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The tunnel effect in lead, tin, and indium under pressure is investigated. The pressure dependence of 
the gap width Ao and of the frequencies of the phonon spectrum state density singularities wi is ob
tained for the three metals. It is found that the quantity d ln wi / dP depends on w i and decreases 
somewhat with increasing w i. The data obtained and also the amplitude measurements of the quantity 
dV /di for lead are employed to determine the pressure-induced change of the function g(w ), which 
describes electron-phonon interaction. In all the metals studied it is found that a decrease of the 
function g( w) under pressure is primarily the result of the variation of the lattice oscillation spec
trum. The variation of ~0 , Tc, 2~0/kTc, and of the electron state density near the Fermi surface, 
induced by pressure, can be derived on the basis of the decrease of g(w). 

AccORDING to modern ideas, by virtue of the elec
tron-phonon interaction, the electron and phonon sys
tems in a metal are coupled. [ 11 This coupling can be 
investigated in depth by using an external action on the 
system of electrons and phonons, for example by vary
ing the lattice parameters under hydrostatic pressure. 
Whereas at present there are data on the change of the 
electronic structure under pressure, [2 1 the information 
concerning the analogous change of the characteristics 
of the phonons is exceedingly scanty. Such information 
is obtained mainly from indirect measurements, for ex
ample from the temperature dependence of the thermal 
expansion of crystals. 

The present investigation was undertaken for the pur
pose of obtaining data on the change of the spectrum of 
the oscillations of the lattice under pressure, and to as
certain the contribution of the electron-pnonon interac
tion to different characteristics of superconductors. 
The objects chosen for the investigation were lead, tin, 
and indium-typical nontransition metals. The investi
gation method used the tunnel effect, which makes it 
possible to obtain sufficiently complete information on 
the spectrum of the lattice vibrations. 

In 1968 we published the results of an investigation 
of the tunnel characteristics of lead under hydrostatic 
pressures up to 15 kbar.[3 1 In those investigations we 
determined the pressure-induced change of the gap ~0 
and a series of frequencies of the phonon spectrum Wi. 
The obtained data made it possible to verify the Geilik
man and Kresin theory of superconductors with strong 
coupling.[ 41 Similar measurements under pressures up 
to 3. 5 kbar were made by Franck and Keller, [ 5 l who 
used solid helium to obtain hydrostatic pressure, and 
also by Galkin et al.,[ 61 who used our procedure of ap
plying pressure. 

The appearance of experimental data on the influence 
of hydrostatic compression on the magnitude of the gap 
and on the phonon frequencies in lead has given rise to 
a number of theoretical papers, [ 7 - 9 l using mainly the 
results of McMillan, [lo l who obtained an analytic ex-

pression for the temperature T c of the transition into 
the superconducting state on the basis of the equations 
of Eliashberg.[lll In the present paper we submit addi
tional data obtained by investigation of lead and also 
tin11 and indium. The results are analyzed within the 
framework of the theory of Migdal and Eliashberg. [ 1 • 111 

As is well known (see for example [12 1), it is possi
ble to obtain from tunnel measurements the relation 

dl,./ dl.. JwJ Ll'(w) . 
dV dV = Re [w'- Ll'(w)]'i' ~ 1 + Re--z;;;;-, 

where ~ (w) is the magnitude of the gap in the supercon
ductor spectrum; Isn and Inn are the currents through 
the junction at the voltage V; the indices s and n per
tain respectively to the superconducting and the normal 
states of the metal. 

According to the relations obtained by Eliashberg,[lll 
the dependence of ~ on the energy w is determined by 
the following system of equations, which are expressed 
in integral form[ 121 in terms of a function g(w) describ
ing the electron-phonon interaction: 

•, Ll(w) =q>(w) /Z(w), Ll(Llo) =8,, (1) 
Ll (w') 

<p(w)=J Re d 'J g(w")O+(ww' ")dw"- U 
[w"-Ll'(w')]'i• w w " 

"' 
1 w' 

Z(w)= 1--JRe dw' J g(w")O-(ww'w")dw", 
w "' [w"- Ll'(w'))'i• 

1 1 
0±= ± ' 6-+0. 

