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Approximate formulas are proposed for the free energy of a two- or three-component plasma, the
formulas spanning the range of densities from gaseous to metallic. The corresponding equations of
state and of ionization equilibrium are analyzed. The proposed model predicts three first-order
phase transitions: a vapor-liquid, a metal-dielectric (metallization), and a plasma transition. It is
shown that with an increase of the temperature, the dielectric-metal transition changes into the
plasma phase transition. Within the framework of the model under consideration, the dielectric-
metal transition is found to be a phase transition of the first kind, close to a phase transition of the
second kind. The corresponding critical and triple points are discussed.

THE question of what happens to a gas, consisting of
atoms, if it is gradually compressed to that state in
which the wave functions of the valence electrons of
neighboring atoms overlap each other, has been repeat-
edly discussed in the literature.™™® It is obvious that
as a result of such compression the valence electrons
are collectivized, and the substance turns out to no
longer consist of atoms but of free electrons and ions.
They say that metallization has taken place or, alterna-
tively, a nonmetal-metal transition or a dielectric-
metal transition (the opposite transition occurs upon
increasing the volume). The basic question is whether
metallization occurs smoothly in proportion to the in-
crease of the compression. As long ago as ™! and sub-
sequently in ®*! it was conjectured that metallization
may be a first-order phase transition.

The other possibility—the possibility of a plasma
phase transition—is discussed in ! (also see ). A
plasma consisting of electrons, ions, and atoms is con-
sidered for temperatures < 10* °K. It is shown that
under the conditions of strong compression (but not up
to metallic densities), when the interaction energy of
the charged particles among themselves becomes com-
parable with the energy of their thermal motion, the

possibility exists for the plasma to split into two phases:

a less dense and a more dense phase (as if there were a
plasma ‘‘vapor’’ and a plasma ‘‘liquid’’).

Approximate models covering a wide range of pres-
sures and temperatures are proposed in the present
article. Within the framework of these models, metal-
lization is found to be a first-order phase transition.
With increasing temperature metallization changes over
into a plasma phase transition. The relation between
these phase transitions and the usual liquid-vapor phase
transition is also clarified.

FORMULATION OF THE PROBLEM. PHASE EQUILIB-
RIUM CURVES

The basic results of this work are illustrated on
Fig. 1, where the phase equilibrium curves are repre-
sented schematically for a substance which is a metal
under normal conditions (P denotes pressure, V is vol-
ume, and T is the temperature). Such curves follow
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FIG. 1. Schematic diagrams illustrating the possible nature of the
phase equilibrium curves. a, b, ¢, ¢/, and d denote the critical and triple
points; the homogeneous phases are denoted as follows: SS—solid state,
L-liquid, G—gas, P—plasma, DP—dense plasma, M and D—metallized
and dielectric states; Fig. 1a shows the bi-nodal structure and isotherms
of P(V); Fig. 1b shows the equilibrium curves P(T), and Fig. 1c shows
the equilibrium curves T(V).

from the models considered in the present work, and
their shape will be discussed in more detail below; now,
however, we note their basic features.

Point b is the critical point for the vapor-liquid tran-
sition which is determined by the forces associated with
the interatomic interaction. In the vicinity of the point b
the substance consists mainly of atoms. Metallization
occurs on the line cc’ the substance consists of electrons
and ions. Let us consider the isotherm 1 on Fig. la:
upon a decrease in the volume of the gaseous phase the
homogeneous state first of all loses its stability because
of the long-range attractive forces acting between the
atoms, that is, the substance decomposes into a vapor
and a liquid. The liquid, just like the vapor, mainly con-
sists of atoms. With further condensation and approach
to the line cc’, an appreciable concentration of free
charges is established. The interactions of the charged
particles with the atoms and with each other lead to a
secondary loss of thermodynamical stability of the ho-
mogeneous state. The stability of the new, denser met-
allized state is ensured by the quantum repulsion which
is effective in a system of electrons and ions at large
densities.

