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To derive the Boltzmann kinetic equation, one employs the pair-collision approximation. However,
in the framework of this model the interaction is not fully taken into account. It only defines the na-
ture of dissipative processes in the kinetic equation. The contribution of the interaction to the
thermodynamic functions is not taken into account and hence the kinetic equation is valid only for
ideal gases. The kinetic equation for an imperfect gas is obtained in the pair-collision approxima-
tion. It contains in the collision integral two additional terms which are proportional to the time
and coordinate derivatives of the first distribution function. The kinetic equation is used to derive
the equations of gas dynamics for an imperfect gas in which the contribution of the interaction to
the internal energy and pressure is taken into account. For the model of spherical molecules with
weak attractive interactions, additional terms are expressed in terms of the Van der Waals con-

stants.

1. THE BOLTZMANN EQUATION FOR A SPATIALLY

HOMOGENEOUS IMPERFECT GAS
IN the monographs''~® | different methods are des-
cribed for the statistical derivation of kinetic equations
and, in particular, of the Boltzmann Kkinetic equation. In
the Boltzmann equation the two-particle interaction is
not fully taken into account. Indeed, the effect of colli-
sions is manifested only in the process of the establish-
ment of equilibrium, i.e., in dissipative processes. The
contribution of the interaction to the thermodynamic
functions (internal energy, pressure, entropy) is not
taken into account. Thus, the Boltzmann kinetic equa-
tion is valid only for an ideal gas.

In the present paper we derive the kinetic equation
for an imperfect gas in the pair-collision approxima-
tion. On the basis of this equation, we obtain the equa-
tions of gas dynamics for an imperfect gas.

Let us denote by fj(x, ..., Xy, t) the particle coor-
dinate and momentum distribution function, x; = (ri, pi)
and f,(x1, t) = fi(ry, p1, t) is the distribution function
for one particle. The basic assumption in the Bogolyubov
method for the derivation of the kinetic equations is as
follows. With an arbitrary initial distribution function
fy, the system after some time—‘‘synchronization
time’’—reaches the ‘‘kinetic stage’’ in which the entire
subsequent time evolution of the system is completely
determined by the time dependence of the distribution
function f,(x,, t). This dependence is determined by an
equation of the type

0fr /0t = A(zy, fu(z, 1)). (1)

The quantity A clearly does not depend on time. The
higher distribution functions in the kinetic stage depend
on time only via the function f(x,, t), i.e.,
fo=tfu(@u .y 20 fil@n 1),..0, filza 1), s=2. (2)
It is shown in'*?, that for a spacially homogeneous
gas the Boltzmann kinetic equation in the first approxi-
mation with respect to density is given by

732

‘_aj’_g)zh‘t)‘“_‘ I(put), [ fi(put)dp =1. (3)

Here I(p,, t) is the Boltzmann collision integral. Let us
write it in the form obtained in"*! (below, &(1, 2)
=& (|r; — ry), ete.),

oD(1,2) 9

or g s (Pr(— 20), D (Be(— 0), 1) ldrdpy, (4)

I(p,t)=n
where P;(x1, Xz, —=), Pa(X1, X2, —©) are the “‘initial”’
momenta of two particles which collide at the moment
of time t, and & is the interaction potential. The expres-
sion (4), as has been shown in Bogolyubov’s paper,
differs only by the form in which it has been written
from the Boltzmann collision integral. The collision in-
tegral, as is well known, has the properties

fo®)I(p,)ap=0 for @=1, p,p/2m. (5)

The first property ensures the fulfillment of the law of
conservation of the number of particles, the second—
the law of conservation of momentum, and the third—of
the kinetic energy of the particles of the gas. The first
two conservation laws for a one-component gas in the
absence of external forces are exact in the sense that
their validity does not depend on the approximations
made in the derivation of the Boltzmann equation from
the Liouville equation. In contrast, the law of conserva-
tion of kinetic energy is an approximate law. It is valid
only when the interaction potential energy is totally
neglected, i.e., only for an ideal gas. Interaction then
occurs only in processes leading to the establishment of
equilibrium. These processes are determined by the
Boltzmann collision integral.

