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A condition is formulated under which undamped current can circulate in a closed superconducting
circuit containing a section in the mixed state. The thermodynamic potential (Gibbs free energy)
(2.13), (4.5) is found; it has a minimum at a fixed current in the sample. Assuming that the vortex
filaments in a long circular cylinder placed in a longitudinal magnetic field and carrying transport
current are helical lines with equal pitch, the density of the free energy (3.21) is calculated and the

distribution of the induction (5.1) is determined. The critical current is estimated.

1. INTRODUCTION

It is known from experiment™?! that a superconducting
cylinder (of the second kind) placed in an external mag-
netic field parallel to its axis is capable, when in the
mixed state, of carrying a considerable transport cur-
rent.

If the sample is extremely pure, so that its magneti-
zation curve is almost reversible, then the critical cur-
rent in the longitudinal field is higher by several orders
of magnitude than in a transverse field.

Sufficiently well founded attempts to calculate the
critical current in a longitudinal field were made by
Bergeron®® and Boyd." Bergeron, however, used for
the description of the mixed state the Goodman laminar
model, which, as is well known,m is not sufficiently
realistic, while Boyd did not take into account the bend-
ing of the vortex filaments.

Our analysis is based on Abrikosov’s vortex model
and takes into account the bending of the vortex fila-
ments.

To avoid complications connected with the need for
considering the contact between the superconductor and
the normal metal and to be able to make consistent use
of the principles of equilibrium thermodynamics, we
shall assume that our sample (a long circular cylinder)
is part of some closed superconducting circuit, and that
the magnetic field parallel to its axis is produced by a
short-circuited superconducting solenoid (see Fig. 1).
In the main part of this article it will be assumed that
the sample is made of an ideal superconductor of the
second kind and is situated in an external field close to
Hc,—the second critical field. We shall assume that the
remaining part of the superconducting circuit is in the
Meissner state, so that all the vortex filaments start
and end on the surface of the sample.

In order to excite a current in such a closed super-
conducting circuit, it is necessary to cool it below the
critical temperature in the presence of a weak external
field, change the sample to the mixed state (by making
current flow through the aforementioned solenoid), and
turn off the external field, at a sufficiently slow rate if
necessary. If there exists inside the superconducting
circuit a closed contour (line y, of Fig. 1) that is not
intersected by the vanishing vortex filaments produced
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or moving upon change of the external magnetic field,
then the magnetic field flux through the surface cover-
ing this contour (more accurately, the corresponding
fluxoid), will be conserved, and current will be pro-
duced in the circuit.

To prove this statement rigorously, it is necessary
to have an expression for the electric field in super-
conductors. At present there is no known sufficiently
general expression of this type. We shall therefore use
a different analysis method. Namely, we postulate that
the system of superconductors under consideration can
exist, at least at small values of the current, in a rela-
tively stable state. Inasmuch as the absolute minimum
of the free energy of our system occurs at zero current,
the determination of the metastable current states is a
problem of finding a conditional extremum. The corre-
sponding additional condition, as we shall show, is de-
termined fully uniquely. It should obviously coincide
with the conservation law that ensures the possibility
of exciting the current in the closed circuit under con-
sideration.

2. THERMODYNAMIC POTENTIALS FOR SUPER-
CONDUCTORS

In this section we shall consider a superconductor
or a system of superconductors of arbitrary connectiv-
ity, placed in a thermostat and not interacting with any
other external bodies (the energy flux through an infi-
nitely remote surface is equal to zero). This, for ex-
ample, might be the system described in Sec. 1.

The free energy of such a system can be represented
in the form

H?

9"=IF5st+J‘EdV,,, 2.1)
where Fg is the density of the free energy of the super-
conductor, the integration in the first term is over the
volumes of all the superconductors under consideration,
He is the magnetic field outside the superconductors
(He = 0 at infinity), and the integration in the second
term extends over all space that is external with re-
spect to the superconductors.

The state of the superconductors will be described
in this section with the aid of quasimicroscopic param-
eters (i.e., quantities averaged over the volume with a
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characteristic dimension much larger than atomic but
smaller than the coherence length). The quantity Fg
depends on the magnetic field intensity h, on the vector
potential A (h = curl A), and on the wave function (or
pairing potential)

P = || exp [2ni0] = fexp [2miB].