w'+w"+w+ib w'+1w"-w-ib 

Here Uc(wc) is the term that takes into account the 
Coulomb interaction, Uc(we) = U(;; We is the end point 
of the phonon spectrum; 

( d'p ) _, d'p d'p' 
g(w)= - - ,, J Vp f v) (2nli)'v/ 

~ qv' (pp') b( w- Wp-p ;) 2MN~w,_,~ 

ll Preliminary data on tin were reported in [ Jc] . 
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where 'I' is the volume, v is the lattice vibration mode, 
VF the electron Fermi velocity, p the momentum, M 
the mass of the lattice atom, and q11 (pp') the matrix ele
ment of the pseudopotential; the integration is carried 
out over the Fermi surface. 

g(w) is frequently presented in the form g(w) 
= a 2(w}F(w), where F(w) is the density of states of the 
lattice vibrations, a 2(w) is the effective function of the 
electron-phonon interaction, which varies smoothly with 
the energy. As shown by Morel and Anderson, [ 13 l all 
the singularities of F(w) are reflected in the function 
Re t. 2(w ). Moreover, it has turned out D 2 , 14 J that with 
the aid of the system of equations (1) and the experimen
tally determined dependence of diidV on V it is possi
ble to reconstruct the function g(w) and to determine 
from it the character of variation of F(w ). 

The function g(w) plays the principal role in many 
effects due to the change of the properties of the elec
trons of the normal metal as a result of the electron
phonon interaction. Thus, the renormalization coeffi
cient Z = 1 + .X, where .X is the averaged parameter of 
the electron-phonon interaction, given by 

I.= 2~ g(:) dro, (3} 

determines, for example, the change of the effective 
mass, of the density of states, and of the electron veloc
ity near the Fermi surface. 

1. The object of the investigation was a system of 
Al-AlP3 -S films (S-investi~ted superconductor) pre
pared in the usual manner. [ 3 l The film thickness was 
~ 10-5 em. The aluminum was oxidized in an atmos
phere of dry air, the oxidation time being about 60 sec. 

During the course of the experiment, using the 
scheme described in [ ab, 15 l, we registered the quanti
ties dV ldi and d2V ldi2 as functions of the voltage V. 
All the measurements were performed in a cryostat 
cooled on the outside with helium, making it possible to 
lower the measurement temperature to 1 °K by pumping 
off the helium with a forevacuum pump. 

For the experiments under pressure, we selected 
samples in which: 1) the film surface was specular, 
2) the resistance at 300°K was 50-100 ohms; 3) there 
were no parasitic singularities on the d2V I di2 charac
teristics, 4) all the singularities of F(w) were suffi
ciently pronounced on these characteristics. 

The hydrostatic pressure was produced in a chamber 
with fixed pressure.rab, 16 J The pressure was calcu
lated from the change of T c of a tin wire located in the 
high-pressure chamber, using the formula oTc =-4.95 
x 10-5 P + 3.9 x 10-10 P 2 (P is in bars). The possible 
error in the pressure was 3-4%. 

A. Lead. Figure 1 shows plots of dV ldi = f1(V) and 
d2V ldi2 = f2(V) for tunnel junctions at normal and high 
pressures. The curves were used to reconstruct the 
function g(w). In this operation we used the tunnel char
acteristics of the samples, which coincided with the ini
tial characteristics in all details after the pressure was 
removed. The f2 (V) curves were used to determine the 
displacements of the main singularities of the phonon 
spectrum under pressure. In the measurement interval 
(up to 15 kbar) the displacement of the singularities was 
proportional to the applied pressure. The quantitative 
data are listed in Table I, where WT and WL are the 

FIG. I. Sample plots of the quantities 
W 1dV/dl and d2 V/dP as functions ofV 
for lead at P = 0 and P = 8.6 kbar. 
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energies of the maximum F(w) due to the transverse 
and longitudinal modes of the oscillations, We is the end 
point of the spectrum, and W1T, W2T, and W 3T are sin
gularities on the F(w) function near WT, and are mani
fest in the tunnel characteristics. 