We give now the derivation of the generalized Boltz-
mann kinetic equation, which describes equilibrium as
well as non-equilibrium processes in imperfect gas in
the pair-collision approximation. To begin with, let us
use the first two equations of Bogolyubov’s chain of
equations:

of of, om(1,2) @
v, =nJ‘Ta?fz(xhxz,t)dzzEl(zi’t),
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In the first approximation with respect to 78f;/at it
- op(1,3) 8 aD(23) 9
=n j[ o . —ai:—] (@22, t)dz,.  (7)  follows from (13) that
- 8
The function f3 may be represented in the form fo = fi(Pi(— ), ) f,(Po(— r),t)—T;t-fi(Pt(-T),t)fl(Pz(—r), t)
fo=Fhfo+ fi(zy, £) g2 (2, s, £) - fu(2e, £)g2(s, 2, 2) (8)

+ fl(xh t)gz(fl:i, Z2, t) + gs.
In a spatially homogeneous gas the term f(x3)gs(x,, x2)
drops out when integrated over rs. Its contribution is
also negligibly small in the spatially inhomogeneous
case.

Let us consider the pair-collision approximation. In
this approximation, the three-particle correlation func-
tion is equal to zero, i.e., gz = 0. Moreover, in substi-
tuting expression (8) into the right hand side of (7), we
must take into consideration only the correlation between
pairs of the interacting particles. This means that when
substituting fs into the first term of the right hand side
of (7), we must discard the term f(x))gs(x2, x3), and when
substituting into the second—the term f,(x;)ga(xs, x,).

As a result, in the pair collision approximation, the
right hand side of Eq. (7) takes the form

f[ 66[)(13) 6fz(x1,zs) oD (2,3) ﬁfz(xz,x;)
ar,

Flz)+ fi@) ] de.. (9)

Using Eq. (6), we may write this equatlon in the form

(5 + v+ Vi ) e D120 (10)
Eq. (6) and Eq. (7) with its right hand side given by (10)
constitute a closed system of equations for the functions
f1 and f, in the pair collision approximation.

Let us first consider the case of a spatially homo-
geneous distribution, when f,(x, t) = f,(p, t). The system
of equations for the functions fi and f, takes, under this

condition, the form

/] am(1,2) 0
T-t'f:(P:,t)=nj-T(r)— —fal @, T2y t) dz2 = I (py, ), (11)
l/j /] 7] a(D a ad 9
e A e o L
[/}
——5t—f:(Pnt)f1(PZyt)- (12)

Let us write the solution of Eq. (12) for times 7 =t — t
much larger than the attenuation time for the initial
correlation at the moment t’. This permits us to neglect
the initial correlation. In this approximation

fo(@, 2 1) = fi(Pi(—7), 8 — T) fu (Po(— T),t — 1)

+ J“[ '—i:?fnfx] P\(—1), Py(—7), t—7' drv’. (13)

Here Py(—7), P;(—7) are the initial momenta at the mo-
ment t’, expressed in terms of X, X at the moment t.

Let us denote by 7., = I/vp—the relaxation time of
the distribution function—the mean collision interval;
I—the mean free path, and 7o = ro/vp—‘‘the duration of
the collision process,’’ ro being the effective dimension
of an atom. The time 7 enters into formula (13) via the
variables P(—7) and Px(—7) and in the time argument
of the functions fi. Let us write expression (13) for the
times 7:

9
+;‘.[ a_t-fl.fi] By(—1"), By(—9, t AT,

Let us integrate the second term by parts with
respect to 7. We obtain as a result, the expression

fo=fi(P(— 1), )/, (P.(— 1), 1)

_T—

ot av fi(Pi(_T) t)ft(PZ(—‘T') t)dv',

(15)
Notice now that the derivative with respect to 7° in the
integrand acts only on the dynamical variables. Indeed,
let us use the equation for an arbitrary function of the
dynamical variables A(x):

dA(z) | di = {HA}.
For :
A=[fi(P(—1))fi(Po(—7)), t=—T,
1 2 2
H=——(p}+p)+D(12)
we obtain

d P
W_T)[ﬂ( (=~ 1)) (Po(—1))]

_ [( oD (1,2) _6_

ow(1,2) o
or,  dp, Ton )

or, %z— flfi] X(—1), X{-7) ) (16)

The function &(|Ry(—7) — Rx{—7)|) decreases rapidly for
T 2 ro/vp. Therefore we may, in accordance with the
inequality (14), make the transition 7 — « in the expres-
sion (15). As a result, the solution (15) takes the form

fa(®1, 22 1) = fi(Py(— 00), 1) fi (Po(— 0), 1)

s
_37!