From the gauge-invariance requirements it follows that
the vector potential can enter in Fg only in the form
curl A or A — V8, where ¢, = hc/2e is the magnetic-
flux quantum. Therefore
1 1,
GF.=Ec—hrotéA—?J(éA—QnV&B)-{—... (2.2)
where we have omitted terms corresponding to the vari-
ations of the other parameters. The physical meaning
of the vector j will become clear after the equilibrium
conditions are determined (see (2.7)).
If we use for Fg the Ginzburg-Landau expression”J
PR S | o 2e LG
Fo—af+pl -+ I(—mv TA)\p | + o+ const

then, as can readily be verified, Eq. (2.2) is satisfied,
with
4e2f2
mc

i= (®VO—A). (2.3)

In the derivation of the Ginzburg-Landau equations
the independent parameters are usually assumed to be
P and P*. This results in a loss of certain unique ef-
fects due to the fact that the function 6 may not be
single-valued. We shall assume that the independent
parameters are f = | | and §. Variation with respect
to f leads to the equation

3 Zezf 2 i 2

of + Bf +-m—c;(q>oV9—A) —z—r—an=0, (2.4)
which differs only in the notation from the correspond-
ing Ginzburg-Landau equation. We shall therefore omit
in the variation of the free energy the terms propor-
tional to 6f or Vdf, and use expression (2.2), the applic-
ability of which is not connected with the assumption
that the quantity |y |? is small.

We recall first certain known facts concerning the
phase of the pairing potential. The function 3 should be
single-valued. Therefore the change of the quantity 6
on going around any region that violates the single con-
nectivity of the superconductor should be equal to an
integer.

Let us assume that the superconductor in question
can be made singly-connected with the aid of a finite
number of cuts (S, and S, in Fig. 1). In the resultant
region it is possible to separate a single-valued branch
of the function 9. This function will have in the general
case different values on the two sides of the aforemen-
tioned cuts. The difference of these values for the cut
Sq will be denoted by [0] 5. We have

2
[6]. = | vods; (2.5)
here the points 1 and 2 are on opposite sides of the cut
S, and the contour vy, joining these points should be
chosen inside the region where the function 8 is uniquely
defined. Therefore, in particular, it must not cross any
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of the cuts. The quantities ¢,[8] are customarily called
fluxoids.

As shown by Abrikosov,® when going around an axial
line (such lines will be denoted by I'k) of a vortex fila-
ment, the phase should change by 27, i.e., 6 should change
by unity. Therefore in those cases when the supercon-
ductor is in the mixed state, it is necessary to draw be-
sides the cuts Sy also cuts Sk joining the lines I'y with
the surface of the sample.

Let us now calculate the variation of the free energy.
From (2.1) and (2.2) we get

1 1
oF = j'[—ﬁhrotaA—TJ(oA—cpovae)] av.

1
— | H. .
+o j' rot S AdV

Integrating by parts and recognizing that the tangential
components of the vector potential should be continuous
on the surfaces of the superconductors, we obtain

4
o =1 f[ (roth_ﬂj) 5A+L"“3vée] v,
4 c c

1 1
+EJ rot FL6A dV, + EJ [H,—h, 8A], do.

The integration in the last term is over the surfaces of
the superconductors, and we discard the integral over
the infinitely remote surface.

We consider the integral

faivaeyav, = Y (01use+ Y fidos+ | 0jndo,

where J, is the flux of the vector j through the cut S,
and we have taken into account the fact that on going
around the vortex filament [98]; = 1. In calculating the
analogous integral with the function 6’ =  + 66 it is
necessary to bear in mind that variation may result in

FIG. 2. Illustrating the variation of the function 0.
The heavy line represents the surface of the supercon-
ductor. Tk and 'y, are the axial lines of the vortex fila-
ment numbered k before and after the variation.
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a change in the form and position of the vortex fila-
ments, so that the functions 6’ correspond to new cuts
Sk- We shall assume that each such cut consists of a
surface Sy and a surface oy covering the lines I, T
and the segments joining the ends of these lines along
the surface of the sample (see Fig. 2). Further, let dly
be an element of length of the line I'y, and dri be the
displacement of this element upon variation. Then doyk
= érg x dlg and we obtain*

jdiv(ioe)dv. = Zlao[e]a
+ ij[ér,h dl])+ | 86/ do.