The phase transition associated with metallization
on the line cc’ takes place upon a relatively small change
of the specific volume; apparently this does not depend
on the model and is explained by the fact that the elec-
tron density in an atom falls off exponentially with dis-
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tance while the overlap of the electron shells associated
with the approach of the atoms increases exponentially
with the reduction of the distance. Therefore, under
conditions when the ionization is determined by the pres-
sure, the change in the concentration of the free charges
from the value when the stability is disturbed to the
value when the stability is established may take place

at a relatively small distance of approach between the
atoms.

At lower temperatures, smaller than the temperature
of the point c, the atomic vapor condenses directly into
a metallized liquid.

For higher temperatures an appreciable ionization,
sufficient in order for the homogeneous system to lose
its stability because of the Coulomb interaction, appears
at densities which are much smaller than metallic den-
sities. However, as before in order to establish stabil-
ity, densities close to metallic are required; therefore,
in the region between ¢’ and d the specific volumes of
the coexisting phases differ markedly from each other
(isotherm 2 on Fig. 1a).

Depending on the ionization potential and the roles of
the different kinds of interactions, situations may be
realized which are different from those shown in Fig. 1.
The upper critical temperature for the Coulomb interac-
tion may turn out to be in the region of or below the tem-
perature corresponding to the point ¢’; then the plasma
phase transition will be absent, but the metal-dielectric
transition is finished at the critical point. The interac-
tions between charged and neutral particles may dis-
place the triple point ¢ to the right; the possibility of
the coincidence of points b and c is of interest; it is im-
possible to exclude the alternative version when ¢ turns
out to be to the right of b in Figs. 1a and lc. For sim-
plicity, in Fig. 1 we confined our attention to the case
when dP/dT > 0 over the entire line cc’d; however, al-
ternate versions are possible when dP/dT < 0." Fi-
nally, for substances which are dielectrics under normal
conditions, the point ¢ falls on the line of equilibrium
between the liquid and solid-state phases.

Since the difference between the specific volumes of
the two phases on the line c¢’ is not large, then one can
talk about a phase transition of the first kind, similar to
a second-order phase transition. In experiments which
are not very accurate, the line cc’ will not be observed,
but the region ¢’ will be perceived as the lower critical
point. It should also be kept in mind that the models
considered below are very approximate; therefore the
line cc’ predicted by these models actually cannot be
realized in general; in this case the point ¢’ turns out to
be the true lower critical point of the plasma phase tran-
sition.

The plasma phase transition and its upper critical
point d were investigated in m, However, the model
used in " only took the Coulomb interaction of the free
charges into consideration and was suitable only for high
temperatures. Therefore, in '™ it was not explained what
happened to the phase equilibrium curve upon lowering
the temperature, or how this is related to the curve for

the phase equilibrium between the vapor and liquid states.

The contraction of the curves of coexistence to the point
¢’ upon lowering the temperature and the subsequent

phase transition cc’ are considered in the present article.

A two-component model of electrons and ions was used
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for the region to the left of cc’, and a three-component
model of electrons, ions, and atoms was used for the re-
gion to the right of cc’.

THE TWO-COMPONENT MODEL

We shall use the following three-term equation of
state, which is applicable for liquids and solids at high
pressures and temperatures:®!

e =rec(V) + &c(V,T) + e (V,T), P=Pu(V)+Pr(V,T) +P.(V,T),
F=re(V) +F(V,T) - F.(V,T), 1)

where ex(V) and Px(V) are the elastic components of the
energy and pressure, which do not depend on the tem-
perature; eT(V, T), P7(V, T), and F(V, T) correspond
to the thermal motion of the ions; €e(V, T), Pe(V, T),
and Fg(V, T) correspond to thermal excitation of the
electrons (for the densities and temperatures of interest
to us, the electrons are degenerate), and F denotes the
free energy. Let us consider methods of calculating the
individual terms in Eq. (1).

