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The dynamics of spins in antiferromagnets is studied, the usual model assumption regarding con-
servation of sublattice spin being neglected. It is shown that if dissipation is disregarded certain
eigenmodes not considered previously can arise. In antiferromagnets of the easy-axis type the
corresponding frequency may have a large, although not completely pure, exchange gap. In other
types the new branch may be of the Goldstone type. In ferromagnets the analogous motion is purely
dissipative in nature. The third eigenfrequency of antiferromagnets is studied for crystals of the
Cr;0; type in the framework of nonequilibrium thermodynamics. Consequences of rejection of the
§% = const model for the previously studied spectral frequencies are considered, These are the
presence of an isotropic gap in the lower branch of the spectrum of antiferromagnets of the
a-Fe,0; type and the possibility of hexagonal anisotropy of the spectrum in these crystals in the
absence of anisotropy of the static properties. The Goldstone theorem for antiferromagnets is

discussed.

IT is well known that relativistic interactions have an
important effect on the resonance properties of anti-
ferromagnets. In particular, if anisotropy is disre-
garded, the gap in the spin wave spectrum of antiferro-
magnets should be proportional to the magnitude of the
external field and not depend on its direction. The large
gap in the spectrum of real antiferromagnets finds
explanation only if relativistic interactions, which lead
to anisotropy, are taken into account!'!, However, a
straightforward quantum-mechanical calculation of the
resonance frequencies with anisotropy at finite tem-
peratures encounters insurmountable obstacles.
Usually for calculations one uses the quasi-classical
Landau-Lifshitz equations!?®), which, besides the ener-
gies, have motion integrals associated with the hypoth-
esis that the magnitude of the spin of the sublattices is
conserved when inclined from the equilibrium position.
This model is quite correct for the description of the
oscillations of sublattice spin at low temperatures if
each sublattice in an elementary cell can be placed in
correspondence with one magnetic atom, This is often
not the case. And even if it were, then close to the
transition the exchange terms of the thermodynamic
potential, which determine the magnitude of the sub-
lattice magnetization, become of the same order as the
terms which determine the direction of the magnetic
moments,” and by the conservation of motion a devia-
tion from equilibrium must affect the magnitude of the
sublattice magnetization, Consideration of these ‘‘new’’
degrees of freedom actually corresponds to taking os-
cillations of the magnitude of the ordering parameter
into account, or else the temperature of the spin sub-
system, and of course requires application of the
methods of nonequilibrium thermodynamics.

The problem becomes particularly acute for systems
which in the usual model are described by several sub-
lattices. The general linear equations of motion have
the form

Din ferromagnetics this is manifested by a marked increase in the
susceptibility of the paraprocess.
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Lin == Yin, 1 OAD [ 0zrr, (1)

where Xjp is the deviation of the i-th projection of the
n-th magnetic sublattice from equilibrium,

(2)

AD = Oin, kn'TinZhn!

is the addition to the thermodynamic potential of the
substance due to the deviation from equilibrium,
Yin,kn’ are phenomenological coefficients, which in the
case of dissipationless motion (and we shall consider
only this case) obey the relation yip kn' = —ykn ,in
{together with the Onsager symmetry rulet¥ thlS
makes yjp kn' depend only on odd powers of x )
Hence in the case of a single sublattice, because of the
antisymmetry of yik the dispersion equatlon for the
eigenfrequencies always has a zero solution, i.e., some
linear combination of xj is conserved in the motion,

In the case of the linearized Landau-Lifshitz equa-
tions this quantity was the scalar product of the spin
deviation s and its equilibrium value S,. In the general
thermodynamically acceptable equations even for a
two-axis ferromagnet in the absence of an external field,
it is easy to show by the methods developed below that
this.is again s-8,. It is quite different when H,# 0.
But since resonance experiments consist in determin-
ing the coefficients of the series w? ao + a;Hy
+asH3 + ..., allowing for amsotropy of the g factor in
the Landau-Lifshitz equatlons gives the same results
as the general linear equations of motion. However,
for a larger quantity of sublattices the number of such
integrals of motion in the general thermodynamically
allowable equations of motion does not increase because
the effect of forces on one sublattice due to the inclina-
tion of another is taken into account.