Using this result, we can represent the variation of the
free energy in the form

69'=_[[ -%r(roth—i’zj )aA—i:aedivj]dv,

+ jaArotH,dV,+23TL—J' ( [H, —h,8A],

4n, @0
7200 ) do+—Y" J.s10).

_ ic" Z‘r{ [d,, §] or,.

The variations 6A, dri, and 66 are independent of one
another. Therefore in any equilibrium state we have

+ (2.6)

4

roth=4nj/c, (2.7)
diy = goc'[dly, §j] =0, k=1,2,... (2.8)
inside the superconductors,
rotH, =0 (2.9)
on the outside, and
Ho=h, j.=0 (2.10)

on the boundary.

Equation (2.7) shows that the vector j in formulas
(2.2) and (2.3) represents the current density. The quan-
tity dfyx is obviously the force acting on the vortex-fila-
ment element dlg.

There are many published variants of the derivation
of this formula. The most general of these is apparently
that of Galaiko.'™ Expression (2.8) can be reduced to the
same form as in ® by separating the contribution of the
currents circulating around the line Iy.

Expression (2.6), furthermore, shows that the addi-
tional conditions ensuring the existence of metastable
current states is

[8]a = No=const, a=1,2,... (2.11)

where N, are integers (see Sec. 1).

If Egs. (2.3), (2.4), and (2.7)-(2.10) (which will hence-
forth be called the local-equilibrium conditions) have
solutions for a given set of numbers Ny, then the free
energy has a relative minimum. At finite temperatures,
transitions can occur between the states corresponding
to different values of the numbers N. The probability
of such transitions can be calculated for some simple
cases.® ™ If irreversible processes occur in the sys-
tem, then Eq. (2.6) should be replaced by the inequality

ész'gz%’-laﬁ[e]a, (2.12)

*[8ry, dl ] =8 X dl.
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which determines the direction and the very possibility
of realization of the aforementioned transitions.

If there are vortex filaments inside the supercon-
ductor, then there is no unique correspondence between
the currents and the fluxoids. Let us assume, however,
that at specified values of the currents J, there exist
values of the numbers N, such that the inequality (2.12)
is not satisfied at least for small values of these num-
bers. Such a state is metastable, as before, but it has
the highest stability in comparison with the other nearby
states. We shall call this a macroscopic equilibrium
state. At small deviations from macroscopic equilib-
rium, by definition, we have

Po
8G = W“Zz. —Ju8l6]a = 0.
Thus, for fixed currents (and if the local-equilibrium
conditions are satisfied), the potential
Qo
G=g._;"c—]a[e]av (2‘13)
which we shall call, following the tradition, the Gibbs
potential, has a relative minimum.

Simplifying the situation somewhat, it can be stated
that in the determination of the local-equilibrium con-
ditions one considers variations such that the vortex
filaments shift from the equilibrium positions through
distances that are small compared with the distances
between the filaments, whereas when the conditions of
the macroscopic equilibrium are determined, one con-
siders variations such that the displacements of the
vortex filaments are small only in comparison with the
characteristic dimension of the sample. The displaced
vortex filaments, however, remain in equilibrium with
one another. Therefore, before we proceed to derive
the macroscopic equilibrium conditions, we must ex-
press the Gibbs potential in terms of macroscopic
parameters.