Under the conditions given below of interest to us,
the thermal excitation of the electrons gives a small
contribution, and this contribution can be estimated
just like for a perfect gas. At relatively low tempera-
tures the thermal motion of the ions is vibrational.
rlvhen[Ql

@)
®3)

Fr(V,T) ==3NT1n (b5 / T),
P (V,T) =V'I'(V)er(V, T),
where 7 and I'(V) denote the average frequency of the

vibrations and the Griineisen coefficient, which are de-
fined by the relations

(4)
(5)

v = 0"{(dP./ dp)",

"= =gt~ 5 7 ()

)

(o is the density). Formulas (2) through (5) are valid

for T < Te = 2AU/3 = U/3, where AU = U/2 is the
height of the potential barrier for motion of the ions, and
U is the binding energy.™ For T > T¢ the thermal mo-
tion of the ions is translational, and one can take it into
consideration in the ideal gas approximation:

Fo(V, T) = —NTIn [eVN=*(UT / 2ah?)*],

(6)

where N and M denote the number and mass of the ions.
The quantity T, increases with increasing density;
therefore Eq. (2) is valid for one and the same temper-
ature associated with larger densities, but Eq. (6) is
valid for smaller densities; for intermediate densities
it is necessary to match the results given by Eqs. (2)
and (6).

In the theory of metals, the following result is ob-
tained for ex(V):H%

N-'e (V) = eo(rs) - 2.21r,72 + 0.284r,~ — 0.88(r, + 7.8)~* + 1, (7)

where €,(rg) denotes the energy of an electron in a cell
of radius rg with the ion at the center; the second, third,
and fourth terms correspond to the energy of the degen-
erate electrons, the energy of the electrostatic interac-
tion between the electrons, and the correlation energy
(in the Wigner approximation); I denotes the ionization
potential of the atom, and the average distance rg is ex-
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pressed in terms of Bohr radii. A convenient approxi-
mation for €,(rg) is given by™"

eo(r) = —3r.~ 4 ro'r,

(8)

Thus, the specific properties of the element are taken
into account by the single parameter ry; we note that the
first term in Eq. (8) can be interpreted as the Madelung
energy. Formula (7) is an approximation; if experimen-
tal data is available one can use the interpolation ap-

proximation of Bardeen:!"

N-'e (V) = Ar," + Br,* 4 Cr, 7%

9)

where the coefficients A, B, and C are determined from
three points. Formula (9) is more accurate than (7) only
in that region where experimental data exists. Formula
(7) apparently describes a wide range of variations of rg
better. We did not begin to introduce certain refinements,
which are made in the theory of metals, into formula (7)
since these improvements are also valid only for certain
ranges of the values of rg. In connection with the deri-
vation of formula (7), the presence of the ionic lattice is
not very essential; therefore one can anticipate that the
utilization of (7) for disordered systems will also give
reasonable results.

Knowing r, (or A, B, and C) one can evaluate ¥ and
T'(V) and then determine all of the quantities in Eq. (1)
for the temperatures and densities of interest to us.

THE THREE-COMPONENT MODEL

Taking into consideration all of the types of interac-
tions, we write down

F=F.— N,Tln[eVN, (1 — n.b — nb)) (MT / 21h*)*:]

10
— aN@V~' — a, NNV — a,NN.V-* + IN,, (10)

where Fgj denotes the contribution of the electron-ion
subsystem; the different approximations for Fgj are
discussed in **!, We note that from these expressions
it follows that the dependence of Pg; = — 9Fgj /0V on V
for temperatures smaller than the critical temperature
~10* °K has a nonmonotonic behavior, which was inter-
preted in ! as an indication of a phase transition (the
nonmonotonic nature itself is a consequence of the com-
petition between the effective Coulomb attraction, which
is dominant at large distances, and the quantum repul-
sion, which is dominant at small distances).

The second and third terms in (10) take the atom-
atom interaction into account in the van der Waals ap-
proximation (b and a are the corresponding coefficients;
ny and nj are the concentrations of atoms and ions); in
addition it is customary to take into account the repul-
sion of atoms and ions at small distances—that is, the
coefficient bj is introduced (taking account of the repul-
sion between electrons and atoms would give a further
correction ngbg, but in view of the uncertainties in the
values of bj and bg the corrections njb; and ngbg in Eq.
(10) are combined). In the same way that the coefficient
b in the van der Waals equation actually is not equal to
four times the volume of the atom, so the coefficient bj
may not correspond directly to the mutual impenetrabil-
ity of the atom and of the ion (electron), but it may be
connected, for example, with that volume which is oc-
cupied in the plasma by regions, inside of which the
microfield attains a value corresponding to destruction
of the atom.
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The fourth and fifth terms in (10) take into account
the interaction between atoms and charged particles
(essentially a long-range attraction). According to™*

aue = Hm~Yo (1),

(11)

where o(T) is the cross section for electron-atom scat-
tering. For the ion-atomic interaction, from (11) it fol-
lows that agj < age since in Eq. (11) m denotes the re-
duced mass of the colliding particles.?