Thus, in the case of two sublattices (n =1, 2), the
thermodynamic equations of motion are determined by
an antisymmetric matrix of the coefficients of the
sixth rank, Hence the dispersion equation for the
eigenfrequencies, generally speaking, is bi-cubic, of
general form with a free term. And the magnetic sub-
system in the case of two sublattices must have three
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eigenfrequencies of the same kind of resonance. This
qualitative result is quite different from the answer ob-
tained from the Landau-Lifshitz equations and some
justification is required to use them even in this
simplest case.

1. The main features of the new branch of the spec-
trum of elementary excitations of an antiferromagnet
are easily illustrated in the simplest example, when
the equilibrium direction of the antiferromagnetism
vector L (taken along z) is given and the anisotropy
in the basal plane can be neglected. Consider an anti-
ferromagnetic structure that is evenP! relative to in-
version. The magnetic symmetry group in this case is
Do, and we suppose that the coordinate dependence of
L(r) is not invariant relative to U,. The thermody-
namic equations of motion allowed by the symmetry
are
l.= BFy,

lz:ﬁlz=0, lv=_5va

@3)
Vhy = —ﬁRx, T, = ﬁRm
where m = x; + X; and 1 = X, — X, coincide with the
Landau-Lifshitz equations when g = gL,.

Here Fj = 8A®%/9mj and Rj = 8A$/0]{ are thermo-
dynamic forces associated with m and 1. The posi-
tively defined addition to the thermodynamic potential
bilinear in mj and [j is

AD = A, (L + 1F) + Yedol® + YoBy (ma* + my?) + YyBum

If we turn on a magnetic field along the antiferro-
magnetism axis, the magnetic symmetry group be-
comes Cwj and the allowed equations of motion are
greatly complicated:

L=vRy +v.F+ 'F,

l!/ = ”_'YlR! - ﬁ/Fx + ’VZFyr lz = _'Van

“)

the= ~—Y:Re + B'R, + vsFy, 1i,= —PB'R: — v.R, — vsF., m.=nv.R,,

whereby
AD = ')A/ (I + L}) + 4L 4 YoB (m? + m?) + Y2B:'m.

+ du(limy — lym.) + dolam..

The phenomenological constants yj, as will be seen
later, are proportional to the external field, and d; is
the square of the external field. The primes on g, Aj,
and Bj mean that these quantities to the accuracy of
the applied field coincide with the corresponding con-
stants in (3). In the Landau-Lifshitz equations we have
Yz2=7ve=0, BI =B, ¥i = vs = kK o8Ho, where Kjjo is the
parallel susceptibility of the antiferromagnet. The new
eigenfrequency w” = y5(A’,B; — d3) is actually propor-
tional to the square of the external field and is excited
by parallel pumping.

With such a simplified approach it is difficult to
connect the phenomenological constants y4, A%, B;, and
d; with any kind of static measurement and to estimate
the order of the excited frequency. Hence for investi-
gations of the new frequency and the other consequences
of possible deviations from the model description of
spin wave theory we shall carry out the treatment in
the framework of nonequilibrium thermodynamics,
using the well-known fact that the left sides of (1)
transform under symmetry transformations.
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2. To avoid any kind of model ideas, we shall use
Dzyaloshinskii’s concept of spin density[sl.” In other
words, we shall assume that that part of the true micro-
scopic spin density SNn(r), the coordinate dependence
of which under symmetry operations (appearing in the
crystallographic group G of the magnetic cell) is trans-
formed by the a-th row of the n-th irreducible repre-
sentation of G, which is characterized by unit direc-
tion Ly n(N). Here N is the cell number and r is a
coordinate within it, L, ,(N) are the spin densities
(specifically LA,g(N) = M(N) is the ferromagnetic
spin density or magnetic moment of the elementary
cell).