3. LOCAL EQUILIBRIUM

We consider a sample in the form of an infinite round
(radius R) cylinder. The sample is placed in a magnetic
field parallel to its axis (which coincides with the z axis
of the cylindrical coordinate system p, ¢, z which will
henceforth be used) and carries a transport current J,.
We assume that the values of the magnetic-field inten-
sity components at p = R satisfy the inequalities

Ho—H.<H., Ho<H... (3.1)

Under the conditions in question, the vortex filaments
should be helical lines having a common axis coinciding
with the cylinder axis. Each helical line is characterized
by its own radius a and by a pitch z, = 27w ™. Its equa-
tion is

p=a, ¢=oz+¢(0).
If w depends on a or ¢(0), the mutual placement of the
centers of the vortex filaments in different planes z
= const will be essentially different, so that it is impos-
sible to ensure satisfaction of the conditions (2.8) si-
multaneously in the entire volume of the sample. There-
fore in each equilibrium state the pitch of the vortex
filaments z, can depend only on z. If the cylinder is long
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enough (I >> z,), w should be simply constant in the
greater part of the cylinder, as will henceforth be as-
sumed. Under these conditions the quantities hj, h, hy
and Ap, Ay, and Ay are functions of only p and ¢ — wz,
and the function ¢ can be represented in the form

Py =D (p, p — wz) exp:(ikz),

(3.2)

where k is a new unknown parameter. To fix the ‘‘ori-

gin’’ for the quantity k, we shall assume that Ay = 0

when p = 0. In addition, we can choose A, = 0 for all p.
From the equations div h = 0 and h = curl A we get

hy = wph,— 2%, p— 1 08
dp

S (3.3)
where

a=A4,+ 0pl,. (3.4)
Using (2.3) and (2.7) we can readily establish that the
induction force lines are parallel to the vortex fila-
ments if

okd*<<1, (8.5)

where d is the distance between the neighboring vortex
filaments. In Sec. 4 it will be shown that this inequality,
as well as the inequality

oR<<1, (3.8)

is well satisfied at Hez ~ Hg, and for all values of the
transport current smaller than the critical value.

Along the vortex filament d¢ = wdz. The following
equalities therefore hold

B,=wpB,, B,=0, 3.7

where B = (h) is the induction vector. The symbol
(. . .) denotes microscopic averaging. Comparing (3.7)
with (3.3), we see that in the main approximation (a)
=0.

Changing over to the approximate solution of the
Ginzburg-Landau equations, we put

A=ActALt...,
. :; \ (3.8)

where C = H¢, and s ~ 1 are constants, the exact values
of which we shall determine below. Such a choice of the
vector A, makes it possible to take into account the
bending of the vortex lines even in the main approxima-
tion. We note also that the expansion in (3 8) is with
respect to the two small parameters |y |* and wp.

As is well known, 1 it suffices to determine the func-
tion ¥ in the main approximation, when it satisfies a
certain linear equation (see below). It is convenient to
represent it in the form

P = chwn = chﬂﬂ(p)exp[ikz +in(¢ — 03)].
At a given choice of the sequence {d)n }, the function ]
will be the best approximation if the coefficients ¢y are
chosen such that the free energy has the least possible
value. Substituting in (2.1) for Fg the Ginzburg-Landau
expression and ¥ = Zn,cnlpn, we get

‘Z 2 fyr [(—-+A) Yo — bu+ 9]0 ]dV =0.. (3.9)
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Here and henceforth we shall use a system of units char-
acteristic of the Ginzburg-Landau theory, retaining the
same symbols as before for all the quant1t1es In such

a system of units (see, for example, ™)

Fo= =l el | (-2 —a) o]+,

where « is the parameter of the Ginzburg-Landau theory,
and Egs. (2.3) and (2.7) take the form

(3.10)
(3.11)

We choose now the functions i such as to cancel out
under the integral sign in (3.9) all the ‘‘large’’ terms,
i.e., we stipulate that

i= —2—‘(w'vw —pVy)— Al
K

roth=j.

v 2

(S +A0) o= 0= At (3.12)
n

where A < 1, and the components of the vector A, are

given by formulas (3.8). A limited solution of (3.12) ex-

ists when

c K + 20 + o'n(s — 2)

L + w’n?(s — 1)
%

2

»* %

i

and is equal to
P, = p"exp [—-Y-"%-+in(<p—m2)+ikZ] )

where
Yu = YoxC + 0k + r0°n(s — 2).

The function |y, | has a sharp maximum at p = (n/y ‘/2.
Consequently, the 51gn1f1cant values are n ~ ynR >1
(in the usual units yp ~ &~ 2). Therefore, if s # 1, then
Ap is inadmissably large.

