to
(1), (2.1), and (2.4), is given with the same accuracy by

(2.5)
(2.6)

1
ds* = (cdv)* — [ o — (AL + ML) ] dzvdt,

Aap = GarLa®Le®, AP = g®L2L,}.

In three-dimensional Euclidean space we shall use
Euler’s Cartesian coordinates x® = x4, with the ele-
ment of distance in the form

dL* = (dz')* + (dz*)* + (2.7)

In the Newtonian approximation the interval, expressed
by means of the Eulerian space coordinates x® and
Newtoman time t, is represented with the same ac-
curacy by!™?

as = (1+ —,-) (cdt)? + - Foda® cdt + (= + 1—m) da® da?.

¢ ¢ ¢ (2.8)

Here ¢ is the Newtonian gravitational potential, and
Nap is defined by (2.7). The coefficient of dx%*cdt
contains no 1/c term; in the presence of such a term
we would have mertlal forces due to rotation of the
coordinate system.m The coefficient of dx®dxP con-
tains 1/c terms because of (2.4).

A transformation from the coordinates z%, 7 of the
synchronous frame in (2.5) to the coordinates x%, t of
the metric (2.8) is achieved with the same accuracy by
the equations

(d2%)? = nopdz®dz? = Ndzidz®,

T=1t+4 ¢V (2 1), (2.9)

zt= M%()2%, 2> = (M~")%a, (2.10)
(M) % = A (£) M7, M= M (1) = =,  (2.10a)
MiaMPny = has () (2.10b)

where in the matrix Ma the first index is lowered by
means of the tensor ga and the second index is
raised by means of APY (t) in (2.6).
The fact that the coefficient of dx%dt in (2.8) con-
tains no 1/c term leads to
OV [ 82 4 K p2° = 0, (2.9a)
where (differentiation with respect to t is denoted
hereinafter by a dot)
Ko(t) = M (M=) = M*“M'npd™(t), Kup = na,K%. (2.10c)
From (2.9a) and the integrability conditions we obtain
KaB = KM» (2.11)

Y = —Ku(t)z"z? /2 + W, (2). (2.12)
DThe possibility of a transition from (2.5) to (2.8) is associated with

the fact that the expressions for Rji in the coordinates z*, T contain a
1/c? factor.
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For ¢ in (2.8), in accordance with (2.9), (2.10), and
(2.12) we have

v 1 1 . »
¢=— " —.Tl"’ Ko Kpatah = — _Q—(Kaﬂ + 07K Ky) 2%2* 4 Po(2).

o 2 o (2.13)
We obtain expressions for the 4-velocity U' in the
coordinates t, x® through the components of u' in the
coordinates 7, z%, using (2.10) and t = 7. Since, on
the basis of (2.2) and (2.4),

eit® = ci*L® — (he’Ly'Lf + Spt) LeieLezy, o= a°(t), (2.14)
we have, with the previous accuracy,

U = i° cU* = K*U'z* + R*x? 4+ M*cii°’L.®,
' (2.15)
Ry (0) = — Mo (< eIV L+ 82 LAGeLE (U

In the case U? = 0, from (2.15) in the limit ¢ — = the
dependence of the three-dimensional velocity v%® on
Eulerian coordinates is

v* = K%y(t)2b (2.16)

with the Hubble—‘‘constant’’ tensor Kg‘(t) in (2.10c).

We introduce the Lagrangian coordinates &% which
‘‘individualize’’ particles. In GRT the frame of refer-
ence with 7 and £%, in accordance with

£ = 2% — O (1), O = ci®/a®

(2.17)

is attached to matter; the interval given by (1) and (2.1)
becomes

(2.17a)

In the present approximation the coordinates £ given
by (2.17) [with ®%(t)] are Lagrangian coordinates.
When U =0, (2.17) and (2.14) define ¢® as a linear
function of zB. When U2 = 0 the coordinates z% coin-
cide with the Lagrangian coordinates, so that v&®
ax¥(£B, t)/at, and from (2.10) we have

a* = M*%(1)E.

ds* = (cdv [ i°)? + 20.de* (cdt | %) — gapla®lPdEdEP,

(2.16a)

This last equation elucidates the physical meaning of
the matrices Mg, which are related to the metric ten-
sor (2.6) by (2.10b).