Under the action of symmetry operations remaining
from the magnetic group, if the time inversion opera-
tor T is taken to be the identity, the vectors Lom(N)
with the same n are transformed into each other as the
corresponding rows multiplied by a pseudovector. If
(leaving out the vector index) the set {Lan} makes up
the regular representation of the indicated group, the
determination of the equilibrium values Ly, as a func-
tion of external field H, and temperature gives com-
plete information about the static behavior of the mag-
netic subsystem. In examining the dynamic behavior it
is necessary to consider that the eigenfrequencies can
to a marked degree by determined by the oscillations
of Lyy(N), the average equilibrium values of which
are equal to zero. Moreover, in deviating from equili-
brium the spin densities may not behave as a single
whole. (Of course, in the latter case the very concept
of spin density loses meaning, and model representa-
tions are needed to describe such excitations.) But if
we are interested only in the lower frequencies, we
can make the following assertions on the basis of non-
equilibrium thermodynamics.

Let the equilibrium configuration of the magnetic
subsystem in some relativistic approximation (or
model)'*) be described by k spin densities Ly n ),

Laznz, vees Laknk' Place in correspondence to the
set {L, lnl} the set of orthonormal functions ¢4

"Paznz yees ’(paknk’ each of which transforms according

to the aj-th row of the ni irreducible representation
of G. Then for a description of the dynamic behavior
to the same degree of accuracy it is necessary to use
m spin densities for which the corresponding set of
functions @y nseees Pogngs + P amnm form a group
i.e., any pair of them form a product that transforms
like one of the functions of this set.

A proof based on the fact that among the coefficients
Yinkn' describing the effect of the deviation of a certain
spin density from equilibrium on the motion of the
others one can find large ones—the exchange coeffi-
cients, independent of crystal direction, and small
ones-—relativistic, is given inl",

It follows from this, in particular, that in describing
the dynamics of any magnetically ordered substance it
is necessary to take into account the ferromagnetic
spin density. Only in the simplest case, when the co-
ordinate dependence of the basic antiferromagnetic
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spin density makes a one-dimensional representation
of G, can we consider only the two spin densities L
and M in describing the dynamics. We shall build the
entire treatment on this simplest case.

One more assertion!” is necessary for what follows.
If we expand the thermodynamic potential & in any
small parameter (e.g., in the gradients of the spin
densities), then to maintain accuracy in description of
the dynamics we must expand it to same degree as we
do yik. And if the expansion is in the spin densities,
then without exceeding the accuracy in the description
of the dynamics we can expand yik to one degree less.
However, close to the point where the magnetic struc-
ture changes all terms of the expansion of & become
of the same order, and it is impossible to expand & in
the spin densities. For the coefficients of the equations
of motions there is no such special temperature inter-
val, and terms of the third order are always less than
terms of the first (if these are not forbidden by sym-
metry). Hence the approximation used below for con-
crete calculations in which Yin,kn’ are expanded only
to the first power of the spin densities, whereas for &
the entire series is kept, makes sense.

3. Let us write out the general allowed exchange
equations of motion, linear in the forces that arise with
deviation from the equilibrium position, if a single
wave with a given wave vector q propagates in the anti-
ferromagnetic crystal. We take the coefficients of the
equations of motion to be whole rational functions of
the projections of the equilibrium spin densities anti-
ferromagnetic L and ferromagnetic M. We take the
vector q as small enough that all'formulas retain
terms no higher in order than q®. The exchange sym-
metry group is the space group K supplemented by
the time inversion operator T. The defining elements
of Ky, are E, I, and op!®. To take in all types of anti-
ferromagnets which can be described by two spin densi-
ties, we consider further the operation of 7-translation
by a crystallographic period in any direction.

We divide antiferromagnets into three types.
Vectorial: L changes sign under I and oy (as q). Weak
ferromagnets: L changes sign under op. Pure antifer-
romagnet with doubling of period: L changes or doesn’t
change sign under I and 0y, but changes sign under 7.