We shall show in Sec. 4 that the value s =1 is
singled out also in another respect. When s = 1 we have

;v"=c_—£‘f*___fﬁz_, ]]Cz*zu_m’ " (3.13)
7z A H
xC , ne’ _ne’
\r——z“i'ww T_Y PRk
and the function ¢ satisfies the equation
A
p—+ww» i(1+27) 2% (3.14)

N

Using this equation and the equations (3.11) and (3.10),
in which we can substitute A = A;, we obtain

he =ty — copr— 19 (1 707y (3.15)

and

k
== + d 2> | p=0y
n

(3.16)

where H, is the integration constant. Equation (3.16) de-
termines the connection between the parameters w and
k. In order to reconcile (3.8) with (3.15), it suffices to
choose

C=H,— {|$|* /2%, 8.17)

°

and (3.18)

*)p dp.
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The corrections to Ayz need not be determined in the
present approximation, since Az itself is of the first
order of smallness.

The condition for the determination of the normali-
zation of the function ¢ is obtained from Eq. (3.9), which
can be reduced with the aid of (3.8), (3.12), (3.13), (3.17),
and (3.18) to the form

— no

Multiplying thlS equatlon by cp and summmg over the
values n ~ yp? ~ kHyp?/2, we obtain

(1= ) s+ m(1=5F) -

whence

+ (1 =52 (el wav.=o.

Ho | <lwl> =0,

H.*—H(p)

<Ivl A Y Ty R

(3.19)

where

B=<IID/ K912 H(p) = Ho(1— 20%?).

If the vortex filaments are straight and form a quad-
ratic lattice, then 8 = 1.18." For a triangular lattice
B = 1.16."%) In the case considered here, |y | is not
strictly periodic in the plane z = const, but the distance
p = w ™ over which the quantity (|y [?) changes appre-
ciably is incomparably larger than the lattice period.
Therefore there are no grounds for assuming that 8
differs significantly from its usual values.

We note now that it follows from (3.7) and (3.15) that

B= =1+ w'oyichy = o)~ L2 (3.99)

Expressions (3.20) and (3.19) differ from the corre-
sponding results of Abrikosov'® only in that the quan-
tity H = Hy(1 — w?p?/2) depends on the coordinates, and
in the fact that Hc: is replaced in this case by the
smaller quantity (owing to the presence of the current)
HE, = k — (K® + 2wk) k™"

Returning again to the usual units, we obtain

_OD HR e B Ue—Br g
b= s = —am e =1 (3.21)
From (3.21), (3.20), and (3.19) it follows that
=_1(E) —p__ =8 (3.22)
w\3B/ .. 2 —Dp+1°

Finally, we note that with the aid of (3.19) we can rep-
resent (3.16) in the form

Ll (3.23)
HB (20— 1)

Only two out of the three parameters w, k, and H, in-
troduced by us are independent. We could determine
them if we knew the boundary conditions for the tangen-
tial components of the vectors H or B. Since, however,
some part (which we shall show to be appreciable) of the
transport current can flow along the surface of the sam-
ple, the determination of these boundary conditions is a
separate nontrivial problem, constituting one of the prob-
lems of macroscopic equilibrium.

o =(k +0)
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4. MACROSCOPIC EQUILIBRIUM

The Gibbs potential (2.13) for the system shown in
Fig. 1 is

G — g _ ®Ii0]: @olaf6].
¢ ¢ 4.1)
According to (2.3) and (2.5)
Po[08]1 = ?E (A+ z]cz )dl (42)

Since the contour y, must not intersect any of the cuts
joining the axial lines of the vortex filaments with the
surface, the line y, in the interior of the sample must
coincide with its axis. In the remaining part of the cir-
cuit, which is in the Meissner state (B = 0), we choose
a line y, far from the surface, such as to make j ~ 0
along this line. As a result we obtain

(Po[ﬂ]; (Dl+j' Je jeds,

ij
where &, is the flux of the magnetic field through the
surface covering the contour y,, and in the second term
the integration proceeds along the cylinder axis.