As seen from Table I, the quantities dwldP obtained 
by different authors agree better for WL than for WT. 
This is connected with the larger half-width of the WT 
maximum on the F(w) and d2V ldi2 = f2(V) curves. Addi
tional measurements and an improvement of the proce
dure used to calculate the experimental curves have 
made it possible to refine the value of dWT I dP given 
in [3aJ. In all the subsequent calculations we use the 
quantity dwTidP = 4.0 x 10-6 meVIbar, which has a 
large statistical weight. From among the data of Ta
ble I, in our opinion, the least reliable are the results 
of r5 l, since the measurements there were carried out 
only up to 3.3 kbar at 2 °K. 

B. Tin. Figure 2 shows plots of d2V ldi2 against V 
for tin at pressures 0 and 9 kbar. The arrows locate the 
the singularities whose displacement under pressure 
was investigated. Their values do not differ from those 
obtained earlier by Rowell and Kopf[l8J at normal pres
sure. A comparison of these singularities with the dis
persion curves given by Rowe[ 19 l shows that the singu
larity at 3-5 meV belongs apparently to the transverse 
acoustic branches, that with 15 meV energy belongs to 
the optical branches, and the singularity at 17.4 meV 
belongs to the end of the spectrum. The displacements 
of all the singularities under pressure are listed in Ta
ble II. The numerical values were obtained by averaging 
six independent experiments. The measurements for tin 
and indium were carried out in the region up to 11 kbar, 
where all the characteristics are fully reversible. 

C. Indium. Figure 3 shows plots of the d2V I di2 char
acteristics for indium at P = 0 and P = 9.5 kbar. The 
arrows show the locations of the investigated singulari
ties. The locations of the singularities at P = 0 coin
cide with the data of [ 18 l. A comparison of the singu
larities with the results of the reconstruction of 
g(w)r 14bl shows that the singularities at 3.5-7 meV 
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Table I 

'!.!.to• ~ 
Measured Energy, 

~·101, dlnX dlnX 
dP 'bar 

quantity X meV dP' dln"JJ' 

I meV·bar-1 10-6 bar- 1 from ['CJ from ['I 

26, 2.71 -21.6±2 -8 -27±2.5 -22.2±1 
"''r 3.80 32±7 8.4 -3.7 26±4 
"'•r 4.45 36±5 8.0 -3.5 33:!;.4 
roar 4.9 32±7 6:5 -2.9 33±4 
COr 4.45 40±4 9.0 -3.94 24±3 
COL 8.45 60±6 7.1 -3.1 59±6 64±4 
we 9.9 70:±10 7.1 -3,1 

Notes: I) wr corresponds to the center of gravity of the envelope of the curve 
d2 V/dJ2 = f2 (V) at T > Tc(Al). 

2) In the calculation of dIn X/d In,-the compressibility dIn -r/dP was taken 
from Table IV. 

3) From the measurements of the thermal expansion dIn E>0 /d In,.= -2.84 

11V/tl]2 

0 I 8 
cV-{JSn+ JALJ ,meV 

['7]. 

FIG. 2. Sample plots of the 
d2 V/dF characteristics for tin in 
arbitrary units at P = 0 and P = 9 
kbar. The scale changes at 6 meV. 

apparently belong to the maximum of F(w) due to the 
transverse acoustic branches, the singularity at 
12.8 meV belongs to the maximum of F(w) due to the 
longitudinal oscillations, and that at 15.4 meV belongs 
to the end point of the spectrum. The displacements of 
all the singularities under pressure are given in Ta-
ble m. The numerical values were obtained by averag
ing five independent experiments under the assumption, 
just as in the case of the other metals, that the displace
ments of the singularities under pressure are linear. 

FIG. 3. Sample plot of the d2 V/di 2 

characteristic for indium in arbitrary units 
atP = 0 andP= 9.5 kbar. 
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2. Let us determine the change of the electron
phonon interaction, or g(w ), under pressure. 