For the vectorial antiferromagnet in the general
case the equations of motion have the form

m = [AF] + [BR] + B,(R), i= [B,F]+ [A.R] —B,(F), (5)*

where
A, = a,M, + a;(LoM,) Ly 4 a5(qM,)q 4 ai(LeMo) (qLo)q + as[qLo]
+ as(LoM,) [qMS],
B, = byL + b2 (LoMo) Mo + b3 (qLo) q + bi(LoMs) (qMo) q + bs[qM,]
~+ bs(LoM,) [qLe];
A, coincides in form with A,, but has aj instead of
aj; B. is a linear vector function with vectorial argu-
ment:
B, (€) = b:My([LoM]e) + bs(Moc) [LoMo] - b1 [Loa] (g¢)
~+ bis (1Logle) g 4 bus[Log] ([LoMole) + b ([Logle) [LoM,]
-+ byo (Muq)c + by (Mvc)q + Q;
Q represents terms obtained from those written by
replacing biL, by bi, (Lo*M,)M, and bjM, by

*[A,F]=AXF.

bi.1(Lo*Mo)Lo; aj and bj are whole rational functions
of L, M3, (LoMo)?, (qLo)?, (aM,)? q° and
(q [LoX Mo 1.
For the other two types of antiferromagnet, the
equations of motion take the same form, but a; = a¢
= bs = bg =bys =by; =bjg = by; =0, and the last argu-
ment of the scalar functions a; and b; disappears.
Equations (5) permit, if equilibrium L, and M, are
known, the calculation of the exchange terms yik, Pik,
and rjk in the general thermodynamic equations (the
tilde signifies transportion):

m; = 'Ythx + Aith, l: = _xthh + pih.Rh- (6)

In this general form we can write the criterion for the
absence of the third frequency in the system. The
secular equation for (6) has the form

®* — 0* Sp K, + ©*Sp K, — A\A. =0, (7)

where K, and K; are matrices given in general form
inl™ A, = | @jk| is the determinant of the matrix of

the coefficients of the addition to the thermodynamic
potential

A= {Y:Dax'l —_ YlpzM + '\71017\9 —_ 'sz:’u + Yﬂh’ws — 'sz«?w (8)
+ Yspshs — Ysp2ha 4 ys01hs — [ A | }?,

where |Aijx| is the determinant of the matrix || Ak ||
and the subscripts correspond with numeration in the
matrices y, p, A from left to right and top to bottom.

If in the general equations of motion we go over to
sublattice notation, the form of A, does not change and
we see at once that if the forces arising in deviation
from equilibrium position in one sublattice do not af-
fect the motion of the other (A = 0), then A,, and
with it the new resonance frequency, goes to zero.
This also comes out of the Landau-Lifshitz equations.

4, One more general result—the Goldstone theory
for antiferromagnets—is easy to obtain if we transform
to spherical coordinates in €-s?ace“’]. This can be
formulated in the following way!®),

If the ground state of the antiferromagnet is degen-
erate with respect to any coordinate, then in the spec-
trum there will be a collective branch with frequency
that goes to zero together with q. The normal coordi-
nates corresponding to this frequency are related
linearly to the coordinate with respect to which the
state is degenerate.

Consider a uniaxial antiferromagnet with symmetry
axis Cyp. Besides the fixed xyz coordinate system, we
introduce a system x'y’z’. We have y’ Il L, and x’
parallel to the projection of M on the plane perpendicu-
lar to L. The symbols ¢ and 6 stand for the azimuthal
and vertical angles that determine the direction of L
in the xyz system, and x and y the corresponding
angles for M in x'y’z’. Let |L| = Ssin&, | M|
= S cos &; then
. =S sin E cos 0;

L, = SsintsinBcosq, L,=Ssinksin®sing,

M. =8 cos E{—sin % (cosy cos 0 cos ¢ — sin y sin @) -} cos ¥ sin 8 cos ¢},
M, = S cos E{—sin y(cosy cos @ sin ¢ + sin 'y cos @) + cosx sin 0 sin ¢},
M. =S cos E{sin ¥ sin 68 cos y + cos x cos 6}.

If we are considering a weak ferromagnet, then for
uniform magnetization & is an arbitrary function of
the following seven invariants, which comprise the
whole rational basis of the invariants:
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=1 L=DM,
Iy = M2,

I,= (LM)?, IL.=LJ}
Io= LM,(IM), I, =[LM]n.

Below, in addition to this system of basis invariants,
we use a basis in the coordinates of (9):

iy = S21
is = sin 2y sin 20 cosy,

.
i, =cos*E, is==cos’y, ix=cos*0, 5= cos’y,

i, = sin 2 sin % sin 9 sin y.

In the other antiferromagnets the Dzyaloshinskii invari-
ant I,(i;) disappears.