We shall henceforth neglect systematically all the
effects due to the fact that the sample has a finite length.
In this approximation we can assume that at fixed cur-
rents J, and J, the distribution of the field outside the
sample does not change when the quantities w, k, or B
are varied. We can therefore put

1 R 13
me
@[0], = j.adz jDBq dp + {E,f—zhi + const. (4.3)
In the same approximation
@o[0]:=n J.Bdeg -+ const, (4.4)

where n is the number of turns per unit length in the
solenoid producing the longitudinal field Hey = 47nJ,c™*

Substituting expressions (4.3) and (4.4) in (4.1) and
leaving out an inessential constant, we get

B, H
6= (p.— ol RilaDe
4n 4np

bkcH .,
4neR

) av.,  (4.5)
where we have also used the following expression, which
follows from (2.3) and (3.2):

hkc

me

452|1p|2]z T 2e

Macroscopic equilibrium corresponds to a relative
minimum of the Gibbs potential. The additional condi-
tions for the variation are the relations (3.7) and (3.23).
It is convenient to choose as the independent parameters
the quantities B(p) and k. Expressing B, and By in
terms of B and taking (3.22) into accou ? we get from
(4.5)

8G 1

—=—[H()-

He mRHm] _o
8B(p)  4n '

it o

At small values of wp we obtain

H(p)— H..+ oRHq, ~ H°(1——ﬁ) ' 4.8)

Vit o
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This result shows that the value s = 1 chosen by us in
formulas (3.8) and (3.13) agrees with the requirements
of the macroscopic equilibrium. We see also that in
(3.19)
H0=Hu+(1)RH.'. (4.7)
Expressing B in terms of H and denoting, as usual,
by

BH
(H k)=F, ———
&.(H,k) T

the density of the Gibbs potential, we can represent (4.5)
in the form

H, hkcH.,
G = N\ =——,k)— av..
j.[g ( V1 + o%* ) 4neR ] (4.8)
According to (3.21) and (3.22) we have
H? H,*— H)*
(i) = — e e = )7 (4.9)

8n 8x0

where o = (2¢? — 1)8.

We shall carry out the subsequent transformations
under an assumption, which will be confirmed later on,
that the important values are wR < 1. In addition, it
follows from (3.23) that w < k always. Taking these
inequalities into account and introducing the notation

xH.R A=1 H., _ 4Hy
" hoH..’ - H,’ " oa*AH,’
oR = aA¥u, 2H 4| H,. = aA"w, (4.10)
o?A%H,, ki.
Lp— —_—
2H, ' % WA

(A is the depth of penetration of the weak magnetic field),
we can represent (4.8) in the form

H 2

G=——(—1aygv, (4.11)
where Vg is the volume of the sample and
LA N LA
g=5—w——1(=) - L. (4.12)

Using (4.7) and changing over to the new notation, we
get from (3.23)

_t(1—1)
T

(4.13)

Since H¢, — Hez = HeaA(l — 7 ?) should be positive, it
follows that 7% < 1.

The value of 7 at which the Gibbs potential has a
minimum is determined by the conditions

(5= (5H) =0

Expressing u in terms of v and 7 in accordance with
(4.13), we can represent the equation ag/aT)v =0in
the form

(4.14)

T(1—1%) W 1— 37" — 2v%%
1+ ¢vr ] (L 4+ q¢'vr)”
PrUU—")[2t+¢v(1+19)] _
+ [ 14 g'vt v] =0
In this equatlon the unknown quantity is 7 o> k, while
v «o He and q are given parameters. It is more con-
venient, however, to solve this equation first

(4.15)
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with respect to v. The function v(7) should be bounded
and non-negative in the interval 0 =7 < 1. In addition,
usmg (4.15), it can be shown that the inequality

(3%g/ 37"")v = 0 is equivalent to the condition

(4.16)

For samples having macroscopic dimensions we have
R > A, so that the parameter o > 1 (see (4.10)). There-
fore the parameter p < 1 (A > 407 a™®) practically al-
ways. From (4.15) we get in this case

- 'r('l-—rz_)_

w/lov=0.