A. Lead. Amplitude measurements of dV /di as a 
function of V make it possible to reconstruct the g(w) 
of this metal under pressure. The construction was 
carried out for P = 0 and P = 10 kbar by selecting the 
amplitude of g(w) until the values of Ll. 0 and the depend
ence Re A2(w)/2w 2 (3 meV < w < 12 meV), calculated 
from relation (1), agreed with the same values deter
mined from the experimental data. Figure 4 shows the 
functions g(w) at P = 0 and P = 10 kbar. The repro-

ducibility of the reconstructed curve is ""0.05. In the 
absence of pressure, g(w) coincides with the previously 
published values.[ 14 J The shifts of the main singulari
ties of g(w) along the w axis coincides with the data of 
Table I. The pressure produces, besides shifts of the 
maxima of g(w), also a certain decrease of g(w), 
amounting to "" 1 O% at P = 10 kbar. 

In a previous attempt by Franck, Keller, and Wu to 
reconstruct the function g(w) under pressure, c22 J the 
effect of decreasing g(w) was not observed. In our opin-

Table II 

Measured \Energy,! ~.\0' I ~.10,1 din X II Measured IEnergy,l ~.JO',I d!nX 10,,1 dIn x 
qua~hty rneV m~t·b~-~ d:art ' dln'r qua~tity meV m~~·bar·t dfar-t dln'Y" 

ZAo 1.2 -18±1 ·-15.0 
-3.51 "'' 10.6 42±5 4.0 -2.21 

w, 3.5 22±4 6.3 Ws 14.2 55±7 3.9 -2.16 
w, 4.8 22±10 4.6 =j:~ I (1)6 15.9 67±7 4.2 -2.32 
w, 7.6 50±20 6.5 we I 17.4 70±14 4.0 -2.21 

Notes. I) From measurements of the thermal expansion dIn E>o/d In~·= -2.27 [17]. 

~- 2) From the Mossbauer effect under pressured In E>0 /d In,.= -2.34 ± 0.20 [20]. 

3) From the data ofGalkin eta!. [21 ], d(260 )/dP = 18.5 ± 1.0. 
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Table III 

Measuzed 
Energy, meV ~·106 ' ril;Px_ 10., dIn X 

quantity X 
meV·bai1 bar·• dlnr 

2~() 1.04 -14.5±0.5 -14.2 

"'' 3.25 +20±3 5.0 -2.7 

"'' 4.6 26±4 5.7 -2.4 

"'' 12.8 48±5 3.7 -1.6 
we 15.1 75±10 5.0 -2.1 

Notes. 1) From measurements of the thermal expansion dIn 9 0 /d In 7•= -2.48 [ 17 ). 

--2) From the data of Galkin et al. [21 b), d(2Ll0 )/dP = -14.3 ± 1.3. 
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FIG. 4. Reconstructed function 
g(w) for lead at P = 0 (dashed curve) 
and P = 10 kbar (solid curve). 

ion, this is connected primarily with the narrower in
terval of pressure values in which the experimental 
data were obtained. Thus, at the maximum pressure of 
3.3 kbar attained in [ 22 1 the decrease of g(w) should be 
~ 3%, which is close to the possible reconstruction er
ror (0.03 in accordance with McMillan's program[ 14a 1). 

The change of A0 under pressure in [ 221 could be ob
tained only by assuming a noticeable increase of the 
Coulomb interaction under pressure. Our calculations 
show that if this method is used and the value 
(d ln A0 /dP)exp is correct, then a patent ~isparity is 
obtained between the calculated and expenmental rela
tions Re A 2(w )/2w 2 for V >> A0 • Starting from this, we 
assumed in the reconstruction of g(w) that the Coulomb 
interaction remains unchanged under pressure (Uc 
= const in relation (1)). 

B. Tin. For tin and indium, only A0 was calculated 
from relation (1). If the calculation of A0 at P =10kbar 
for tin is based on the g(w) determined at P = 0 in [ 14b 1 

and shifted along the w axis in accordance with the data 
of Table ll, then we obtain (d ln A0/dP)calc = -12 
x 10-5 bar-r, which differs noticeably from the measure
ment results. To eliminate this disparity, it is neces
sary to assume in the calculations either that g(w) de
creases under pressure or that the role of the Coulomb 
interaction, i.e., the quantity Uc, increases. Assuming, 
just as in the case of lead, that pressure produces main
ly a change of g(w), we found that the function g(w) at 
P = 10 kbar decreases by 4% (Fig. 5a). 