When u? =0 the synchronous frame of (2.5) coin-
cides with the attached frame of (2.17a), and the
transitivity hypersurfaces are orthogonal to the 4-
velocity [in (2.1) the constant fixes a “‘fluid’’ particle
of the medium). Then in (2.15) we have U° = 1. In this
case, for ¢ — (1.7) with k = ¢ assumes the form of
Euler’s nonrelativistic hydrodynamic equations with a
Newtonian potential ¢, Eq. (1.4) with i =k =0 assumes
the form of Poisson’s equation for ¢, and (1.6) as-
sumes the form of the Newtonian continuity equation
[Egs. (2.2), (2.3), and (2.1) in®!]. These nonrelativistic
equations comprise a system of equations of Newtonian
cosmology for dust in the x&, t inertial system,[% %3]
Thus the homogeneous GRT models with u = 0 in the
Newtonian approximation are described by the equa-
tions of Newtonian cosmology and Hubble’s law [(2.16),
(2.16a)]. Relativistic homogeneous models with u? =0
have been classified and discussed inf**"*3),

When u? = 0, then U°#1 in (2.15). But (1.4) with
i=k =0, (1.7) with kK = @, and (1.6) are not then re-
duced for ¢ — < to nonrelativistic equations of Newton-
ian cosmology, so that the relativistic models with u?
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# 0 do not have direct Newtonian analogs; to obtain the
corresponding Newtonian analogues we must for

c—= set U°=1,u°=1,7? = 0. However, for u® # 0
Hubble’s law also holds true locally in accordance with
(2.15).

3. ANALOGS OF MODELS CONTAINING MATTER
WITH 4-VELOCITY ORTHOGONAL TO THE
TRANSITIVITY HYPERSURFACES, AND OF EMPTY-
SPACE MODELS, IN NEWTONIAN COSMOLOGY.
THE GRAVITATIONAL PARADOX

We shall now consider the construction of homogen-
eous models within the framework of Newtonian cos-
mology. Here the law

Vo = hay () 2° (3.1)
follows from the requirement of invariance under three
translations in £¢® space [forming a simple transitive
group of motions for (2.7)] [%%%%3] jn accordance with
the relativistic group criterion of homogeneity. The
tensor of deformation rates ava/axﬁ = haﬁ(t) is split
into a spherical tensor with the expansion scalar ®, a
shear tensor qqp Wwith zero trace (qg =0), and a ro-
tational tensor wgp to form a Newtonian analog of
(1.8), as follows![9,10,3];

hap + Pga
hap == dop + 0gs; _F‘*‘*p

dop = 3

h* R
=®a apy 6‘)=——=-—
MNap + up 3 7

(3.1a)
By inserting (3.1) into the equations of Newtonian
cosmology |Egs. (2.1), (2.2), and (2.3) in!*)] in the
general case of a nonsymmetric tensor hgg(t), we
obtain for the density p and the quantities in (3.1a)

p(t) = 3M/4J'IRJ, M = const, (3.2)
0ap + 20005 + 028" + 0y5q," = 0, (3.3)
3(0 + 0%) + gusq® + 0up®® + 4k = 0, (3.4)

Equation (3.3) results from the integrability condition
of the expression for 3¢/3y®.!%1] Equation (3.4), ob-
tained from Poisson’s equation, serves as the Newton-
ian analog of Raychaudhuri’s identity in GRT (the
expression for Riku'u¥).[1%817,3) Thege two equations
(3.3) and (3.4) exhaust the information furnished by the
equations of Newtonian cosmology for the tensor
hap(t) in (3.1); five components of the shear tensor
thus remain arbitrary. For the gravitational potential
@ we obtain

2n kM
0=t Or 0= honasta = 2?(12 +y+2), (3.5)
P2 = _‘/Z(Q'uﬂ + 209ap + Gargs” — ‘/snaBQVbqvc +