R v 4.17)
meaning that u = v (see (4.10) and (4.13)), i.e.,
OR = 2H., [ H... (4.18)

The physical meaning of this equation becomes under-
standable if we rewrite it in the form

(Bo)av _ He
By H,,'
where
(B,,)av————j'dzj'de_ jBandp—-———(B)av

Substituting the value wR = ZHe <pHez in (4.6), we see
that the tangential components of the vector H are dis-
continuous in this case on the surface of the sample: a
current practically equal in magnitude and opposite in
direction to the total current flows along the surface.
From (4.17) and the inequality (4.16) it follows that
the equilibrium current states exist only so long as the
parameter v is smaller than a certain definite value
Vmax- Whenp < 1and q < 1 (i.e., @' > A > 407%™

Vmax = 2/3 V3, and consequently
alA' wH. R H,.\*"»
Hevma:="——“_=— — 1— .
(He) 373 3101/3 ( H. ) (4.19)

In the region 1 > A >> o™ we have q > 1 and we get
Vmax =1/q¥2 and

(Heo) max = "2VHeo (He: — H.2), (4.20)
If p > 1 then, as can readily be concluded from

(4.10), we always have q> < 1. In this case we get

from (4.15) and (4.13)

v 2t(1—1°) = 2u.

(4.21)

Here wR = He (pHéz, so that the tangential components
of H are continuous on the surface. Equilibrium is pos-
sible when v < 4/3V3 , hence

A A
(Hew)mu=£=iﬂ(1—— H”)
373 3ioV3 JiR
This result was obtained earlier by Boyd™! by another
method.

If He(p > (He p)max, there are no equilibrium current
states in a cylinder made of an ideal superconductor of
the second kind. It is easy to verify that inequalities
(3.5) and (3.6), which we have used above, are well sat-
isfied when He ¢ < (He p)max-

(4.22)

5. DISCUSSION OF RESULTS

Thus, under macroscopic equilibrium, the induction
distribution is determined by the equations
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Bl=-E-H,=£H”+mR_HW
H il 1+ o*%°
B, = wpB., (5.1)
B o 1 . H.*V1 + o%®
H =~ p@ex—1) B(2w—1)(H..+ oRH.,)

which are obtained from (4.6) when relations (3.7) and
(3.22) are taken into account. In formulas (5.1) it is
necessary to substitute

oR = 2HH..*for p<1 and oR = H,H.,”" for p > 1.

Inasmuch as in all cases 7 <1 and A < 1, we get
H.* = H..(1 —7v°A) = H..

Relations (5.1) are valid for a long (I > 27w™) cir-
cular (R > A) cylinder made of an extremely pure
superconductor of the second kind placed in an external
magnetic field Hg, close to He, (A < 1) and carrying a
transport current smaller than the critical value.

The magnetic field H(pc of the critical current on the
surface of the cylinder cannot exceed the values
(He p)max determined by formulas (4.19), (4.20), and
(4.2?). One cannot state, however, that at all values
Heop < (He(p)max the current states are stable.

<'Londeed, if while varying the Gibbs potential (4.5) we
assume that B(p and B, are independent parameters,
we obtain

H.=H., H,=RH.,/p.

(5.2)

With such a distribution of the magnetic field, the Gibbs
potential would have an absolute minimum if the corre-
sponding configuration of the vortex filaments could be
in local equilibrium. The following picture of the phe-
nomena occurring in the cylindrical superconductor in
question when the current reaches the critical value is
therefore very probable: Near the surface (in the region
R > p > r) there occurs a nonequilibrium state in which
Bz =~ Hez, By = RHegp /p. In the remaining region, the
vortex filaments have, as before, equal pitches, so that

formulas (5.1) are valid. Since, however, the entire
current flows now in the region 0 < p < r, the corre-
sponding value of w is
o(r) =2RH./r*H...

If such a realignment of the configuration of the vortex
filaments does take place, then the separation boundary
p =r moves into the interior of the sample, since the
Gibbs potential is decreased thereby. At a certain value
of r the quantity RHe o /r exceeds (Hep)max and the
sample goes over into the normal state.

A detailed analysis, which will be reported else-
where, shows that such a twisting of the vortex fila-
ments about the symmetry axis becomes possible when

(5.3)

where y < 1. Whenp <1 we have Hye < (He p)max, as
can be readily concluded from (4.19) and (4.20).

Ho> Hy = VY/B(z)‘Z”‘ 1) (HcZ_Hz'z)v
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