C. Indium. Analogous calculations for indium have 
shown that besides the shift of g(w) along the w axis, it 
is necessary, in order to describe the observed quan
tity (d ln A0/dP)e:l_q) = -14.2 x 10-6 bar-1 , to assume that 
g(w) decreases 5% at 10 kbar (see Fig. 5b). In the calcu
lation of the amplitude change of g(w) under pressure 
for tin and indium it was assumed that Uc = 0.12. The 

D.Z 
FIG. 5. The function g(w) for tin (a) 

and indium (b) at P = 0 (dashed curve) D. 1 

and P = I 0 kbar (solid curve). 

D,J~ 
I 

U.Zi· 

.'J 

error in the absolute magnitude of g(w) under the fore
going assumptions did not exceed ~ 1%. The complete 
program for the reconstruction of g(w) under pressure 
was not carried out for these metals, since it followed 
from the similar character of all the singularities on 
the d2V /di2 = f2 (V) curves at P = 0 and P = 10 kbar 
(Figs. 2 and 3) that no significant change in the form of 
the g(w) curve occurs under pressure. 

The change of g(w) under pressure does not contra
dict the existing theoretical notions. Thus, from an 
analysis of relation (2), Trofimenkoff and Carbott [8 1 

have established that if the shift of the oscillation spec
trum of the lattice under pressure is by a factor {3, 
then 

g(~ro) = ~-'Bgo(w); 
(4) 

here B is a coefficient that takes into account the aver
age change of the square of the matrix element of the 
pseudopotential under pressure. The change of g(w) at 
a pressure of 10 kbar, calculated by us for lead from 
the data of [ 8 J , is 12-13%, which is in perfectly satis
factory agreement with the results obtained from the 
reconstruction of g(w). 

Table IV 
Substance 

Investigated quantity,\ 
10-6 bar-• Lead Tin Indium 

d ln PI' (dP["] -2.28 -1.8 -2.39 
}.. 1.49 0.79 0.82 
d}..(dP -28±2 -6.3±0.7 -8±1 
dln}..(dP -18.8 -8 -9.0 
dlnZ(dP -11±1 -3.5±0.4 -4.4±0,4 
dlnN0(dP -8.3±1.5[23] -3.6±0.5 ["] -3.6±0.7 ["] 
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On the basis of the results, we calculated the aver
aged parameter of the electron-phonon interaction ~ 
from relation (3). The change of the phonon spectrum 
under pressure leads to a decrease of this parameter. 
Data on the ~(P) dependence are given in Table IV. 

3. Let us discuss the pressure dependence of Tc and 
of the ratio 2A0/kT c· According to the BCS classical 
theory, the ratio 2A0/kTc is a universal constant for 
all superconductors. From the point of view of this 
theory, one should expect the quantities d ln A0/dP and 
d ln Tc /dP to coincide. Actually, d ln A0/dP 
< d ln Tc/dP for all the superconductors investigated 
by us (see Table V). The most noticeable difference is 
observed for lead. As was shown by us earlier/ 3a J in 
this case the difference between the quantities 
d ln A0/dP and d ln Tc/dP can be fully explained with 
the aid of the results obtained by Geilikman and Kre
sin [ 6 J for superconductors with strong coupling. 
Namely, they found that actually 

2/lo = 3.52 (1 + 5.3~ln~ ) , 
kT, w To 

(5) 

where w is the frequency of the phonons that interact 
mainly with the electrons. It follows from this relation 
that for all metals with 2A0/kT c > 3. 52 one should ex
pect 2A/kTc to decrease under pressure. Owing to the 
large ratio Tc/E>n"' 0.1 this effect is most strongly 
pronounced for lead. However, even for tin and indium, 
metals having T c/E>n "' 0.02, this effect cannot be neg
lected. The reason is that the summary value of the 
electron-phonon interaction, as seen from (1) and (3), 
receives a particularly large contribution from the low
energy vibration modes. Thus, the maximum of g(w)/w 
is located at 4.5 meV for lead and at "'6 meV for tin 
and indium. Substituting these quantities in (5), we ob
tain values of (d ln A0/dP)calc (Table V) which are in 
good agreement with (d ln A0/dP)exp· 