In Bogolyubov’s paper‘!! the distribution function is
given by the first term on the right hand side. The addi-
tional term in (17) by order of magnitude is equal to
(To/TreDfifi. We shall see that this term determines the
contribution of the interaction potential energy to the
internal energy of an imperfect gas.

Using the expression (17), we may write the collision
integral in the form of a sum of two parts

d
Tﬁf:(P:(—T)vt)f:(Pz(—T),t)dt (17)

I=1+1I. (18)

The expression for I, coincides with (4) and, conse-
quently, differs only in notation from the Boltzmann
collision integral:

L.(p., ) (19)

0(D12 7]
S x| R TRV

In the perturbatxon theory approximation, the expres-
sion (17) takes the form (here p = [r; — r:— (vi — v2)7]),

fe =f1(Pnt)fi(p27 t)

a0 9
(0) (1 - 1:———) d«c(_‘9 -
dry at op,

1), t)dr dx..

o

%)f‘(p"t)fi(l)z,t), (20)
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The first term in (20) does not make any contribution to
the collision integral. The second determines I,. Ex-
panding the integrand in terms of a Fourier integral
with respect to r; — r;, we write it in the form
0 . 8 ]
S_T(b_hjk‘kfv (k)é(ka - kvz) (5P__1 '—0’7) fifs dk dp.. (21)

This is the Landau collision integral.

The expression for I, has the form

n
= 2n)° 0w f"’”’(")f cos[ (kv, — kvs)t]tdr

% a ( /)
at api:

2. CONSERVATION LAWS

Let us consider the conservation laws for the kinetic
equation with collision integral (18) and (19). Since the
expression for I, coincides with the expression (4), then
in accordance with (5)

* fufudk dps.
0p 2j

[e®Iap=0for o =1 p.p2m. (23)
It follows directly from expression (19) that
jl,dp =0. (24)

Let us multiply expression (19) by p: and integrate over
p1. Then, let us integrate by parts with respect to p,. We
obtain as a result

Ipllzdp1
= IS e

Because of the spatial homogeneity, the integrand
depends only on r, — r,. Let us make a change of varia-
bles under the integral sign: ry, p; = rz, p.. The right
hand side of the equality changes sign as a result. It
follows from this that

1), t) fi(Po(— ), t)dv dp, dp, dr,.

[ pududp =0, (25)

Thus, on the basis of Eqs. (23)—(25), we have

[ e +1)ap=0for o=1p. (26)
These properties guarantee the fulfillment of the laws of
conservation of the number of particles and of momen-
tum.

Let us consider the law of conservation of energy.
Let us multiply the expression (19) by pi/2m and inte-
grate over p,. After that let us integrate by parts with
respect to p;. We have as a result,

2

amuz) d

nar [

Let us symmetrize this expression with respect to the
variables 1 and 2 and then make the change of variables

f‘(P( ), 8)f1(P2(— 1), t)dv dr, dp, dp,.

Xz, X2 — X1(~7), Xz(-7). Using Liouville’s theorem, we
obtain

B‘_I dp1 =

2m (27)

_ "8_5:” [ a_‘;’ﬁi)_]_f.(P( ), 1) f1(Po(— ), £)

fom
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X did(R(— t) — Re(— 7)) dP\ (— 1) dP.(— 7).

The brackets [ ]_ indicate that the expression enclosed
in them is a function of 7 and the integration variables
X1(" T ), Xz(— T ).

On the basis of (16), we conclude that the expression
d/dr - £1(P.(—7))1(Po(~7)) on the right hand side of (27)
is a function of only the integration variables X,(-1),
X,(~7) and does not, consequently, depend on the integra-
tion variable 7.

Let us in expression (27) carry out the integration
with respect to 7 by parts. As a result

I[ - ocb(iz)] e

Substituting this expression into the right hand side of
(27) and making the inverse change of variables X(—7)
— X, we have

—if [@(1.2)]dx. (28)

p 2

—_nd7 d
= _770” O U12)——1u(P(= ), ), (Po(— ), ¢)dr. dp, dp, d.

Integrating with respect to 7, we finally obtain

Ldp, = ~——j @ (1.2)f,(P.(— o), £)f. (P2 (— o0}, ¢)dr, dp, dps.

2 dt
(29)
We took into account here the fact that for a spatially
homogeneous particle distribution
a
—7 [ 1@ 01, (0 1) dpy dp. = 0.
Thus, the integral on the left hand side of (29) does not
vanish and, hence, the integral
‘['_——(Il + Iz)dp:

does not vanish also.