For simplicity, molecules and molecular ions are
neglected in Eq. (10).?’ The equation of state and the
equation of ionization equilibrium follow from (10):

P =P+ nT (1 —nb—nb)= — nla — nan (. + a.), (12)
ne = (1 — nb — nb)n2(2ah* / mT) " exp [(I/ T) — o], (13)
¢ = T [Apei + (Gae + Gai — 2a) 1.} + 1 (b — bi) (1 — nab — b)) =%, (14)

where Apej denotes the change of the chemical poten-
tials due to the nonideal nature of the electron-ion sub-
system and the degeneracy of the electrons.

With increasing density the properties of the atoms
may change. In particular, this is connected with the
appearance of microfields; therefore the coefficients b,
bi, a, age, aai, and I are in general functions of nj and
ny.* However, taking into consideration the approximate
nature of all of the terms in (10) and the uncertainty in
the coefficients, which is noted in particular for az¢ and
ayi, we have omitted the corresponding derivatives in
Eqgs. (12) and (14).

We note the appearance of the factor (1 —ngb—njbj)
in Eq. (13). One can interpret this factor as a correction
which reduces the statistical weight of the atoms.* At
comparatively low temperatures an appreciable ioniza-
tion occurs only when the value of ngb + njbj approaches
unity. Such ionization can be called ionization by pres-
sure; there remains, however, no place, as it were, for
atoms in the system in this case. At high temperatures
the ionization is due to the change of the quantity I/T
and it occurs when nyb + njb; < 1. One can call such
ionization thermal ionization. The model (10) includes
both the limiting as well as intermediate cases.

DThe formula age = 8me2ar,™! is proposed in ['*] where « denotes
the polarizability and r, is the effective radius of repulsion. Even with
the uncertainties in r; taken into account, the differences from (11)
may reach one order of magnitude (formula (11) appears to us to be
better founded). The electron—atom interaction is also considered in
[!5:16] . For the ion-atomic interaction 2agj = age ['*] and agj > age.
['7] Asis evident from ['317], taking account of the interaction of
atoms with charged particles is still extremely ambiguous.

DFor certain systems this assumption may be very essential since
the role of strongly bound neutral, positive, or negative molecules (com-
plexes) is very great if they are produced. Let us cite an example from
the region of low temperatures: the presence of the strongly bound
molecule H, leads to the result that the critical temperature of the
vapor—liquid transition in hydrogen is two orders of magnitude lower
than in the alkali metals; there, where the interaction of the alkali atoms
leads to liquefaction, the interaction of the H atoms only leads to the
formulation of molecules.

) The dependence I(nj) can be related to the transformation of the
excited levels into the conduction bands and their overlap.

“The reduction of the statistical weight of excited atoms, caused
by their finite volume, was considered by Fermi ['®] within the frame-
work of the van der Waals equation in order to obtain a limitation on
the partition function of the atom.
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RESULTS OF THE CALCULATIONS FOR LITHIUM

Lithium was selected in view of the simplicity of its
electronic structure and the presence of relatively com-
plete information about the parameters which are re-
quired for our calculations. The following data was used
in the two-component model: in Eq. (8) r, = 3;"% the
values A = —3.14, B = 4.22, and C = 1.93 in Eq. (9) were
determined from the following equations: a) the equilib-
rium value r"s at P = 0 was equated to the experimental
value rg = 3.25; b) the value of ex(r3) was equated to
the experimental value of the bonding energy, 1.58 eV;
c¢) the value of Px (p/p, = 0.9) was equated to the value
—11.6 kbar, which was measured in "%,