+ N 0ayos — Y/ iMaprp0™) 2%2° -+ o (2). (3.5a)

The expression for ¢ is a superposition of two
terms. The term ¢, in (3.5) satisfies Poisson’s equa-
tion and has the form of a Newtonian potential for a
spherically symmetric distribution of matter with
constant density, derived for spheres of finite
radius.!”" The term ¢1, which is essentially associ-
ated with the presence of matter, determines the iso-
tropic part of ¢ 18

In (3.5a) the coefficient of x®x P is a tensor with
zero trace, so that ¢, satisfies Laplace’s equation:

8%, [ 020z, = 0. (3.5b)
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This equation corresponds to Newtonian analogs of
homogeneous empty-space GRT models.!®* In accord-
ance with the foregoing discussion the expression for
¢ » contains five arbitrary functions of time. This re-
sult is associated with the content of the Newtonian
gravitational paradox!'® and is derived from the
specific form of the Newtonian problem when ¢, is
unbounded at infinitely distance points. The general
solution of the linear Poisson equation consists of a
particular solution of this equation in the form of
Newton’s potential for a distribution of masses and the
general solution of the homogeneous equation (3.5b)
for the harmonic function ¢,. In problems where ¢,
is bounded at infinity the general solution of (3.5b) is
reduced, in accordance with Liouville’s theorem, to a
constant value (not depending on the coordinates) of

@ 2. In the problems that we are considering here ¢,
remains unbounded, but is subject to the condition of
homogeneity. Thus ¢, becomes a quadratic function of
x® with coefficients that are arbitrary functions of
time. To determine the latter, expressions must be
given for qaﬁ(t) as substitutes for the boundary con-
ditions of Newtonian problems in a finite region. For
the Newtonian analogs of relativistic models the ex-
pressions for qaﬁ(t) are determined by the equations
of GRT. We note that within the framework of a pure
Newtonian treatment we cannot exclude forms of
qqp(t) that are inconsistent with the equations of GRT;
the corresponding Newtonian solutions cannot serve as
analogs of relativistic models.['”

For the here considered Newtonian analogs of
homogeneous GRT models, with u® = 0 rotation is
absent in accordance with (2.16) and (2.11), and in
(3.1) we have

h’ﬂ-ﬁ = K&ﬁ(t)1 daﬁ == hah Wap = 0.

(3.1b)

Then (with wqp = 0) Egs. (3.2), (3.4) and (3.5), (3.5a)
are valid, consistently with (2.13). As a consequence
of (2.10a), (2.10c), and (3.1a) we have relations for the
quantities in (2.3a), (2.3b), and (2.3d):

Lo Lt = 2o MY M0, %2 =60, %."%" = 4d.’dy*. (3.6)
Equation (2.3d), in virtue of (3.6), becomes
60* — g.°q:* + P = 16nkp, P=DPg (3.6a)

and can be interpreted as an extension of the familiar
expression for isotropic models that relates the
density to its critical value.["s*] The expressions for
the shear tensor an(t) in the Newtonian equations are
determined by the GRT equations (2.3a), (2.3b), and
(2.3d); we are thus led to (3.6a) in virtue of (3.6). In
accordance with (3.6) the spatial components of (1.9)
for u? = 0, when transformed in accordance with (2.10),
are reduced to (3.1b).

The foregoing statements regarding Newtonian ana-
logs of GRT models containing matter with u® =0,
u® = 1 apply also to homogeneous empty-space GRT
models corresponding to p =0 in (2.3a), (2.3b), (2.3d),
and (3.63).[3] In the Newtonian theory the continuity and
momentum equations determine the parameters of test
particles moving without rotation (along z% = const
geodesics) in a field defined by (3.5b).

