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Collisions between fast protons or atoms and various atomic targets involving formation of highly ex­
cited hydrogen atoms H(nl), n >> 1, are considered. The dependence of the charge exchange and exci­
tation cross sections on the orbital momentum l is derived. As expected, hydrogen atoms are pro­
duced with greatest probability in states with l = 0 and 1. Numerical calculations carried out for col­
lisions with argon atoms show that the formulas derived in the present paper are valid for principal 
quantum number values as low as n ~ 3. 

THE formation of highly-excited atoms as the result 
of atomic collisions is of interest for a number of prob­
lems of astrophysics and plasma physics. Since the en­
ergy spectrum of a highly-excited atom is close to 
hydrogen-like, it is particularly important to investi­
gate the processes that lead to the formation of excited 
hydrogen atoms. The main method of obtaining excited 
hydrogen atoms in a laboratory plasma is charge ex­
change and excitation of H atoms in collisions with dif­
ferent atomic targets. For these processes, the total 
cross sections for the formati.on of hydrogen atoms in 
a state with definite principal quantum number n have 
been investigated in sufficient detail experimentally[ 13 

and theoretically.£ 2 ""6 1 At the same time, in many prob­
lems it is necessary to have information on the distri­
bution of the excited H atoms with respect to the orbi­
tal quantum numbers l. There are practically no direct 
experimental data on the dependence of the processes in 
question on l. Theoretical calculations encounter con­
siderable difficulties connected with the cumbersome 
character of the numerical calculations of the matrix 
elements at large values of n. Such calculations were 
performed in [ 33 for the charge-exchange cross sec­
tions at only a few values of n and l and of the colli­
sion energy E. For the case of charge exchange of pro­
tons on hydrogen atoms, the distribution with respect to 
l at large values of n was obtained in [ 7 l, 

We derive in this paper analytic expressions for the 
cross sections for the production of fast H atoms in 
the reactions H+ +A- H(nl) +A+ and H(1s) +A 
- H(nl) +A (A is an arbitrary atom); these expressions 
are valid if n >> 1. Comparison with the exact calcula­
tions performed with an argon target as an example has 
shown that these formulas can be used already at n ~ 3. 

1. CHARGE EXCHANGE: H-t + A(nolo)- H(nl) +A ... 

In the Brinkman-Kramers approximation, the cross 
section for the capture of an electron from a shell con­
taining N equivalent electrons can be represented in 
the form (see [41) 11 

l)We use the atomic system of units, with the Rydberg unit for the 
energy. 

8N ~ 
u(nolo-+nl) = n7 J P'(x)Q'(l'x'- w)xdx, 

"m<n (1} 
'Xm<n= l·w/2v+v/2j, 

where- w =I- 1/n2 is the resonance defect, I the ioni­
zation potential of the target-atom shell, and v the rel­
ative velocity. The quantities P and Q are defined by 
the relations 

P(x) = l'2l + 1 J R.,(r)j.(xr)r'dr, (2) 
0 

Q(y'x'-w)=J R.,,,(r)j,,(ry'x'-w)~(r)rdr, (3) 
0 

where Rnl and Rllolo are the radial wave functions of 
the atoms H and A, respectively, ~(r) is the effective 
charge ofthe atomic remainder, jz(Kr) =·hr/21fr Jl +% 

x (K, r), and Jz + %(Kr) is a Bessel function. 

The integral in (2) is expressed in terms of the hy­
per~eometric function F(n + l + 1, -n + l + 1, l + %; 
1/ n K2). Using the limiting relation for F at large n 

F( n+l+1, -n+l+1, l+:, n~')-+r( t+: )x<+'hJ<+v.( ~) 
nx~ 1, n ~l, (4) 

it is easy to transform the expression for P 2(K) into 

P 2 (x)=4n(2l+1) 2 (~) 
3 7 '•+'6 . nx x 

(5) 

Substituting (5) in (1), we obtain ultimately 

n'u, == n'u(n0l0 -+nl) 1 ..... ~ 

2 32N(2l + 1) ~S , ( 2 ) -- dx 
=It v' l<+V. - Q'(y'x'- w)-, . 

"'min X X 
(6) 

Using the properties of the sums of Bessel functions, 
we can obtain from (6) the known expression for the 
cross section, summed over l, for capture in a state 
with given n:[ 2 l 

I: 2'N J dx --n' u,=n- -Q'(y'x'-w). 
vz "'7 (7) 

' "'min 
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FIG. 1. Cross section for the charge exchange H+ + Ar-+ H(ns) + Ar+ 
vs. the principal quantum number n (at I= 0); solid curves-exact calcu­
lations with formulas (1 )-(3); dashed curve-calculation with formula (6). 

FIG. 2. Dependence of the cross sections for the charge exchange 
H+ + Ar-+ H(nl) + Ar+, n-+ 00 on the orbital angular momentum 1: 
solid curves-calculation with formula (6), dashed-calculation with 
formula (7). 

Unlike in (1)-(3), the dependence of the scattering 
amplitude on n and l in (6) is factored out. This greatly 
simplifies practical calculations and makes it possible 
to investigate analytically the dependence of the cross 
sections on the orbital angular momentum l. 

At l > 2/Kmin (which is certainly satisfied if 
l > 2/ff), we confine ourselves in (6) to the first term 
of the series expansion of the Bessel function 

J,~.k ( :) ~ 'c"-'r-2 ( l + ; } (8) 

and we calculate the integral in (6) by the Laplace meth­
od. Omitting the intermediate manipulations, we present 
the final result: 

, 2 32N(2l+1) 1 (I v)-"-' 2 (1 I vI} 
ncr,~ 11 r2 (l+'J,)(2l-1)v2 2v+2 Q z;_;--2 · 

(9) 
We see therefore that the charge-exchange section de­
creases rapidly with increasing l. 