The derivatives of the thermodynamic potential with
respect to the first system of functions are symbolized
below by roman numerals, with respect to the second
by arabic numerals, e.g.,

0*® / 010l = Dur, 1, 0D / 9iy0is = D

If we rewrite the equations of motion in the coordi-
nates (9), then (7) keeps its form, which is associated
only with the antisymmetry of the coefficients of the
equations of motion. Since A® for a uniform deviation
of the magnetic subsystem from equilibrium in this
case does not depend on ¢, then A, = 0. And w(q) is
of interest, by considering the solitary wave with the
specified q, the axial symmetry of A® disappears:
aik depends essentially on the mutual orientation of
L, and g (the orientation of L, and M, is determined
by internal properties of the system), e.g., on account
of invariants of the form (q-L)? [[ax L]x [qxM]]n.
Thus, the determinant A,, and with it one of the reso-
nance frequencies, goes to zero along with q. A depend-
ence of A® on ¢ also arises in the presence of an ex-
ternal field Ho,. However, the above proof does not
exist if the equilibrium value sin 8, = 0. In this case
it is impossible to introduce a coordinate ¢. The rela-
tion between the Goldstone coordinates and the deriva-
tions of the introduced coordinates from equilibrium
values is better seen in specific examples.

5. Let us consider the deviation from equilibrium of
the magnetic subsystem in a weak ferromagnetic with
the aid of the exchange equations of motion.

In the absence of an applied magnetic field the equa-
tions determining the equilibrium state of the antifer-
romagnet have the form

28®, = 0; —sin 2ED, 4 2cos 2§ sin 8 sin  sin yO; =0,
—sin 2y®@s + 2cos 2y sin 260 cos y@s + sin 2E sin 6 cos y sin yP, =0,

(10)
— sin 20, + 2sin ¥ cos 28 cos y@s + sin 2§ cos 0 sin x sin y®; = 0,
—sin 2y®s — 2sin 2y sin 20 sin yDs + sin 2§ sin 6 sin y cos yO; = 0.

Equation (10) has two solutions of Type I in the
classification used in'®

1) sin %o = cos & == sin 20, = sin 2y, = @, = 0;
2) cos %o = sin 8, = cos & = sin 2y, = @, = 0.

Anisotropic exchange, described by Moriya!’) is the
physical reason for the realization of a solution of (10)
of Type II in the same classification:

€0S Yo = c08 8, = cos Yy = @y = —sin 2LD, + 2cos 2ED; = 0.

We shall be interested only in the latter case, which is
realized in a-Fe,0;. If Hy lies in the basal plane, this
state is conserved, except it is necessary to take into
account that M, || Ho. For uniform motion, if in A; and
Bj only terms linear in the equilibrium spin densities
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remain, system (5) is greatly simplified:
SoE = fo(bs + as’ ctg* &), (11)

§ = —fo(by — a,") cos Lo,
F. /‘ 1 ’
0 = f,(by—a)cos & — :S'—(b‘ + a," etg? &) fe;
0

_fv(an - bx),
S0 €08 Ext = fx(as — by) — fubs. - (12)

S, cos J;.,i = So cos Ep = bsfy,

If we compare this with!*!] it is obvious that (12)
corresponds to a lower resonance frequency. Since
this is precisely the one studied in experiments, we
find, considering the relation between Ix and i, and
the fact that y(Ho=0)=(2&; ~ sin2¢{®;)Ay, and
fy(Ho = 0) = (2tI>3 - sin2t&, )Ay, that the expansion of
the lower resonant frequency in powers of H, begins
with the free term

D1iLe* )

QF(H, = 0) = (@ — b1)*Lo'®ene (1 + o)

=

To explain the presence of this isotropic gap in the
spectrum of a-Fe,0; with the Landau-Lifshitz equa-
tions it is necessary to consider magnetoelastic inter-
actions('**?), As regards the Goldstone coordinate (the
two of them), in this case they are linear combinations
of all six variables. The Goldstone frequency w? is
proportional to bbiq* (where i, 1 = 11—14).