Starting from the system of equations (1), McMil-
lan [ 10 l obtained an analytic expression for T c of super
conductors: 

(6) 

(the term describing the Coulomb interaction is for 
most metals Uc ~ 0.11-0.13). Let us differentiate it 
and substitute then d ln w/dP from Tables 1-111 and 
~. d~/dP from Table IV. As a result we obtain the val
ues of d ln Tc/dP listed in Table V. As seen from Ta
ble V, formula (6) can be used to calculate the change of 
Tc of superconductors under pressure only in the first 
approximation, especially in the case of lead. 

Thus, remaining within the framework of the theory 
of the electron-phonon superconductivity mechanism, 
we can explain the entire aggregate of parameters char-

Quantity 

(d ln !J.0 /dP) exp 
d ln T,/dP from[") 
( d ln !J.o/dP) calc from (5) 
(d ln To(dP) calc from (6) 

Table V 

Lead 

-8±0.8 
-5.3±0,1 

-9.5 
-11.0±1.5 

Tin 

-15±1 
-13.:3±0.3 

-14.8 
-14.5±1.5 

Indium 

·-14±1 
-12.6±0.6 

-13.7 
-17.0±·2 

acterizing the variation of the superconducting proper
ties of lead, tin, and indium under pressure. From the 
point of view of this result, we can understand the suc
cess attained in the explanation of the growth of T c of 
films of these metals by taking into account the change 
of only the phonon spectrum in these films. [ls J 

4) The obtained data enable us to determine the role 
of different factors also in the change of the state of the 
electrons or the normal metal with changing lattice 
parameters. 

As was shown by Migdal,[lJ the electron-phonon in
teraction leads to a renormalization of the quantities 
characterizing the electronic spectrum. In particular, 
the new density of states of the electrons near the Fer
mi surface is N(O) = ZNBs(O), where Z = 1 + ~ and 
NBs(O) is the density of states of the band structure. 
Therefore, when considering the influence of pressure 
on the electronic characteristics, it is necessary to 
take into account the effect of pressure also on the re
normalization coefficient Z. The change of Z under 
pressure is given in Table IV. 

The density of the electronic states on the Fermi 
surface N(O), determined from the electronic specific 
heat or from the temperature dependence of the critical 
magnetic field of the superconductor, was measured un
der pressure for the metals considered in the present 
article (see Table IV). As seen from Table IV, the quan
tities d ln N(O)/dP and d ln Z/dP agree satisfactorily 
for all the metals investigated by us. This allows us to 
conclude that NBs(O) changes more weakly than Z. 
Consequently, the change of the electron-phonon inter
action determines mainly the dependence of the density 
of states of the electrons of lead, tin, and indium on the 
lattice parameters. This effect plays a predominant 
role in comparison with the change of the Fermi sur
face of the electrons. 

5. The data given in Tables 1-111 on the shift of the 
phonon spectrum indicate that in all the investigated 
metals there is apparently a tendency for d ln wiJdP to 
increase with decreasing Wi of the corresponding sin
gularity of the spectrum. Let us present some qualita
tive considerations making it possible to understand 
this effect. As is well known, the presence of electrons 
plays an essential role in the formation of the dis per
sion curves of the lattice vibration spectrum. The elec
trons are responsible for presence of long-range forces 
in the metal and, as a consequence, for the relatively 
large values of d ln wi/dP and d ln Wi/dl • However, 
the relative contributions of the electrons to different 
vibration modes are different. Usually, the higher the 
frequency the smaller this contribution. Consequently, 
all of the effects due to the presence of electrons in the 
metal should be smaller, particularly the quantity 
d ln wifdP. Obviously, this question also lends itself to 
a rigorous analysis, but this problem is beyond the 
scope of the present article. 
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