Let us multiply the kinetic equation (11), having (18)
as its collision integral, by pi/2m and integrate over p.
Taking (29) into account, we obtain the law of conserva-

tion of energy
a pé
Fal bt

+ 7 DU P (— ), 07, (Pa(— o), 1)d(r,— r.) dp. dps } = 0.

(30)

Thus, the conserving quantity is the sum of the
kinetic and the potential energy of the pairs of colliding
particles, i.e., the quantity

_ p.’
U=n [ fap, (31)

nz
~H7jm(1,2)f.<1>l(— %), 8)f,(Ps(— o), )d(r, — r:) dp dps,
which is the internal energy density. In the equilibrium

case, the expression (31) takes the form

3 2
U=nSul + 5 O (L2 exp{— DU xT}d(r—1).  (32)

For the model of spheres with weak attractive interac-
tions, when

(D(r)={ oo forr<r
Q(r)<0,|D()|/xT <1 for r>r’

from the formula (33) follows the expression

(33)
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U =?nuT — nla.

Here
a=2n J. |D(r) |2dr
is the Van der Waals constant.

3. SPATIALLY INHOMOGENEOUS DISTRIBUTION OF
THE PARTICLES OF A GAS. EQUATIONS OF GAS
DYNAMICS

To obtain the kinetic equation for a spatially inhomo-
geneous imperfect gas, we turn to the system of equa-
tions (6) and (7). In the pair-collision approximation, the
right hand side of Eq. (7) is given by the expression (9)
or (10).

Let us transform the right hand side of Eq. (6). Let
us in the function f, change to the new variables:

(r, —ry), (ry + r2)/2. A characteristic length with
respect to the variable r, — r; is the effective radius of
interaction ro, while with respect to, say, the variable
r1, the mean free path / is a characteristic length. Since
ro < I, we have in the first approximation with respect
to ro/l,

1 a
Fo(ry, 72, Po o, £) = ( 1——(rn— Tz)—')ﬁ(l'n Py =Ty, Py, Poyf).
2 ary

When this expression is substituted into the right hand
side of Eq. (6) a new term, proportional to the derivative
with respect to r,, appears in the collision integral. Let
us denote this part of the collision integral by I,. We
write the expression for I3 in the form

v (5 )

a 1
X (e, — 1'2)"0_;'?[]‘2("17 Py — Iz, Py, Po, £) +fo (R, — (1, — 12), By, P2, £) ] dr, dp,.
1

(34)
Here, we have used the fact that

e 1o — X i, Poy ) = fo(ry, — (11— 1), Py, o, 8) + 0(r/1).

Let us write the equation for the function
f2ry, r1 — r2, P, P2, t). It follows from Eq. (7) with (10)
as the right hand side and has the form

0 a o0 @ ]
e o Cru |
at c?(r,—rz) or, \0p, Op,

— (ot vioe

+ (V1

)fl(l't Pu 1) fu(re, peyt). (35)

We solve this equation in the same manner as we solved
Eq. (12). We obtain as a result

Fo(F B0 = 0o, By Bay ) = fu (1 Py (— 00), ) fu (11, P (— o0), £)

a d\¢o d
= (5w )L"TJ*’%"*—T% )fi(ri, Po(— 1), 8) dr. (36)
In the spatially homogeneous case this expression coin-
cides with (17).

Let us now represent the collision integral in the
form of a sum of three parts

I=1L+0L+1.

We obtain the expression for I by substituting into
I(x, t) in Eq. (6) the first term of (36). Thus,

Li(zyt)=n j "CD;: 2) _a_ fo(r Po(— 00), 1) fu (ry, Po(—

(37)

00), t)dr, dp..
(38)
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In the spatially homogeneous case this expression coin-
cides with (4).

The expression for I, is obtained as a result of the
substitution of the symmetrized second term of (36) into
the right hand side of Eq. (6):

vitv, 8 )

(1,2
= — [ 258 2 (0, v 0

(39)

X T—d;fx(l'u P.(— 1), ) f (¢, Po(— 1), t) dr dr, dp..

In the spatially homogeneous case this expression coin-
cides with (19).

The integral I; is given by the expression (34) if we
substitute into it the first term of (36). In the spatially
homogeneous state I3 = 0.