Another result that differs from answers obtained
from and Landau-Lifshitz equations is that the zz
component of the high-frequency susceptibility tensor
does not go to zero with H,:

", = adl, ((DvuLn/((Du - (Dx) + %aHo) + ((lx —_— b¢)2Loz(Df/u,

= > — Q*(H,) “2(@r — D) [0 — Q*(Ho) ]
{compare with!!)), Both measurements permit independ-
ent determinations of (a, ~ b, )%

6. Let us examine a few more examples, with spe-
cific crystal structure and anisotropy taken into ac-
count. We limit outselves to the first power in the ex-
pansion of the coefficients of the equations of motion in
the spin densities and consider a uniform deviation
from equilibrium,

Take a vectorial antiferromagnet with crystallo-
graphic symmetry group Daid (e.g., Cr,0s, Ti,0;). In
the thermodynamic potential, among the terms of the
fourth degree in the projections of the spin densities,
we take only the large exchange terms and take no ac-
count of the hexagonal anisotropy:

O© = ', AL* 4 1,BM* + Yzal,? + 'ofM.* +
+ 1/,D,L’M? — MH.

We consider the state Ho il n, Lo L n, which is
stable only for @ > 0 or for Ho> H,~ (]a| BLo)V2
If we number my, my, my, I, ly, 1z by the numbers

1, 2, 3, 4, 5, 6, we can write

12C(LM)* + 'L.DL* (13)

Oy = CL?chy
Olgg = CMOLY,
Ogp = 2D2LouM2,
ogs = 2D 1L?)oy

o6 = CMOLY;
sy =M+ B,

oy = 2D, LT,
ogs = & + CMZ,

oy =n-+ CL:,;,
Aga =1+ CL(’W:
Ogq = ZDzL?cMg,
Qg = 2D1L:L$,

the remaining aj, are zero (n =~ B + D,L3).

As was expected, this leads to the antiferromagnet
described by (13) having in all two resonance frequen-
cies (A, = 0). The Landau-Lifshitz equations yield only
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one, However, if we use the thermodynamically allow-
able equations of motion the coefficients of which are
written out to the first powers of the projections of M,
and L, (cf. (6)):

Yiz = Psto, Yie = Dthu, M= —hss = A-xon, . Ais = —}dLvo + 7\-th°,

}us = 7\41Lv°,
Yas = D‘Mz", Aoy = — (MLVO + Mon),
Aoe = '—}szn, 3% = MLVD, Ass = —'ML:“, hss = 0,
Pus = Pleo, Pus = PzMyo, pse = —P- M0, (14)

then o K, — anhriLet + mP0sMe? + nCLo (he + po)Me?

+ 2D ALt + € (Lo® — 3LoeLoy?)?],
Sp K, = 2DmAAs [a(n - CLe) 4+ nCM 2} (Lo’ — 3Loeloy?). (15)

Comparing (14) with (15), we see that A; is related
to anisotropic interactions. From this it follows that
the lower of the two resonance frequencies may have
a gap with hexagonal anisotropy, even if the terms of
the thermodynamic potential that determine the static
hexagonal anisotropy are for any reason anomalously
small,

To estimate the magnitude of this gap we write the
answer for Ho = 0:

01" = o{anA*Le* + 2D\ (n + CL¢? cos® 3.) Lo*
+ ([anA*Le? — 2D A2 (n + CLy* cos? 3¢1) Lo']?
+ 8DimA M Lo® sin® 3g.) %}.

Here L§ = L, cos ¢1,. The ratio

Otmae/ Ormin = MDD LoAr%a (07 ~ 10%2y)
is of order v?/c®. However, for sufficiently low tem-
peratures, where the spin-wave approximation oper-
ates, we have A, = 0.

It is interesting to note that the lower frequency is
the ‘‘third’’ in the sense that in none of the variables
do the equations (6) with coefficients Aik, pik, and
yik of (14) decompose into two systems of equations
like (11) and (12). In fact, in this case

Ay = AA:A’Lo® cos® 3.

And if we go to decomposable systems, i.e., if we take
the equations
§= (Bi—a) cosBfe  Sef = —(bi -+ @’ ctg &) sin Ef,
o=—(b— l{x') cos &f, + S0~ (by + a” ctg® &) sin Eof:,
S, cos EOk = (bi—a))fy cos Eaé = bify
Sy cos oy = — (b, — @) fy — Sibsfo,

then even with account taken of anisotropy in the coef-
ficients we will have Sp K, = 0, and the system has
only one frequency of uniform resonance.