We used formula (9) in order to determine ex(V) for
values of rg ~ rg; for larger values of rg we used for-
mulas (7) and (8). Values of I'(V) calculated from for-
mulas (7) and (8) are in better agreement with the val-
ues found in " than are the values calculated from for-
mula (9); for example, under normal conditions I' = 0.90;
191 formulas (7) and (8) give I' = 1.05 but formula (9)
gives I' = 1.38. Therefore, the approximation which fol-
lows from (7) and (8) was used in order to determine
I'(V) and » for all values of rg. Equations (1) are ap-
plied in the literature for rg < rg; however, we are in-
terested in the region rg 2 r°s. Therefore, the approxi-
mations (7) and (9) are used in such a way that the ex-
trapolation for rg > rg will be normalized in the best
way with respect to the experimental data. We note,
however, that the utilization of only (7) or (9) would not
lead to any fundamental changes in the results. Finally,
we shall indicate that T; = 5000°K for normal densities.

The results of calculations of the free energy for
three temperatures are shown in Figs. 2-4. In the
three-component model for T = 1000 and 2000°K only
the atom-atom interaction was taken into account; the
values of the constants a and b which were used corre-
spond to the following critical parameters for the vapor-
liquid transition: T = 3200°K and ny = 10 cm™.%%! For
T = 6000°K the Coulomb interaction in the three-compo-
nent model was taken into account in the Debye approx-
imation.

The dependences of F on V shown in Figs. 2-4 have
a nonmonotonic character; they contain regions with
negative pressure and unstable regions. Thus, one can
talk about phase transitions of the first kind. The points
characterizing the states of the coexisting phases are
determined by drawing the lowest common tangents.
There is a single phase transition in Fig. 2: from the
atomic gas into the metallic liquid B; there are two
phase transitions in Fig. 3: from the atomic gas C into
the atomic liquid D and from the atomic liquid A into
the metallized B. Thus, the models under consideration
predict that the dielectric-metal transition in a liquid
single-component substance is a phase transition of the
first kind. The fundamental difference between phase B
and phase A consists of the abrupt increase in the con-
centration of free charges and the formation of a band
structure (if one can talk about bands in regard to sys-
tems which possess only short-range order).

The influence on curves 2 in Figs. 2 and 3 of the in-
teractions involving the participation of charged parti-
cles was also considered. The Debye approximation
was taken for Fgj, the value of age was estimated ac-
cording to formula (11), and it was assumed that bj = b
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FIG. 2. The isotherm F(V) for Li with T = 1000°K: curve 1 corre-
sponds to the approximation (9) for ex(V) and the approximate for-
mulas (7) and (8) for 7; curve 2 corresponds to the approximation (10).
B and A, D and C—mutally coexisting phases.

FIG. 3. The isotherm F(V) for Liat T = 2000°K: curve 1 corre-
sponds to the approximation (9) for ex(V) and the approximate for-
mulas (7) and (8) for 7 ; curve 2 corresponds to the approximation (10).
B and A, D and C denote mutually coexisting phases.

FIG. 4. The isotherm F(V) for Li
at T = 6000°K: curve 1 corresponds to
the approximate formulas (7) and (8) FE R 2
for all quantities; curve 2 corresponds \\
to the approximation (10). B and A
denote coexisting phases.
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FIG. 5. Phase equilibrium curves Jt
for Li. The points b, c, and ¢’ are the
same as in Fig. 1. The horizontal line ~ “|
(isotherm) BA corresponds to Fig. 4,
the horizontal line BADC corresponds
to Fig. 3, and the horizontal line BC 2t
corresponds to Fig. 2.
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to 2b. It was found that in this approximation the inter-
actions involving the participation of charged particles
do not give an important contribution to F in the vicinity
of the point A.*’ Therefore, the results discussed above
remain valid. At the same time for ny — b™" the van der
Waals equation always remains stable; taking account of
the interactions with charged particles leads to the vio-
lation of thermodynamic stability for ng < b~} but to the
left of the point A (within the framework of the assump-
tions which have been made). Such a violation of the sta-
bility on curve 2 in Figs. 2 and 3 for a reduction of V
naturally supplements the picture of the A-B phase tran-
sition, since curve 1 becomes unstable upon an increase
of V.