Let us use the kinetic equation (6) with the collision
integral (37) to derive the equations of gas dynamics for
an imperfect gas. For this end, let us consider the con-
tribution of the collision integrals I, I,, I to the trans-
port equations. The integral I, again in the spatially in-
homogeneous state has the properties given by expres-
sion (23) and does not therefore make a direct contribu-
tion to the transport equations. It contributes only to the
stress tensor and the thermal flux-vector. The integral
I,, as in the spatially homogeneous case, has the proper-
ties

S ¢l.dp=0 for ¢ =1,p

and, consequently, does not contribute directly to the
transport equations for the particle number density and
the momentum density. Thus, only the integral I3 makes
a contribution to the transport equation.

It follows from the expressions (34) and (36) that

n jp,,-I;,dp‘ = — 0P,;/or;
where

int rir; 6CD(r)
Pl=—— j

fa(ry, Po(— 00), )i (ryy P,(— o0), t)drdp,dp,

(40)
is an addition to the stress tensor Pj. due to the interac-
tion. [Chis correction, naturally, differs from zero also
in the local equilibrium approximation. In this approxi-
mation

P1§nt= Gijp int,
n? AD(r) (o o
o= = [ 22019 (b, (— o0) ) (Po(— ooy i dpaps, (A1)
where f}o’ is the local Maxwell distribution. For the

interaction potential (33), we find from the expression
(41)
Ping=n*(xTb —a),
o (
2 42)
b=—3:—t-roa,a=2n5 |®(r) | dr, '
where a and b are the Van der Waals constants.

The integrals I and Is contribute to the energy bal-
ance equation. After making transformations similar to
those carried out in Sec. 2 in the derivation of expres-
sion (29), we obtain from formula (39)

P vy +V2
ILdpy=——|0(1,2)(— 21— 72
‘[ P I ¢ )( + dr, )
X fu(ry, Py (— o), t)fi(n.Pz(— ).t dr, dpi dp,. (43)

In the spatially homogeneous state, this expression coin-
cides with the expression (29).
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In the local equilibrium approximation, expression
(43) takes the form

(44)

where
Uint= %j D(1,2) 12 (Pi(— 0))f® (Po(— o0))d(r, — r:)dp, dp:

»

()
CD(r)exp{—%}d' (45)

is the contribution to the internal energy density due to
the interaction and u is the average velocity. For the
interaction potential (33) U;,; = —n’a.

Using the expression for I3, we find

n2
)

riTr;

p:’ _n @ EL)
J‘?nlsdp( = ‘Zﬁ_r,-‘. (vi+v2): a—r—fzdl'dpx dp..

-
It follows from this that in the local equilibrium ap-
proximation,

P 9
fﬂlz dpx = — a—n(upint) . (46)

The quantity p;,; is given by the expression (42).
The viscous stress tensor mij = Pij - Gijp and the

thermal flux vector S are calculated in the usual ap-
proximation using only the collision integral I,. As a
result, we obtain a system of equations of gas dynamics
for an imperfect gas. This system differs from the sys-
tem of equations of gas dynamics by the fact that the
internal energy density and the pressure are given by
the expressions

U(l', t) = n(r, t) "/ZuT(r! t) + Uint (l‘, t);
p(r, t) =n(r, tyxT (r, ) + Pine(r, 2),

in which Uj.¢, and p;, are contributions due to the fact
that the gas is not an ideal gas (see the formulas
(45), (41)).

In the above approximation, the equations of gas
dynamics contain only terms which are linear in two
small parameters: the density parameter € = nrg and
the hydrodynamic parameter ep, = I/L ~ € 'ro/L.

It is possible to obtain generalized equations of gas
dynamics to second order in € and €y, i.e., to include

L. KLIMONTOVICH

terms of order €, ec) and ;. The e*-order terms
cannot be obtained from the above kinetic equation since
they are determined not only by binary but also by ter-
nary collisions. However, in the framework of gas dy-
namics, the e’>-terms appear only in the thermodynamic
functions p and U, and are given in p by the well-known
second virial coefficient and the corresponding contribu-
tion to U. The e?-terms may be obtained on the basis

of the Boltzmann equation, taking only the integral I,
into account (equation with higher order derivatives).
The €€ -terms can be obtained only when the additional
terms given above are taken into consideration in the
Boltzmann equation. They determine the contribution of
the interaction to the coefficients of viscosity and
thermal conductivity.

In recent years a considerable number of papers
have been published which deal with the possibility of
taking into consideration in the framework of the kinetic
equation ternary and higher collisions. A review of
these papers is given in'®’. Naturally, as the density of
the gas increases, the role of the additional contribu-
tions to the collision integral considered here (the in-
tegrals I, and I3), increases.
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