The fact that in weak ferromagnets the Goldstone
branch of the spectrum is the ¢‘third,’”’ whereas in
vectorial antiferromagnets it is the lower of the ‘‘old”’
resonance frequencies, is not accidental, but due to the
symmetry of the ordering parameter!®, Actually, the
appearance in a weak ferromagnet of L2 isolates in
fact the direction x(M;’{ ), whereas in a‘vectorial anti-
ferromagnet the y axis is isolated. Hence in the first
case in the normal coordinates responsible for the
Goldstone branch of the spectrum should appear Ay
and A(S sin{), which belong to different ‘‘old’’ spec-

tral branches, and in the second case, A¢ and
A(Scos &), which belong to one ‘‘0ld’’ branch, But if
we take the conditions S® = const and x = const, the
“perpendicular’’®! coordinate both in the first and in
the second case becomes A¢. If in the vectorial anti-
ferromagnet H, L n, then, as in the weak ferromagnet,
a bicubic equation must be solved to investigate the
third eigenfrequency. However, all that has been said
about anisotropy of the lower spectral branch remains
in force, since in this case (Myx = M,cos oM),

Ay = MH{M*Ls020i c0s (20x -+ @1) + Lo*Asks cos 3p.}%

7. The dependence of the ‘‘third’’ frequency on H,
is easily calculated for the vectorial antiferromagnet
when L Il Ho Il n, Let G = Cni and the magnetic sym-
metry group be Cp X IT. The addition to & on account
of deviation from the equilibrium configuration is de-
termined by the following nonzero aik:

iy = Qo2 = o%10™", Q= l/zuu_o’ ,  Ou = ass = faa+ C%]oi H?),
Ugs == 2D1L02, Uz = ‘Kn-al (C + Dz)LoHo,

where wyt =B+ p + (C + D)L, %' = B+ DL

gy == Qa5 = K_Lo_lCLan,

The thermodynamically allowable equations of motion
split into two groups in accordance with the uniaxiality
of the crystal. For the perpendicular projections y,,
= yMg, pas =PiMg, A1a = Aas = Aslio, A5 = —Xas = Adlig
and for longitudinal A3 = AsL,. Comparing with (5) we
see that A5 is of relativistic origin. The frequency of
uniform oscillations associated with longitudinal pro-
jections 1 and m is excited by parallel pumping and
equals

3® = 2A;2L,* {“n_iDiLuz —2 (C + Dz) zLozxﬂo_zHoz}y

i.e., it decreases quadratically with increasing dc
field. (This conﬁguration is stable to fields
Ho = (| @ |/CL2)Y?k)0"/?Lo.) The ratio of ws to the
frequency of transverse oscillations usually considered
in spin wave theory at Hy, = 0 is

w5 - 202D Lot n,° v?

0 (st r)aw’ ¢

However, in seeking the third branch of the spectrum
in this case it is important to remember that the decay
of the branch is due to large exchange interactions. In
this configuration we see that the new frequency is com-
pletely analogous to second sound waves passing
through the sublattices in opposite directions—a second
sound standing wave!''*], The phenomenological
parameter &), that figures everywhere in the Gold-
stone branch in the case of a pure antiferromagnet
(when a solution of Type I according tol® is realized)
is easily related to the heat capacity of the magnetic
subsystem: cyg = -t(8S%/8t)?®,, (t is the temperature).
In other situations the heat capacity of the magnetic
subsystem is associated with combinations of second
derivatives,

Everywhere in the final estimates in Secs. 6 and 7
it was assumed that the coefficients of the equations of
motion having relativistic origin are quadratic in the
spin-orbit interaction, as are the relativistic constants
in &. However, this assumption requires justification
and a microscopic model for calculation of A, and A;
is needed. This is outside the scope of the present
paper. Relativistic corrections to the exchange g fac-
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tor of one sublattice are of first order in spin-orbit
interactions*®],

The author sincerely thanks I. E. Dzyaloshinskii for
assistance in setting up the problem and valuable dis-
cussions throughout the course of the work.
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