Formula (9) does not hold when l < 2/Kmin• and it is 
necessary to use (6). Figure 1 compares the results of 
the calculations of the cross sections for charge ex­
change on Ar atoms with the approximate formula (6), 
which is valid when n >> 1, with the exact calculations 
with formulas (1)-(3). As seen from the figure, the er­
ror of formula (6) does not exceed 20% already at 
n = 3. The dependence of the cross sections on l is 
shown in Fig. 2. The main contribution to the total 
cross section is made by charge exchange with l = 0 
and 1. 

The curves of Figs. 1 and 2 were plotted without 
allowance for the possible capture of electrons by the 
inner shells of the target atom. Actually this process 
can make an appreciable contribution to the total 
charge-exchange cross section. For inert-gas atoms 

at collision energies E < 300 keV, however, the inner 
shells play no role. [eJ 

2. EXCITATION: H(1s) +A- H(nl) +A 

To calculate the cross section for the excitation of a 
fast hydrogen atom, we use the Born approximation: [s J 

o(1s-+nl)= ~~ J Fa2(x)FA2 (x) d:. 
"nala X 

Xmtn= (1- 1 I n 2 ) I 2v. (10) 

The form factors FH and FA are determined by the 
expressions 

FH2 (x)=(2l+ 1) n R,(r)~.,(r)it(xr)r'dr] 2 (11) 

FA2 (x) = X 2 [fb..(r)sin(xr)dr ]'. 

where i;A is the effective charge of the target atom 
(see £91 ). 

(12) 

Expressing jz(Kr) in terms of the confluent hypergeo­
metric function and using formula (f:10) of [ 101, we rep­
resent FH(K) in the form: 

FH'(x)=(2l+1){ 21';~·· 1/ (n+l)! [di,] }' 
(2l+1)!f(l+'/2)n'+' V (n-l-1)1 di'" •=• . 

h= f(2l+2) [ (!. + : )'+x' r· ( ~: r•+•+• (13) 

xF(l+1, -n+l+1, 2l+4; z), (14) 

4ix 
z = n(/. 2 + x2 -1/n' + 2ix/n) · (15) 

In the case of large n (n >> l) formulas (13)-(15) 
simplify greatly. Substituting the limiting expression 
for Ffi(K) in (10), we obtain 

n'o, == n'o(1s-+nl) 1·-~ = :~ f F,'(x)FA'(x) d~, (16) 
"min X 

4:rte-'1<'+•') 
F,'(x) == n'Fa'(x) 1·-~ = (2l + 1)-:-::-:--::-:­

x(i +x')' 

X [ 4x/,: •• (~}- (1- 3x2)/<+'i• (~}] 2 (17) 
1 +x' 1 +x' ' 

We note that the expression for Ffi(K) is exactly the 
same as for the excitation amplitude of the 1s - nl 
transition of the H atom by electron impact. Therefore 
expression (17) can be used to find the distribution of 
the highly-excited hydrogen atoms with respect to l in 
collisions with electrons. 

With the aid of the formulas given in [HJ it is easy 
to obtain from (17) the square of the amplitude of exci­
tation of the n-th discrete level, summed over l: 

~ F,' (x) = 2'x' 'j, + x' e-•t(t+•'l 
~ (1 +x')' 

(18) 

Formula (18) coincides with the asymptotic expression 
given in £ 101 for the amplitude of the inelastic collision 
of an electron with an H atom. 

The dependence of the cross section in l, just as in 
the case of charge exchange, can be investigated by ap-
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FIG. 3. Dependence of the cross sections for the excitation of the hy­
drogen atom H(ls) + Ar-> H(np) + Ar on the principal quantum number 
n of the final state (at I= I): solid curves-exact calculation with for­
mulas (I 0)-(12), dashed curve-calculation with (16) and (17). 

FIG. 4. Dependence of the cross sedions for excitation H( Is) + Ar -> 
H(nl) + Ar, n-> 00, on the orbital angular momentum I of the final state: 
solid curves-calculation with (16) and (17), dashed-summary cross 
section calculated with (16) and (18). 

proximately calculating the integral of (16) by the La­
place method: 

n'l,·{f ( e )" 
n'a, ~ 2'-- - FA'(1). 

v'e' 21 
(19) 

This expression is valid for Kmin < 1, i.e., v > %. 
As seen from (19), at l > 2 the excitation cross section 
decreases sharply with increasing l. 

Figures 3 and 4 show the results of numerical cal­
culations of the excitation cross section of hydrogen at­
oms colliding with Ar atoms. As. in the case of charge 
exchange, formulas (16) and (17), obtained under the as­
sumption that n >> l, are applicable already at small 
values of n. The distribution of the excited hydrogen 
atoms with respect to l is shown in Fig. 4. As ex­
pected, the main contribution to the total cross section 
is made by the optically allowed ls -np transition. 

Excitation of the ls -nl transition of the hydrogen 
atom is accompanied, generally speaking, by excitation 

of the target atom. In the presence of strong coupling 
of the initial and final states, the indicated process can 
make an appreciable contribution to the total excitation 
cross section.[ 9 J With increasing n, however, the role 
of the strong coupling decreases, the Born approxima­
tion becomes applicable, and the total excitation cross 
section is determined by collisions that do not change 
the state of the target. 

The authors are grateful to L.A. Vainshtein, R.N. 
Il'in, V. A. Oparin, and I. I. Sobel' man for a discussion 
of a number of problems touched upon in the paper. 
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