We are also interested in anisotropic homogeneous
GRT models with 3-space of constant curvature:

P =Ps,’ /3. (3.7

Equation (3.7) holds true in the anisotropic case for
P=0 and P<0 (P> 0 is not realized).[!'] The case
of P =0 corresponds to a type I model (and to a
special case of type VII''})). The case of P <0 corre-
sponds to a type V model**** [cg), = 6paa - 65ap,
from (2.3c) P = —Ggabaaabj; for u? =0, in accordance
with (2.3a), we have a special case of this model.[® %3]
For (3.7) we have, from (2.3b), (2.3d), and (3.4) and
utilizing (1.8) and (1.9) (u? =0),

%’/2— 08, = Q. = Ak’ | R®, (3.8)

where kg is a constant matrix which by a transforma-
tion of the basis is diagonalized (along with ggp) with

the elements a,, a3, a3, a; + a2 + a3 = 0. In virtue of
(3.1a) and (3.6) we have

' =¢"=0, ¢’=0.=A(a:8.'8," + @:8.20:" + w:8,'8,*) / R*. (3.8a)

A = const,

Equation (3.8a) [with @, =0 for P <0, u =0, arising
out of (2.3a) for a, =a; = 0] determines the shear ten-
sor for the Newtonian analogs of models with (3.7)

that were discussed in detail in®],

Great interest attaches to the Bianchi type IX
model!??] (the model of a ‘‘mixmaster universe;”’
cSb = eabdn9C, eape is a completely antisymmetric
tensor) containing Friedmann’s closed model!*] as a
special case. For type IX in (2.3b), (3.6a) we have,
from (2.3c),

4Pab = 28°°flac (4 - g”dﬂ»dé’fg'fl“') + gmg!g’]:-gﬂ:dgm:ﬂeb
+ gen (8"%n15)* + 2€1am 8" 8 Naace-
Analytic solutions of (2.3a), (2.3b), and (2.3d) for the
type IX model were not obtained in the general case.
For the type IX metric

(3.8b)

(3.9)

the behavior of Ry (7) in the empty-space case and the
oscillatory mode of approach to the singularity were
investigated qualitatively for GRT in 22}, In the
Newtonian model corresponding to (3.9) we have, in
accordance with (2.16a) and (2.10b),

z' =R, (t)LE, 2° = R,(t)LE, = = R,(t)L,°¢’,

dl* = (Rl + R + RALCL°) dzedz?

« = dInR,/dt,
(3.10)
with the functions Ry(t) from (3.9). Equations (3.10)
determine the law of motion of particles of the medium
and of test particles in the empty-space case. The
Newtonian potential ¢ in accordance with (2.13) and
(3.10) is given by
¢ = —[(R/R) (") + (R R:) (a*)* + (Hs/ Rs) (2°)°] /2+¢o((é:)3 .

with coefficients that are related to the deceleration
parameter q = -RR/R2[°) In the empty universe case
(3.11) has no isotropic part and the equipotential sur-
faces are hyperboloids. As the singularity is ap-
proached Ry(t) in (3.10) decreases or oscillates
against the background of decrease in accordance
With[zs’zq’ﬂ.

An analytic solution is known for the type IX empty
universe model with R, = R; in (3.9). Then in (3.10)

and (3.11) we havel%?7!
2k

Ri=—r————,  R}=
1 ¢h lgk‘(n —nl)] : 33 (3.12)
_ERREM—)]
= , = const.

2ch’ [k (n—m.)]
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Newtonian analogs of homogeneous GRT models
also exist for matter with the equation of state e = e(p)
and the tensor (1.5) in the right-hand members of
(2.3a), (2.3b) and (2.3d). In the Newtonian theory, in-
stead of the equation of continuity and Poisson’s equa-
tion we then use the corresponding equations from 3,
Consequently, (3.2) is replaced as specified in'® and
the last term in (3.4) is replaced by 4nk(e + 3p)/c?,[®]
with a corresponding change for ¢,. The general
scheme of our discussion and the equations (2.16),
(2.17), (2.9)--(2.13) are conserved.

In the approximation (2.8) we can also consider the
propagation of light signals!®®! by means of the GRT
equations for an isotropic 4-vector in the approxima-
tion corresponding to (2.5).
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