The loss of thermodynamic stability associated with
the reduction of the volume along curve 2 in Fig. 4 is
due to the interaction of charged particles among them-
selves. Under these conditions the ionization is thermal,;
therefore the difference between the specific volumes of
phases A and B is appreciable.

The phase equilibrium curves which follow from the
models under consideration are shown on Fig. 5. The

5'We note that these interactions at the same time may be decisive
in connection with the calculation of the electrical conductivity.
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isotherms depicted on Figs. 2-4 are marked on these
same curves. The basic conclusions which follow from
Fig. 5 were already considered by us during the discus-
sion of Fig. 1.

As has already been mentioned, estimates™*™'™ of the
interaction energies of charged particles with neutral
particles differ appreciably from each other. There also
is considerable uncertainty in estimates of the other
types of interactions, for example, in the calculation of
the atom-atom interaction for large densities. There-
fore, the specific values of the thermodynamic quantities
shown in Figs. 2-5 may differ substantially from the real
values. Evidently the dielectric-metal phase transition
turned out to be shifted excessively to the side of higher
densities. At the same time the qualitative nature of the
situation hardly changes upon taking more accurate ac-
count of the different kinds of interactions. The forces
of attraction (charge-charge forces at higher tempera-
tures, and charge-neutral forces at lower temperatures)
play the principal role on the line AA. These forces lead
to an increase in the degree of ionization and to a loss
of thermodynamic stability. Stability is established only
at higher densities owing to the quantum effects in a
system of charged particles. We note that quantum ef-
fects develop in two ways; for example, in formulas (7)
and (8) the terms 2.21rg and rirg, which ensure stabil-
ity, have different natures: the first is due to the degen-
eracy of an ideal electron gas, and the second is due to
the quantum nature of the interaction between electron
and ion at small distances.

In conclusion let us once again mention the crudeness
of the models which have been used, and connected with
this, the necessity for further investigation of the possi-
bility of phase transitions which differ from the ordinary
‘‘vapor-liquid’’ transition in the gaseous, liquid, and
solid states of matter.

COMPARISON WITH MEASUREMENTS

In the previous section the example of lithium was
considered, since it was easiest to perform the calcula-
tions for it. However, the investigation of the properties
of the phase equilibrium curves which was carried out
is of a general nature, and its results can be applied to
different elements.

Direct measurements of the equations of state, in-
cluding the region up to the point b and somewhat above,
for the present have been carried out for mercury and
cesium."™®?" In these experiments a second phase tran-
sition in addition to the vapor-liquid transition was not
observed. This can be explained by the fact that the di-
electric-metal phase transition is similar to a second-
order phase transition (actually the difference of the vol-
umes may be considerably smaller than the result ob-
tained in Fig. 3) and the great difficulties associated
with carrying out the experiments did not permit them
to achieve the required accuracy in %2, Tempera-
tures above the point ¢’ have not yet been obtained.
Measurements of the specific heat in the neighborhood
of cc’ and along the curve bc would also be of interest.

Measurements of the electrical conductivity o were
also carried out in *®), Some of the anomalies observed
in its behavior are interpreted in “ as possible indica-
tions of a phase transition. Recently A. G. Khrapak and
I. T. Yakubov reached a similar conclusion: from the
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data'®?®! they constructed the dependence of 3 In o/3(T™)
on the volume; the nonmonotonic behavior of this depen-
dence (in a narrow range of variation of the volume) en-
abled them to conjecture that in this interval the conduc-
tivity in a heterogeneous system was being measured.
Thus, the measurements‘®! did not give a direct proof
that metallization is a phase transition, but at the same
time they gave indirect confirmation of such a point of
view.

Attempts to investigate the metallization of xenon
under large pressures were undertaken in %!, The
accuracy of the measurements which were made is con-
siderably worse than in ®™°; therefore, it is impossible
to say anything yet about whether metallization of xenon
is a phase transition.

Above the concepts of a metal and of a dielectric
were used somewhat schematically. In fact, to the right
of cc’ on Figs. 1 and 5 the conductivity does not vanish,
but to the left it cannot immediately become metallic.

In the transition region the substance may possess semi-
conducting properties. ¢
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